CHUYEN PE BOI DUGNG HSG LOP 6 PHAN SO HOC
BAI 1: TIM CHU SO TAN CUNG

Tim chit s6 tan cung cua mot sb tu nhién 1a dang toan hay. ba sb cac tai lidu vé
dang toan nay déu st dung khai niém dong du, mot khai niém triru tuong va khong co
trong chuong trinh. Vi thé c6 khong it hoc sinh, dic biét 1a cac ban 16p 6 va 16p 7 kho
c6 thé hiéu va tiép thu duoc.

Qua bai viét nay, toi xin trinh bay vdi cac ban mot sb tinh chit va phuong phap giai
bai toan “tim chit sd tan cung”, chi st dung kién thirc THCS.
Chung ta xuat phat tir tinh chat sau:

Tinh chat 1:

a) Cdc s6 c6 chit s6 tan cung la 0, 1, 5, 6 khi ndng én iy thira bdc bat ki thi

chit s6 tdn ciing van khéng thay doi.

b) Cac sé c6 chir so tin cung la 4, 9 khi nang len lily thia bdc le thi chit s6 tdn

cung van ‘khong thay doi.

c) Cac SO co chir so tan cung la 3, 7, 9 khi ndng lén liiy thua bdac 4n (n thuéc N)

thi chit sé tdn cung la 1.

d) Cdc s6 c6 chir sé tdn cing la 2, 4, 8 khi ndng én lily thira bdc 4n (n thudc

N) thi chiF 6 tdn ciing 1d 6.
Viéc chirng minh tinh chét trén khong kho, xin danh cho ban doc. Nhu vay, mudn tim
chit sb tan cung cua s6 tu nhién x = a™, trude hét ta xac dinh chir s6 tan cung cua a.
- Néu chir s6 tan cungcuaalao, 1, 5, 6 thi x cling c6 chir sb tan cungla o0, 1,5, 6.
-Néuchirsdtancingctiaala3, 7,9, via"=a** " =a"a v6ir=0, 1, 2, 3 nén tir
tinh chat 1c => chit s6 tan cliing ctia x chinh 14 chir sd tan cung cua a".
- Néu chi sO tan cung cua a 1a 2, 4, 8, cing nhu truong hop trén, tir tinh chat 1d =>
chir s6 tan cing cta x chinh 1a chir sO tn cung cua 6.a".

Bai toan 1: Tim chit s tin cung cua cac so:
a) 79 b) 141414 () 4567

Loi giai:
a) Trude hét, ta tim sd du ctia phép chia 99 cho 4:
99-1=(9-1)(98+9"+ ... +9+ 1) chia hét cho 4
=> 099 =4k + 1 (k thudoc N) => 7% = 74k+1 = 74 7
Do 7% ¢6 chit s6 tan cing 13 1 (theo tinh chét 1¢) => 7% ¢6 chit s6 tan cung 1a 7.
b) D& thay 14 = 4k (k thuoc N) => theo tinh chét 1d thi 14214 = 14% ¢6 chir s6 tan
cung 1a 6.
¢) Ta c6 5% - 1 chia hét cho 4 => 557 = 4k + 1 (k thudc N)
=> 4567 = 4%+1 = 4% 4 theo tinh chat 1d, 4% ¢o chir s6 tan cung 14 6 nén 4%7 ¢6 chir
s6 tan cung 1a 4.

Tinh chét sau dugc => tir tinh chét 1.



Tinh chit 2: Mot s6 tw nhién bat ki, khi ndng lén lity thiea bdac 4n + 1 (n thuoc
N) thi chit s6 tdn ciing van khéng thay doi.
Chir sé tan cung ctia mot tong céc lity thira dugc xac dinh bang cach tinh tong cac
chir s6 tn cung cua timg lity thtra trong tong.
Bai toan 2: Tim chit sd tAn cung cta tong S =21 + 3% + 4% + ... + 200489,
Loi giai:
Nhdn xét: Moi lity thira trong S déu c¢6 sb mil khi chia cho 4 thi du 1 (céc lily thira
déu c6 dang n*"-2*1 n thudc {2, 3, ..., 2004}).
Theo tinh chét 2, moi luy thtra trong S va cac co sO twong tmg déu c6 chit s6 tan cliing
gidng nhau, bang chir sb tan cung cua téng:
RQ+3+...+9)+199.(1+2+...+9)+1+2+3+4=2001+2+...+9)+
9 =9009.
Vay chir s6 tin cing cua tong S 13 9.
Tt tinh chat 1 tiép tuc => tinh chat 3.
Tinh chit 3:
a) S6 ¢6 chit s6 tan cung la 3 khi ndng 1én lily thira bic 4n + 3 sé ¢6 chit s6 tdn
cung la 7 ; s6 ¢6 chiv s tan ciing la 7 khi ndng lén liy thira bdc 4n + 3 sé ¢6
chit 56 tan ciing la 3.
b) S6 ¢6 chik s6 tdn cung la 2 khi ndng 1én lily thira bic 4n + 3 sé ¢6 chik s6 tdn
cung la 8 ; s6 ¢6 chir 56 tan ciing la 8 khi ndng Ién liiy thira bdc 4n + 3 sé ¢6
chit 56 tan ciing la 2.
¢) Cdc s6 c6 chir 56 tin cungla 0, 1, 4, 5, 6, 9, khi nang len lity thwa béc 4n +
3 sé khéng thay doi chit s tan cung.
Bai toan 3: Tim chit s tdn cung cua tong T =23 + 37 + 411 + . + 2004801,
Loi giai:
Nhdn xét: Moi lity thira trong T déu c6 s6 mii khi chia cho 4 thi du 3 (cac ity thira
déu co dang n*"-2*3 n thude {2, 3, ..., 2004}).
Theo tinh chat 3 thi 22 ¢6 chit s6 tan cing 1a 8 ; 37 ¢6 chit s6 tan cung 1a 7 ; 4™ ¢6 chit
sb tan cung la 4 ;
Nhu vy, tong T c6 chit s6 tin cing bang chir s6 tin cing cta tong: (8 +7 +4 +5 +
6+3+2+9)+199.(1+8+7+4+5+6+3+2+9)+1+8+7+4=200(1+8+
7+4+5+6+3+2+9)+8+7+4=9019.
Vay chir sb tan cing ctia tong T 13 9.
* Trong mot s6 bai toan khac, viéc tim chit s6 tan cung dan dén 101 giai kha doc dao.
Bai toan 4: Ton tai hay khong sb tu nhién n sao cho n?+ n + 1 chia hét cho
19952000,
Loi giai: 1995%°% tan cung boi chit s6 5 nén chia hét cho 5. Vi vy, ta dit van
dé 1a lidu n® + n + 1 c6 chia hét cho 5 khong ?
Ta co n?+n=n(n+ 1), 1a tich cta hai sé ty nhién lién tiép nén chit s6 tin cling clia n
+nchicothéla0;2;6=>n?+n+1chicothétincinglal;3;7=>n?+n+1
khong chia hét cho 5.
Vay khong tdn tai s6 ty nhién n sao cho n? + n + 1 chia hét cho 199
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St dung tinh chat “mdt s6 chinh phwong chi c6 thé tan cing béi cdc chizsé 0,1 ; 4 ;
5;,6;9” taco thé gidi dugc bai toan sau:
Bai toan 5: Chung minh rang cac tong sau khong thé 14 s6 chinh phuong:
a) M = 19% + 5K + 1995k + 1996* (v&i k chén)
b) N = 2004204 + 2003
Str dung tinh chét ‘mét sé nguyen 16 I6m hon 5 chi c6 thé tan ciing béi cdc chir s6 1 ;
37,97, tatiép tuc giai quyet dugc bai toan:
Bai toan 6: Cho p 13 s6 nguyén t6 16n hon 5. Chting minh rang: p®" +3.p*" - 4
chia hét cho 5.
* Céac ban hay giai céc bai tap sau:
Bai 1: Tim s du cta cac phép chia:
a) 21+ 3%+ 4%+ ... +2003%% cho 5
b) 23+ 3"+ 4 + . +2003% cho 5
Bai 2: Tim chit s6 tan cing ctia X, Y:
X=22+30+ 410+ . +2004%10
Y =28+ 324+ 418 + | +200480°
Bai 3: Chung minh rang chit s6 tin cung cua hai tong sau gidng nhau:
U=21+3+4%+ ... +2005%"
V=234+3"+41+ | +2005%01°
Bai 4: Ching minh réng khong tdn tai cac sb ty nhién x, y, z théa man:
19% + 5Y + 1980z = 1975%° + 2004.
* Cac ban thu nghién ctru cac tinh chat va phuong phap tim nhiéu hon mot chit s6 tan
cung cua mot so tu nhién, chung ta s& tiép tuc trao d6i vé van dé nay.
* Tim hai chir s0 tan cung
Nhan xét: Néu x € N va x = 100k +y, trong d6 k ; y € N thi hai chi¥ s6 tan
cung cia x ciing chinh 13 hai chit s6 tan ciing cua y.
Hién nhién 1a y < x. Nhu vay, dé don gian viéc tim hai chit s6 tan cliing ctia s tu
nhién x thi thay vao d¢ ta di tim hai chr sO tan cung cua s6 tu nhién y (nho hon).
R rang s6 y cang nho thi viée tim cac chir s6 tan clng cua y cang don gian hon.
Tir nhan xét trén, ta dé xuat phuong phap tim hai chit s6 tan cing cta s6 tu nhién x =
a™ nhu sau:
Truong hop I: Néuachinthix=a™: 2™ Goi nla sO tu nhién sao cho a"": 25,
Vlet m=p"+q(p;qEN), trong d6 q 12 sb nho nhat dé a%: 4 ta co:
=am=a%a " -1) +al
Vi a"l: 25=>gfM-1: 25. Mitkhac, do (4,25)=1néna%a"-1):
Vay hai chif s6 tan cung clia am ciing chinh 14 hai chit s6 tin cung cua aq. Tiép
theo, ta tim hai chit s6 tan clng cua aq.
Truwong hop 2: Néu a ¢, goin 1a s6 ty nhién sao cho a"*: 100.
Vigtm=u"+v (u;vEN,0<v<n)taco:
=a"=a'(a""-1) +a".
Via"-1: 100=>a""-1: 100.



Vaiy hai chir sb tn cung cua a™ ciing chinh 13 hai chit s6 tdn cung cua a'. Tiép

theo, ta tim hai chit sb tan cung cua a'.

Trong cé hai truong hop trén, chia khoa dé giai duoc bai toan 1a chiing ta phai
tim dugc s ty nhién n. Néu n cang nhé thi q va v cang nho nén s& dé dang tim hai
chir s tn cung cua a% va a.

Bai toan 7:

Tim hai chit s6 tan cing ctia cac s6:

a) a%3 p) 7%

Loi giai: a) Do 22° 13 s6 chin, theo truong hop 1, ta tim sb ty nhién n nho
nhat sao cho 2"-1: 25,

Tac62°=1024=>20+1=1025: 25=>220-1=(2°+1)(21°-1): 25=>

23(2?°-1) : 100. Mat khac:

22003 = 23(22000 _ 1) + 23 = 23((220)100 - 1) + 23 = 100k + 8 (k € N).

Vay hai chir s6 tan cung ciia 22°%° 13 08.

b) Do 7% 1a sd 1é, theo truong hop 2, ta tim sd ty nhién n bé nhat sao cho 7" -

1: 100.

Tacd 74=2401=>74-1: 100.

Mitkhac: 9°-1: 4=>9=4k+1 (kEN)

Vay 79 = 7%+ 1= 7(7%- 1)+ 7=100q + 7 (q € N) tan cing bai hai chir s6 07.

Bai toan 8:

Tim sb du cta phép chia 3517 cho 25.

Loi giai: Trudc hét ta tim hai chit s6 tan ciing ctia 3517, Do s6 nay 1é nén theo
truong hop 2, ta phai tim sd tu nhién n nhé nhét sao cho 3" -1 : 100.
Tac63°=9°=59049=>310+1: 50=>3%0-1=(31+1) (31°-1):

Mit khac: 5°-1: 4=>5(5%-1):

=> 517 = 5(516 - 1) +5 =20k + 5§ =>3°17 = 320k+5 — 35(320k - 1) +3°= 35(320k - 1) +
243, ¢6 hai chit s6 tn cung 13 43.

Vay s du cia phép chia 3°!" cho 25 1a 18.

Trong truong hgp so da cho chia hét cho 4 thi ta c6 thé tim theo cach gian tiép.

Trude tién, ta tim s6 du ctia phép chia s d6 cho 25, tir 46 suy ra cac kha nang cua hai
chir s6 tan cung. Cudi cung, dya vao gia thiét chia hét cho 4 dé chon gia tri dung.

Céc thi du trén cho thiy rang, néua=2hoica=3thin=20;néua=7thin=4.
Mot cau hoi dit ra 1a: Néu a bat ki thi n nhé nhét 13 bao nh1eu ? Ta c6 tinh chét sau
day (ban doc tu ching minh).

Tinh chiat4: Néua€ Nva(a, 5)=1thia®-1: 25,

Bai toan 9: Tim hai chir s6 tan cling cia cic tong:

a) Sy = 12002 4 2002 4 32002 4 D())42002

b) S, = 12003 4 22003 4 32003 4 4 242003

Loi giai:

a) D& thay, néu a chin thi a? chia hét cho 4 ; néu a 1¢ thi a!® - 1 chia hét cho 4 ; néu a
chia hét cho 5 thi a? chia hét cho 25.
Mt khac, tir tinh chit 4 ta suyravoimoia€ Nva(a,5)=1tacéal00-1: 25.
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Vay v4i moi a € N ta c6 a?(al®- 1) :  100.
Do d6 S; = l2002 +2%(2200 - 1) + ... + 2004%(2004%°%0 - 1) + 22 + 3% + ... + 20042,
Vi thé hai chit s6 tin cling cla tong S1 ciing chinh 1 hai chir sb tan cing cta tong 12
+ 22432+ ... + 20042 4p dung cong thirc:
12+22+32+..+n’=n(n+1)(2n +1)/6
=>12+ 22 + ... + 20042 = 2005 x 4009 x 334 = 2684707030, tin cung la 30.
Vay hai chir s6 tan cing cua tong S 1a 30.
b) Hoan toan tuong tu nhu cau a, S; = 129% + 23(22°% - 1) + ... + 2004%(2004%°% - 1) +
23 + 33 + 20043, Vi thé, hai chir sb tan cung cta tong S; ciing chinh 12 hai chit s6 tan
cung cua 13+ 23+ 33+ .. + 2004°.
ap dung cong thuec:

2
PB+28 4 40l = (1 +2+...+n)2 = [n{n;ﬂ)

=> 13+ 2%+ ... + 2004° = (2005 x 1002)2 = 4036121180100, tan cung la 00.

Vay hai chir s6 tan cung cua tong S 14 00.

Tro lai bai toan 5 (TTT2 s6 15), ta thay réng c6 thé str dung viéc tim chir sb tan

cung dé nhan biét mot s6 khong phai 1a s0 chinh phuong. Ta cting ¢6 thé nhan

biét diéu d6 thong qua viéc tim hai chir sd tan cung.

Ta c6 tinh cht sau day (ban doc tu chirg minh).

Tinh chédt 5: S6 ty nhién A khong phai 13 s6 chinh phwong néu:

+ A ¢6 chit sb tan cungla?2,3,7,8;

+ A c6 chir sb tan cung 14 6 ma chir s6 hang chuc 1 chit s6 chén ;

+ A ¢6 chit s6 hang don vi khac 6 ma chir s6 hang chyc 13 16 ;

+ A ¢6 chir s6 hang don vi 1a 5 ma chir sb hang chuc khac 2 ;

+ A ¢6 hai chit s6 tan cung 1a 16.

Bai toan 10: Cho n € N va n - 1 khéng chia hét cho 4. Chimg minh rang 7" +
2 khong thé 1a s6 chinh phuong.

Loi giai: Do n - 1 khong chia hét cho 4 nénn=4k +r (r € {0, 2, 3}). Ta c6 74
-1=2400: 100.Taviét 7" +2=7%*"+2=7(7*-1)+ 7"+ 2.
Vay hai chir sb tan ctng cua 7" + 2 ciing chinh 13 hai chir s6 tan cing ctia 7"+ 2 (r =
0, 2, 3) nén chi c6 thé 12 03, 51, 45. Theo tinh chét 5 thi 15 rang 7" + 2 khéng thé 1a s6
chinh phuong khi n khong chia hét cho 4.

* Tim ba chir s6 tin ciing

Nhan xét: Tuong tu nhu trudng hop tim hai chit sé tan cung, viéc tim ba chir
s6 tan cung cta sd ty nhién x chinh 13 viéc tim s6 du cta phép chia x cho 1000.
Néu x = 1000k + y, trong d6 k ; y € N thi ba chit s6 tan ciing ciia x cling chinh 1 ba
chit s tn cung cua y (y < x).
Do 1000 = 8 x 125 ma (8, 125) = 1 nén ta dé xuat phuong phap tim ba chir s6 tan
cung cia s ty nhién x = a™ nhu sau:

Truwong hop 1: Néu a chan thi x = a™ chia hét cho 2™. Goi n 14 s6 ty nhién sao
cho a" - 1 chia hét cho 125.
Viétm=p"+q(p; q€ N), trong d6 q 13 s6 nho nhit dé a% chia hét cho 8 ta co:




x=a"=al@a"-1) +ad.
Vi a" - 1 chia hét cho 125 => aP" - 1 chia hét cho 125. Mt khac, do (8,125)=1nén
a%(a”" - 1) chia hét cho 1000.
Vay ba chit sd tin cung cta a™ cling chinh 14 ba chit s6 tin cing cta a’. Tiép theo, ta
tim ba chir s6 tan cing cua a’

Truwong hop 2: Néu a 1¢, goi n 12 s6 tu nhién sao cho a" - 1 chia hét cho 1000.
Vigtm=u"+v (u;vEN,0<v<n)taco:
x=a"=a'(a""-1) +a"
Via"- 1 chia hét cho 1000 => a"" - 1 chia hét cho 1000.
Viy ba chit sd tAn cung cta a™ cling chinh 1a ba chit s6 tin cing cua a. Tiép theo, ta
tim ba chit sb tn cung cua a.
Tinh chat sau duoc suy ra tir tinh chét 4.

Tinh chit 6:

Néu a € N va (a, 5) =1 thi a'® - I chia hét cho 125.

Chirng minh: Do a® - 1 chia hét cho 25 nén a®, a*, a®, a® khi chia cho 25 ¢
cung s6 du 1a 1

=> 3% + 3% + a% + a® + [ chia hét cho 5. Vay al® - 1 = (a® - 1)( a® + a® + a*

+ a?® + 1) chia hét cho 125.

Bai toan 11:

Tim ba chir s6 tdn cing caa 1231,

Loi giai: Theo tinh chat 6, do (123, 5) = 1 => 12319 - | chia hét cho 125 (1).

Mat khac:

1231001 = (123% - 1)(123% + 1)(123% + 1) => 123'% - | chia hét cho 8 (2).

Vi (8, 125) =1, tir (1) va (2) suy ra: 123 - | chi hét cho 1000

=> 12311 = 123(123%° - 1) + 123 = 1000k + 123 (k N N).

Vay 1239 ¢4 ba chit s6 tan cing 1a 123.

Bai toan 12:

Tim ba chir s6 tdn cing caa 339°-%,

Loi giai: Theo tinh chat 6, do (9, 5) = 1 => 9% - 1 chi hét cho 125 (1).
Tuong tu bai 11, ta c6 9*%° - 1 chia hét cho 8 (2).
Vi (8, 125) =1, tir (1) va (2) suy ra: 9% - 1 chia hét cho 1000 => 339998 = 9199..9 =
Ql00p +99 — 999(9100p - 1) + 0% = 1000q + 0% (p’ q c N)
Viy ba chit sd tan cung cta 3%9%-% ciing chinh 14 ba chit s6 tan cung ctia 9%.
Lai vi 9'% - 1 chia hét cho 1000 => ba chi s6 tin cing ctia 9% 13 001 ma 9% = 91
9 => ba chit s6 tan cung ctia 9%° 1a 889 (d§ kiém tra chit sb tan cing ciia 9*° 12 9, sau
d6 dua vao phép nhan ??9 x 9=...001 d¢€ xac dinh 7?9 = 889).
Viy ba chit sd tan cung cua 3399-% 13 889.
Néu sb da cho chia hét cho 8 thi ta cling c6 thé tim ba chif s6 tan cting mot cach gian
tiép theo cac budc: Tim du cua phép chia sd d6 cho 125, tir d6 suy ra cac kha ning
ctia ba chir sd tan cung, cudi cing kiém tra diéu kién chia hét cho 8 dé chon gia tri
dang.

Bai toan 13:



Tim ba chit s6 tdn cung caa 20042,

Loi giai: do (2004, 5) = 1 (¢tinh chit 6)

=> 2004% chia cho 125 du 1

=> 2004?% = (20041%)? chia cho 125 du 1

=> 20042% chi c6 thé tan cung 1a 126, 251, 376, 501, 626, 751, 876. Do 20042

chia hét cho 8 nén chi c6 thé tan cung la 376.
Tt phuong phap tim hai va ba chir sO tan cung da trinh bay, ching ta c6 thé mo rong
dé tim nhiéu hon ba chir sO tan cung ctia mot s ty nhién.

Sau day la mot sb bai tap van dung:

Bai 1: Ching minh 1" + 2" + 3" + 4" chia hét cho 5 khi va chi khi n khong chia
hét cho 4.

Bai 2: Chirng minh 920002003 720002003 ¢ chiy 5§ tan cung gidng nhau.

Bai 3: Tim hai chir s6 tan cung cua:

a) 3999 b) 111213

Bai 4: Tim hai chir s6 tan cung cua:

S = 23 + 223 + .+ 240023

Bai 5: Tim ba chit s6 tdn cing cua:

S = 12004 + 22004 + .+ 20032004

Bai 6: Cho (a, 10) = 1. Chting minh rang ba chir so tan ciing ctia a'® ciing
bang ba chir sb tan cung cua a.

Bai 7: Cho A 1a mot s6 chan khong chia hét cho 10. Hay tim ba chit s6 tan
cung cta A?%,

Bai 8: Tim ba chir so tan cing cua so:

199319941995 ...2000

Bai 9: Tim s4u chit so tdn cung cua 52

BAI 2: CHUNG MINH MOT SO KHONG PHAI

LA SO CHINH PHUONG

Trong chuong trinh Toan 19p 6, cac em di dugc hoc vé cac bai toan lién quan
t&1 phép chia hét ctia mét sd tu nhién cho mot sb ty nhién khac 0 va dic biét 1a duogc
gidi thiéu vé sd chinh phuong, d6 1a sé ty nhién bang binh phuong ctia mot so tu
nhién (chéng han: 0;1;4;9;16;25;121;144;...).

Két hop céc klen thu:c trén, cac em co the g1a1 quyét bai toan: Chung minh mot
s6 khong phai 1a s6 chinh phuong. Pay ciing 1a mot cach ciing c¢6 cac kién thirc ma
cac em da dugc hoc. Nhiing bai toan nay s€ lam tang thém long say mé mon toan cho
cac em.

1. Nhin chir s6 tin cung



Vi s6 chinh phuong bang binh phuong ctia mot sd tu nhién nén co thé thiy ngay s6
chinh phwong phai c6 chir s0 tan cuing 13 mdt trong cic chirs60;1;4;5;6;09.
Tir d6 cac em c6 thé giai dugc bai toan kiéu sau day:

Bai toan 1: Chang minh sb: n = 20042 + 20032 + 20022 - 20012 khéng phai la
s6 chinh phuong.

Loi giai: D& dang thay chir s6 tan cing ctia cac s 20042 ; 20032 ; 20022 ;
20012 lan luot 14 6 ;9 ; 4 ; 1. Do d6 s6 n co chir s6 tan cung 1a 8 nén n khong phai 1a
s6 chinh phuong.

Chu y: Nhiéu khi sb da cho ¢6 chit sb tan cung la mot trong cac s60;1:4:5
. 6 ; 9 nhung van khong phai 12 s6 chinh phuong. Khi d6 cac ban phai luu y thém mot
chut nira:

Néu s6 chinh phwong chia hét cho s6 nguyén t6 p thi phai chia hét cho p2.

Bai toan 2: Chung minh 56 1234567890 khong phai la s6 chinh phuong.

Loi giai: Thay ngay s6 1234567890 chia hét cho 5 (vi chif s6 tan cung 14 0)
nhung khong chia hét cho 25 (vi hai chit s6 tan cung 1a 90). Do d6 s6 1234567890
khong phai 14 s6 chinh phuong.

Chii y: C6 thé 1y luan 1234567890 chia hét cho 2 (vi chit s6 tan cing 1 0),
nhung khong chia hét cho 4 (vi hai chit s6 tin cung 12 90) nén 1234567890 khong 1a
s6 chinh phuong.

Bai toan 3: Chung minh ring néu mot s6 c6 tong cac chir s6 1a 2004 thi sé do
khong phai 14 s6 chinh phuong.

Loi giai: Ta thay tong cac chit s6 cua s6 2004 14 6 nén 2004 chia hét cho 3 ma
khong chia hét 9 nén so ¢o tong cac chit s6 1 2004 ciing chia hét cho 3 ma khong
chia hét cho 9, do d6 s6 nay khong phai 14 s6 chinh phuong.

2. Dung tinh chit ciia s6 du
Chang han cac em gip bai toan sau day:

Bai toan 4: Chang minh mot s6 c6 tong cac chit s6 1a 2006 khong phai 13 s6
chinh phuong.

Chac chan cac em s& dé bi “choang”. Vay & bai toan nay ta s& phai nghi téi
diéu gi ? Vi cho gia thiét vé tong cac chit s nén chéc chin cac em phai nghi téi phép
chia cho 3 hodc cho 9. Nhung lai khong gip diéu “ki diéu” nhu bai toan 3. Thé thi ta
n6i dugc diéu gi vé sd ndy ? Chic chin sb nay chia cho 3 phai du 2. Tir d6 ta c6 10i
giai.

Loi gidi: Vi s6 chinh phwong khi chia cho 3 chi ¢é s6 dw 14 0 hodic 1 ma
thoi (coi nhu bai tap dé cac em tu chirng minh !). Do tong cac chit s6 cta sd d6 1a
2006 nén s6 d6 chia cho 3 du 2. Chung t6 s6 da cho khong phai 1a s6 chinh phuong.
Tuong tu cac em co thé tu giai quyet duoc 2 bai toan:

Bai toan 5: Chung minh tong cac s6 tu nhién lién tiép tir 1 dén 2005 khong
phai 13 s6 chinh phuong.

Bai toan 6: Chung minh s6: n = 2004* + 20043 + 20042 + 23 khéng 14 s6
chinh phuong.

Bay gid cac em theo ddi bai toan sau dé nghi téi mot “tinh hubéng” méi.



Bai toan 7: Chutng minh sd:

N = 4% + 44% + 444* + 4444** + 15 khong 13 s6 chinh phuong.

Nhan xét: Néu xét n chia cho 3, cac em sé& thay s6 du ctia phép chia sé 1a 1,
thé 1a khong “bat chude” duoce cach gidi cia cac baitoan 3 ;4 ;5 ;6. Néu xét chir s6
tan cung cac em sé& thy chir s tdn cung cua n 1a 9 nén khong lam “twong tu” dugc
nhu cac bai toan 1 ; 2. S6 du cua phép chia n cho 4 13 d& thdy nhat, d6 chinh 1a 3. Mot
s6 chinh phwong khi chia cho 4 sé cho s6 dw nhw thé nao nhi ? Cac em c6 thé tu
chtng minh va dugc két qua: s6 du d6 chi co thé 1a 0 hodic 1. Nhu vay 13 cac em da
giai xong bai toan 7.

3. “Kep” sb giira hai s6 chinh phwong “lién tiép”

Céc em c6 thé thdy rang: Néu n 13 sb tu nhién va s ty nhién k thoa man n? < k
< (n + 1)? thi k khong 1a s6 chinh phuong. Tir d6 cac em c6 thé xét duge cac bai toan
Sau:

Bai toan 8: Chung minh s6 4014025 khong 1a s6 chinh phuong.

Nhan xét: S6 ndy c6 hai chit s6 tan cing 1a 25, chia cho 3 du 1, chia cho 4
cling du 1. Thé 1 tit ca cac cach lam trudc déu khong van dung duoc. Cac em c6 thé
thay 101 giai theo mot hudng khac.

Loi gidai: Ta c6 20032 = 4012009 ; 20042 = 4016016 nén 20032 < 4014025 <
20042, Chiing t6 4014025 khong 14 s6 chinh phuong.

Bai toan 9: Chung minh A =n(n + 1)(n + 2)(n + 3) khong 12 s6 chinh phuong
véi moi s tw nhién n khac 0.

Nhan xét: Ddi v6i cac em da lam quen véi dang biéu thire ndy thi c6 thé nhan
ra A + 1 1a s6 chinh phuong (ddy 14 bai toan quen thudc voi 16p 8). Cac em 16p 6, 16p
7 ciing c6 thé chiu khé doc 101 giai.

Loi giai: Ta co:

A+l=n(n+1)n+2)(n+3)+1=(n*+3n)(n*+3n+2)+1=(n*+3n)>+
2(n2 +3n) +1 = (n? + 3n +1)2.

Mat khéc:

(n? +3n)? < (n® + 3n)? + 2(n* + 3n) = A,

Diéu nay hién nhién dung vin > 1. Chimg t6: (n*+3n)* <A<A+1=(n*+3n+1)%
=> A khong 12 s6 chinh phuong.

Céc em c6 thé rén luyén bang cach thur giai bai toan sau:

Bai toan 10: Hiy tim s6 tu nhién n sao cho A =n* - 2n® + 3n? - 2n 1 s6 chinh
phuong.

Goi y: Nghi dén (n? - n + 1)%

Bai toan 11: Ching minh s 23° + 232 + 23%% khong 1a s6 chinh phuong.

Goi y: Nghi dén phép chia cho 3 hodc phép chia cho 4.

Bai toan 12: Co6 1000 manh bia hinh chit nhat, trén méi manh bia dugc ghi
mot s6 trong cac sb tir 2 dén 1001 sao cho khong c6 hai manh nao ghi sb gidng nhau.
Chung minh rang: Khong thé ghép tat ca cac manh bia nay lién nhau dé duoc mot s6
chinh phuong.



Bai toan 13: Chung minh rang: Tong cac binh phuong cia bon sb tu nhién
lién tiép khong thé 1a sb chinh phuong.

Goi y: Nghi t6i phép chia cho 4.

Bai toan 14: Chung minh rang s6 333%% + 55555 + 777777 khong 1a s6 chinh
phuong.

Goi y: Nghi dén phép chia cho ... mot chuc (?)

Bai toan 15: Luc dau c6 hai manh bia, mot ciu bé tinh nghich ctr cAm mot
manh bia 1én lai xé ra lam bén manh. Cau ta mong rang ctr 1am nhu vay dén mot luc
nao d6 s& dugc s6 manh bia 1a mot s6 chinh phuwong. Cau ta ¢é thuc hién dugc mong
mudn d6 khong ?

Dé két thic bai viét ndy, t6i mudn chuc cac em hoc that gioi mon toan ngay tu dau
bac THCS va cho to1 dugc noi riéng voi cac quy thay c6: nguyén tac chung dé ching
minh mot sO tu nhién khong la s6 chinh phuong, d6 la dwa vao mot trong cac dicu
kién can dé mot so 1a s6 chinh phuong (ma nhu cac quy thay co di biét: moi diéu
kién can trén doi 1a dung dé ... pha dinh !). Tir d6 cac quy thay c6 c6 thé sang tao
thém nhiéu bai toan tha vi khac.

BAI 3: CHUNG MINH MOT SO LA SO CHINH PHUONG

Cac ban da dugc gioi thi¢u cac phuong phap ching minh mot s6 khong phai 1a
s6 chinh phuong trong TT12 s6 9. Bai viét nay, t6i mudn gidi thiéu véi cac ban bai
toan chimg minh mot s6 13 s6 chinh phuong.

Phwong phap 1: Dua vao dinh nghia.

Ta biét rang, s6 chinh phuong 13 binh phuong cia mét s6 tu nhién. Dua vao
dinh nghia nay, ta c6 thé dinh hudng giai quyét cac bai toan.

Bai toan 1: Chang minh: Véi moi s6 ty nhién n thi a, = n(n + 1)(n + 2)(n +
3) + 1 1a s6 chinh phuong.

Loi giai: Ta co:

an=nn+1)(n+2)(n+3)+1

=(n?+3n)(n>+3n+2)+1

=(n>+3n)>+2(n>+3n) +1

= (n?+3n + 1)?
V&in 12 86 tu nhién thi n? + 3n + 1 cling 1a s6 tu nhién, theo dinh nghia, a, la s6 chinh
phuong.

’ 11...155...56 ,

Bai toan 2: Ching minh so: nehirsé1 n-ichirsés 13 s6 chinh phuong.

Loi giai:
Ta co:
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A=11...15656...56

nchirsé1 n=lchifsd s

11...16585...68+1
e e
nchirsé1 nchirsds

11, . 1+4x11...1 +1
et
2nchirsd1  nchirsdi

_107 -1, 001
9 9
10" +4x10" +4 (10" +2)°

9 9

1

n—1ct_1hErsEiD 2

_ 10...0 2 _ ...343.

3 n=1chirs6 3

11...155...56 ’

Vﬁy nchirsé1 n-ich¥sd5 13 sO chinh phu’o'ng

Phwong phap 2: Dua vao tinh chat dic biét.

Ta c6 thé chirng minh mdt tinh chét rat dic biét: “Néu a, b 1a hai s6 tu nhién
nguyén t cting nhau va a.b 1a mot sd chinh phuong thi a va b déu 1a cac s chinh
phuong”.

Bai toan 3: Chung minh ring: Néu m, n 1a cac s tu nhién thoa man 3m? + m
=4n?+nthim-nva4m+ 4n + 1 déu 13 s6 chinh phuong.

Loi giai:

Taco: 3m?>+m=4n2 +n

twong duong voi 4(m? - n2) + (m - n) = m?

hay 13 (m - n)(4m + 4n + 1) = m? (*)

Goi d 12 u6c chung 16n nhat ctia m - n va 4m + 4n + 1 thi (4m + 4n + 1) + 4(m - n)
chia hét cho d => 8m + 1 chi hét cho d.

Mit khac, tir (*) ta c6: m? chia hét cho d? => m chia hét cho d.

Tir 8m + 1 chia hét cho d va m chia hét cho d ta ¢6 1 chia hét chod =>d =1.

Vay m - n va 4m + 4n + 1 14 cac s ty nhién nguyén t6 cing nhau, théa min (*) nén
chung déu 1a cac s6 chinh phuong. Cudi cliing xin giri ti cac ban mot s6 bai toan thi
vi vé s6 chinh phuong:

1) Chimg minh céc s6 sau day 1a sd chinh phuong:
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=22499.91000.05
n-2chifsdé9 nchifsd 0

=44.488 .89
nchirsé 4 n-1chrsdd

2) Cho céc s6 nguyén duong a, b, ¢ d6i mot nguyén té ciing nhau, thoa man: 1/a +
1/b = 1/c. Hay cho biéta+b co la s6 chinh phuong hay khong ?

3) Chimg minh rang, voi moi sb tu nhién n thi 3" + 4 khong la s6 chinh phuong.

4) Tim s6 tu nhién n dé n? + 2n + 2004 1a s6 chmh phuong.

5) Chimg minh: Néu: a= 2+2\120" +1va n 1a hai s6 ty nhién thi a 1a s§ chinh phuong.

BAI 4: MOT DANG TOAN VE UCLN VA BCNN

Trong chuong trinh s6 hoc 16p 6, sau khi hoc cac khai niém udc chung 16n nhét
(UCLN) va boi chung nho nhat (BCNN), cac ban sé gip dang toan tim hai s6 nguyén
duong khi biét mot sd yéu t6 trong d6 ¢o cac dit kién vé UCLN va BCNN.

Phuong phap chung dé giai:

1/ Dya vao dinh nghia UCLN dé biéu dién hai s6 phai tim, lién hé voi cac yéu to da
cho dé tim hai s6.

2/ Trong mdt s6 truong hop, c6 thé sir dung mdi quan hé dic biét giira UCLN, BCNN
va tich cta hai s6 nguyén duong a, b, d6 1a: ab = (a, b).[a, b], trong d6 (a, b) 1a
UCLN va [a, b] 1a BCNN cua a va b. Viéc chitng minh hé thirc nay khong kho:

Theo dinh nghia UCLN, goid = (a, b) =>a =md ; b = nd v&i m, n thuéc Z* ; (m, n) =
1(%)

Tu (*) => ab = mnd?; [a, b] = mnd

=> (a, b).[a, b] = d.(mnd) = mnd? = ab

=>ab =(a, b).[a, b] . (**)

Chung ta hay xét mot sd vi du minh hoa.

Bai toan 1: Tim hai s6 nguyén duong a, b biét [a, b] =240 va (a, b) = 16. Loi
giai: Do vai tro cia a, b 13 nhu nhau, khong mat tinh tong quat, gia sira <b.

Tu (¥),do (a,b)=16néna=16m; b= 16n (m <n do a <b) vdi m, n thudc Z* ; (m,
n)=1.

Theo dinh nghia BCNN:

[a, b] = mnd = mn.16 = 240 => mn = 15

=>m=1,n=15hoacm=3,n=5=>a=16,b =240 hoac a =48, b = &0.

Chii y: Ta c6 thé ap dung cong thirc (**) dé giai bai toan nay: ab = (a, b).[a,
b] => mn.16% = 240.16 suyy ra mn = 15.

Bai toan 2: Tim hai s6 nguyén duong a, b biét ab =216 va (a, b) = 6.

Loi giai: Lap luan nhu bai 1, gid stra <b.

Do (a,b)=6=>a=6m ;b=6nvdi m,nthuoc Z"; (m,n)=1; m<n.
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Vi vay: ab = 6m.6n = 36mn => ab = 216 tuong duong mn = 6 tuong duong m=1, n
= 6 hoac m =2, n =3 tuong duong véia=6,b =36 hoacc laa=12, b = 18.
Bai toan 3: Tim hai s6 nguyén duong a, b biét ab = 180, [a, b] = 60.
Loi giai:
T (**) => (a, b) = ab/[a, b] = 180/60 = 3.
Tim duoc (a, b) = 3, bai toan dugc dua vé dang bai toén 2.
Két qua: a=3,b=60hosca=12,b=15.

Chii y: Ta c6 thé tinh (a, b) mdt cach truc tiép tir dinh nghia UCLN, BCNN:
Theo (*) ta c6 ab = mnd* = 180 ; [a, b] = mnd =60 =>d = (a, b) = 3.

Bai toan 4: Tim hai s6 nguyén duong a, b biét a/b = 2,6 va (a, b) = 5.

Loi giai: Theo (*), (a,b) =5=>a=5m; b=5n véi m, n thuéc Z* ; (m, n) = 1.
Vivay: a/b=m/n=2,6=>m/n =13/5 tuong duong véim=13 van=>5haya=65
vab=25.

Chii y: phén s twong tmg vai 2,6 phai chon 1a phan s t6i gian do (m, n) = 1.

Bai toan 5: Tim a, b biét a/b = 4/5 va [a, b] = 140.

Loi giai: Dat (a, b)=d. Vi, a/b=4/5, mdt khac (4, 5) =1 nén a=4d, b= 5d.

Luuy[a,b]=4.5.d=20d=140=>d=7=>a=28 ;b=35.

Bai toan 6: Tim hai s6 nguyén duong a, b biét a+ b =128 va (a, b) = 16.

Loi giai: Lap luan nhu bai 1, gid stra <b.

Tacd: a=16m;b=16nvoim,nthuoc Z"; (m,n)=1; m<n.

Vivay: a+b =128 tuong duong 16(m + n) = 128 tuong duong m +n =8

Tuong duong véim=1,n=7hodcm=3,n=5haya=16,b=112 hodca=48,b=
80

Bai toan 7: Tima, b biéta+b=42va[a, b]=

Loi gidi: Goid=(a,b)=>a=md ;b= ndvmm nthuoc Z";(m,n)=1.

Khong mat tinh tong quat, gia st a<b=>m<n.

Do d6: a+b=d(m+n)=42(1)

[a, b] =mnd =72 (2)

=>d la udc chung ctia 42 va 72 =>d thuoc {1 ;2;3; 6}.

Lan luot thay cac gia tri cua d vao (1) va (2) dé tinh m, n ta thiy chi c6 truong

hopd=6=> m+n=7vamn=12=>m=3van=4.(thoa min cac diéu

kién cilam, n). Vayd=6vaa=3.6=18 ,b=4.6 =24

Bai toan 8: Tima, b biéta-b =7, [a, b] = 140.

Loi giai: Goid=(a,b)=>a=md ; b=nd vdi m, n thuoc Z* ; (m, n) = 1.
Do dé: a-b=d(m-n)=7 (1°)

[a, b] =mnd =140 (2°)
=> d la uoc chung cua 7 va 140 => d thuoc {1 ; 7}.
Thay 1an luot cc gia tri cia d vao (1°) va (2°) dé tinh m, n ta dugc két qua duy nhat:
d=7=>m-n=1vaimn=20=>m=5,n=4
Vayd=7vaa=57=35;b=4.7=28.

Bai tap tu giai:

1/ Tim hai s6 a, b biét 7a = 11b va (a, b) = 45.
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2/ Tim hai s6 biét tong ctia chiing bang 448, UCLN cuia chung bang 16 va ching c6
cac chit s6 hang don vi giéng nhau.

3/ Cho hai sb ty nhién a va b. Tim tit ca cac s tu nhién ¢ sao cho trong ba s, tich
ctia hai s ludn chia hét cho s con lai.

BAI5: NGUYEN LI PI - RICH - LE

Nguyén li Pi-rich-1& phat biéu nhu sau: “Néu c6 m vat dit vao n cai ngin kéo va m
> n thi ¢6 it nhat mot ngin kéo chira it nhat hai vat”. Nguyén 1i Di-rich-1¢é chi giup ta
chirng minh duogc su tn tai “ngéan kéo” chura it nhat hai vit ma khong chi ra dugc do
1a “ngdn kéo” nao. Cac ban hay lam quen viéc van dung nguyén li qua cac bai toan
sau day.

Bai toan 1: Chung minh rang trong 11 s6 tu nhién bat ki bao gid ciing ton tai
it nhat 2 s6 ¢6 hi¢u chia hét cho 10.

Loi giai:
Véi 11 s6 ty nhién khi chia cho 10 ta duge 11 s du, ma mot s6 tu nhién bét ki khi
chia cho 10 ¢c6 10 khanangdula0;1;2;3;...;9.
Vi co 11 s6 du ma chi c6 10 kha ning du, theo nguyén 1i Di-rich-1¢, ton tai it nhat 2
s6 khi chia cho 10 ¢6 cung sé du do d6 hiéu cua chiing chia hét cho 10 (dpcm).

Bai toan 2: Chung minh rang ton tai s6 c6 dang 19941994...199400...0 chia
hét cho 1995.

Loi giai:
Xét 1995 s6 ¢6 dang: 1994 ; 19941994 ; ... ;.
Néu mot trong céc s trén chia hét cho 1995 thi d& dang c6 dpem.
Néu céc s6 trén déu khong chia hét cho 1995 thi khi chia timg s cho 1995 sé& chi ¢o
1994 khanangdulal;2;3;..;1994.
Vi ¢6 1995 s6 du ma chi c6 1994 kha nang du, theo nguyén 1i Di-rich-1¢ ton tai it nhat
2 s6 khi chia cho 1995 c6 cung sb du, hiéu cta chung chia hét cho 1995. Gia sir hai
50 d6 1a:
Khi d6: = 1994...199400...0 chia hét cho 1995 (dpcm).

~ Baitoan 3: Chung minh rang ton tai s4 tu nhién k sao cho (1999~k - 1) chia
hét cho104.

Loi giai: Xét 104 + 1 s c6 dang:
19991 ; 19992 ; ... ; 1999104 + 1.
Lap luén tuong ty bai toan 2 ta dugc:
(1999m - 1999n) chia hét cho 104 (m > n)
hay 1999n (1999m-n - 1) chia hét cho 104
Vi 1999n va 104 nguyén t6 cung nhau, do d6 (1999m-n - 1) chia hét cho 104.
Pit m - n = k => 19997k - 1 chia hét cho 104 (dpcm).
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Bai toan 4: Chung minh rang ton tai mot s6 chi viét bai hai chir s chia hét
cho 2003.

Loi giai: Xét 2004 s6 codang 1311 ;111 ;

Lap luén tuong tu bai toan 2 ta dugc:

hay 11...100...0 chia hét cho 2003 (dpcm).
Mot s6 bai todn tw giai:

Bai toan 5: Chang minh rang moi s6 nguyén t6 p ta c6 thé tim duoc mot sd
dugc viét boi hai chit sb chia hét cho p.

Bai toan 6: Chung minh rang néu mét sé ty nhién khong chia hét cho 2 va 5
thi ton tai bdi cua nod co dang: 111...1.

Bai toan 7: Chung minh rang ton tai s6 c6 dang 1997k (k thudc N) ¢6 tan
cung 1a 0001.

Bai toan 8: Ching minh rang néu cac s6 nguyén m va n nguyén t6 ciing nhau
thi tim duoc sb tu nhién k sao cho mk - 1 chia hét cho n.

Cdc ban hay dén doc s6 sau: Nguyén li Di-rich-18 voi nhitng bai toan hinh hoc

thl vi.

BAI 6: NGUYEN LI PI-RICH-LE
& NHUNG BAI TOAN HINH HQC THU VI

Nguyén li ¢ thé mo rong nhu sau: Néu cd6 m vat dit vao n cai ngin kéo va m
>kon thi o it nhat mot ngan kéo chura it nhatk + 1 vat. Vi mo rong nay, ta con co
thé giai quyét thém nhiéu bai toan khac. Sau day xin giéi thiéu dé ban doc lam quen
viéc van dung nguyén li Bi-rich-1€ vé1 mot s6 bai toan hinh hoc.

Bai toan 1: Trong tam giac déu co6 canh béng 4 (don vi d¢ dai, duogc hiéu dén
cudi bai viét) 1y 17 diém. Chting minh rang trong 17 diém d6 c6 it nhat hai diém ma
khoang céch gitra ching khong vuot qua 1.

Hinh 1

Loi giai: Chia tam giac déu c6 canh bang 4 thanh 16 tam giac déu co6 canh
bang 1 (hinh 1). Vi 17> 16, theo nguyén li Di-rich-I¢, t6n tai it nhat mot tam giac déu
canh bang 1 c¢6 chua it nhat 2 diém trong s6 17 diém da cho. Khoang cach giira hai
diém d6 luén khong vuot qua 1 (dpem).

Bai toan 2: Trong mdt hinh vudng canh bang 7, lay 51 diém. Ching minh rang
c6 3 diém trong 51 diém d4 cho nam trong mdt hinh tron c¢6 ban kinh bang 1.
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Loi giai: Chia hinh vuéng canh bang 7 thanh 25 hinh vudng bang nhau, canh
cuia moi hinh vuong nho bang 5/7 (hinh 2).

-]

TS

Hinh 2

Vi 51 diém di cho thudc 25 hinh vudéng nhd, ma 51 > 2.25 nén theo nguyén li bi-
rich-18, ¢6 it nhat mot hinh vudng nho chura it nhat 3 diém 3 =2+ 1) trong s6 51
diém da cho. Hinh vudng canh bang c6 ban kinh duong tron ngoai tiép 1a:

\!IE]? +(:]? {98 <

7 'w:m

Vay bai toan dugc chimg minh. Hinh tron nay chinh 1a hinh tron ban kinh bang 1,
chtra hinh vudng ta da chi ra ¢ trén.

Bai toan 3: Trong mit phang cho 2003 diém sao cho cir 3 diém bat ki ¢6 it
nhat 2 diém cach nhau mot khoang khong vuot qua 1. Chirg minh rang: t6n tai mot
hinh tron ban kinh bang 1 chua it nhat 1002 diém.

Loi giai: Lay mot diém A bat ki trong 2003 diém da cho, vé duong tron Cy
tam A ban kinh bang 1.

+ Néu tat ca cac diém déu nam trong hinh tron C1 thi hién nhién c6 dpem.

+ Néu ton tai mot diém B ma khoang cach giita A va B 16n hon 1 thi ta v&

duong tron C, tim B béan kinh bang 1.

Khi d6, xét mot diém C bat ki trong s6 2001 diém con lai. Xét 3 diém A, B, C, vi AB
> 1 nén theo gia thiét ta c6 AC < 1 hoidc BC < 1. Néi cach khac, diém C phai thuoc Cy
hodc C,. => 2001 diém khac B va A phai nam trong C; hoic Cy. Theo nguyén li Di-
rich-18 ta c6 mot hinh tron chta it nhat 1001 diém. Tinh thém tdm cta hinh tron nay
thi hinh tron nay chinh 1a hinh tron ban kinh bang 1 chira it nhat 1002 diém trong
2003 diém da cho.

Bai toan 4: Cho hinh binh hanh ABCD, ké 17 duong thing sao cho mdi
duong thang chia ABCD thanh hai hinh thang c6 ti s dién tich bang 1/3 . Ching
minh rang, trong 17 dudng thiang d6 c6 5 dudng thang dong quy.
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Loi giai: Goi M, Q, N, P lan luot 13 cac trung diém cua AB, BC, CD, DA

(hinh 3).

Vi ABCD Ia hinh binh hanh => MN // AD // BC ; PQ // AB // CD.

Goi d 1a mdt trong 17 dudng théng dd cho. Néud cit ABtai E;CD tai F ; PQtai L
thi LP, LQ lan lugt 13 duong trung binh cua cac hinh thang AEFD, EBCF. Ta co:
S(AEFD) / S(EBCF) = 1/3 hoac S(EBCF) / S(EBFC) = 1/3 =>LP /LQ = 1/3 hoac la
LQ/LP=1/3.

Trén PQ l4y hai diém L, L, thoéa méin diéu kién LiP / L1Q = L,Q / L,P=1/3khi d6 L
triung v&i Ly hodc L tring voi L,. Nghia 1a néu d cat AB va CD thi d phai qua L; hodc
L.

Tuong tu, trén MN 1y hai diém K3, K, thoa man diéu kién KiM / KiN = KoN / KoM
= 1/3 khi d6 néu d cit AD va BC thi d phai qua K; hodc Ko.

Tom lai, mdi duong thang trong s6 17 dudng thang da cho phai di qua mot trong 4
diém Ly ; Ly ; Ky Ko

Vi 17 > 4.4 nén theo nguyén li Di-rich-1¢, trong 17 duong thang do s& c6 it nhat 5
duong thang (5 =4 + 1) cung di qua mot trong 4 diém L ; L2 ; Ky ; Ky (5 dudng
thang dong quy, dpcm).

Sau ddy la mét s6 bai tdp twong tur.

Bai 1: Trong hinh chit nhat c6 kich thudc 3 x 5, 1dy 7 diém bét ki. Chtng
minh ring c6 hai diém cach nhau mot khoang khong vuot qua V5.

Bai 2: Trong mit phang toa do, cho ngii giac 16i ¢c6 tat ca cac dinh la cac diém
nguyén (co hoanh d¢ va tung d6 la s6 nguyén). Chirng minh rang trén canh hodc bén
trong ngtl giac con it nhat mot diém nguyén khéc nira.

Bai 3: To gidy hinh vudng c6 canh bé nhat 13 bao nhiéu dé c6 thé cit ra dugc
5 hinh tron c6 ban kinh bang 1.

Bai 4: Trén mot to gidy ké 6 vuong, chon 101 6 bat ki. Chimg minh rang trong
101 6 d6 co it nhat 26 6 khong c6 diém chung.

BAI 7: BAN LUAN VE BAI TOAN "BA VI THAN"

Chung ta déu da biét bai toan thu vi: “Ba vi than” sau:
Ngay xua, trong mot ngdi dén cd c6 3 vi than gidng hét nhau. Than that tha (TT) ludn
ludn noi that, than déi tra (DT) ludn ludn néi déi va than khon ngoan (KN) lac noi
that lic néi dbi. Céc vi than van tra 10i cau hoi ctia khach dén 18 dén nhung khong ai
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xac dinh duoc chinh xé4c céac vi thin. Mot hdm c6 mot nha hién triét tir xa dén thim
dén. Pé xac dinh duge cac vi than, ong hoi than bén trai:

- Ai ngdi canh ngai ?

- D6 1a than TT (1)

Ong héi than ngdi gitra:

- Ngaila ai ?

- Ta 1a than KN (2)

Sau cting ong hoi than bén phai:

- Ai ngdi canh ngai ?

- 6 1a than DT (3)

Nha hién triét thot 1én:

- T6i d3 xac dinh duoc cac vi than.

Hoi nha hién triét da suy luan nhu thé nao ?
Loi giai: Goi 3 vi than theo thi ty tir trai sang phai 1a: A, B, C.
Tir cau tra 101 (1) => A khong phai 13 than TT.
Tir cau tra 101 (2) => B khong phai 1a than TT.
Viy C 1a than TT. Theo (3) @ B 1a thin DT d A 1a than KN
Nhan xét: Ca 3 cau hoi déu tap trung xac dinh than B, phai ching d6 13 cach hoi
“thong minh” ctia nha hién triét dé tim ra 3 vi than ? Cau tra 10i khong phai, ma la
nha hién triét gap may do 3 vi than da tra 161 cdu hoi khong “khon ngoan” !
Néu 3 vi than tra 151 “khon ngoan” nhat ma van dam bao tinh chét ciia timg vi than thi
sau 3 cAu hoi, nha hién triét cling khong thé x4c dinh duoc vi than nao. Ta sé& thay 1d
hon qua phén tich sau vé 2 cich hoi ctia nha hién triét:

1. Héi than X:

- Ngaila ai ?

Co 3 kha nang tra 101 sau:

- Ta 1a than TT => khong xac dinh dugc X (Cach tra 10i khon nhat)

- Ta la than KN => X 1a than KN hodc DT

- Ta la thin DT => X 1a KN

2. Héi than X:

- Ai ngdi canh ngai ?

Ciling c6 3 kha nang tra 101 sau:

- D6 14 than TT => than X khéc than TT

- P6 1a than KN => khong xac dinh dugc X (cach tra 1oi khon nhat)

- 6 1a than DT => khong xac dinh dugc X (cach tra 16i khon nhat)
Trong ca 2 cach hoi ctia nha hién triét déu co cach tra 16i khién nha hién triét khong
c6 dugc mdt thong tin nao vé ba vi than thi 1am sao ma xac dinh duoc cac vi than.
Néu gip may (do su tra 10i ngd nghéch) thi chi can sau 2 cau hoi nha hién triét cling
du dé xac dinh 3 vi than. Céc ban tu tim xem truong hop do6 cac cau tra 101 cia céc vi
than 1a nhu thé nao nhé.
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Bai toan ¢b nay that 13 hay va di dom, nhung néu céac vi than tra 16 theo cac phuong
an “khon ngoan” nhat thi c6 cach nao dé xac dinh duge 3 vi than sau 1 s6 it nhat cau
hoi duoc khong ?
R rang 14 khong thé dat cau hoi nhu nha hién triét duoc.
Phai hoi nhu thé ndo dé thu dugc nhiéu thong tin nhat ?
Bay gio ta dat van dé nhu sau:
MB&i 1an héi chi duge hdi 1 vi than va chinh vi d6 trd 16i. Can héi nhu thé nao dé sau
mot sd it nhat cau hoi ta xac dinh duge cac vi than. Bai toan 1o rang 1a khong dé chut
nao, nhung toi tin rang cac ban s& tim ra nhiéu phuong an tdi vu ddy ! Sau day 1a mot
phuong an cua toi.

Hoi than A:

- Ngai 14 than KN ?

- Nhan duoc cau tra 101.

Hoi than B:

- Ngai 14 than KN ?

- Nhan duoc cau tra 101.
Sau d6 toi chi cin hoi thém 1 hodc 2 cau nita 14 x4c dinh dugc chinh x4c 3 vi than.
Nhu véy sb cau hoi nhiéu nhat 13 4. Cac ban c6 thé rit s6 cau hoi xudng dudi 4 duoc
khong ?
Xin moi cac ban hay giai tri bai toan nay bang mot phuong an tuyét voi nao d6 (Nhé
1a chi hoi mot than va chinh vi d6 tra 10i)
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