CAC BAI TOAN VE TU GIAC VA DA GIAC PAC SAC

I. MOT SO KIEN THUC VE TU GIAC
1. Tk giac
Dinh nghia:
o Tir gidc ABCD la hinh gom bon dogn thing AB, BC, CD, DA, trong dé bit ki hai dogn
thing nao ciing khong ciing ndm trén mot dwong thang.
o Tir gidc I6i la tie gidc ludn nam trong mot niva mét phing cé bo la dwong thing chira bt ki
canh nao cua tam gidc.
Tinh chit:
e Téng cdc goc cia mot tir gidc bang 3600
o Gdc ké bu voi mot géc ciia tiv gide goi la goc ngoai cuia ti gidc. Tong cdc goc ngoai cia mot
tir gidc bang 360°
2. Hinh thang
Dinh nghia
e Hinh thang la ti¢ gidc c6 hai canh d6i song song.
e Hinh thang vuéng la hinh thang cé mgt goc vuong.
Tinh chat
o Néit mot hinh thang c6 hai canh bén song song thi hai canh bén bang nhau, hai canh ddy
biang nhau.
o Néit mot hinh thang c6 hai canh ddy bang nhau thi hai canh bén song song va bang nhau.
Hinh thang can
e Dinh nghia: Hinh thang cén la hinh thang c6 hai géc ké mot ddy bing nhau.
e Tinh chét: Trong hinh thang cdn hai canh bén bang nhau va hai dwong chéo bang nhau.
e Diu hiéu nhin biét:
+ Hinh thang c6 hai géc ké mot ddy bang nhau la hinh thang cn.
+ Hinh thang c6 hai dwong chéo bang nhau la hinh thang can.
Duwong trung binh cua tam giac
o Duong trung binh ciia tam gidc la doan thing noi trung diém hai canh ciia tam gidc.
o Duong thing di qua trung diéin mot canh ciia tam gidc va song song v6i canh thi hai thi
di qua trung diém canh thit ba.
o Durong trung binh cia tam gidc thi song song voi canh thir ba va bang niea canh 4y.

Duong trung binh cta hinh thang



o Duong trung binh ciia hinh thang la doan thang noi trung diéin hai canh bén ciia hinh
thang.
o Duong thing di qua trung diéim mot canh bén ctia hinh thang va song song v6i hai ddy thi
di qua trung diém canh bén thir hai.
o Duong trung binh ciia hinh thang thi song song v6i hai ddy va bang niea tong hai ddy.
3. Hinh binh hanh
Dinh nghia: Hinh binh hanh la tir gidc cé cdc cap canh doi song song.
Tinh chat: Trong hinh binh hanh:
o Cic canh dbi bang nhau.
e Cic goc doi bang nhau.
e Hai dwong chéo cit nhau tgi trung diém ciia mbi dwong.
DA4u hiéu nhan biét:
o T1r gidc co cdc canh doi song song la hinh binh hanh.
o Tit gidc c6 cdc canh doi bang nhau la hinh binh hanh.
o Ti gidc c6 hai canh ddi song song va bang nhau la hinh binh hanh.
o Ti gidc c6 hai dwong chéo cit nhau tai trung diém clia mbi dwong la hinh binh hanh.
4. Hinh chir nhat
Pinh nghia: Hinh chit nhdt la tir gidc cé bon goc vudng.
Tinh ch&t: Trong hinh chit nhdt, hai dwong chéo bang nhau va cit nhau tai trung diém ciia moi
dwong.
DA4u hiéu nhan biét:
e T gidc co ba goc vuong la hinh chir nhat.
e Hinh thang cin c¢é mot géc vudng la hinh chir nhait.
e Hinh binh hanh cé m¢t géc vudng la hinh chir nhit.
e Hinh binh hanh c6 hai dwong chéo bang nhau la hinh chit nhét.
Ap dung vao tam giac:
o Trong tam gidc vudng, dwong trung tuyén ing véi canh huyén bang nira canh huyén.
o Néu mét tam gidc c6 dwong trung tuyén 1eng véi mot canh bang nira canh dy thi tam gidc
do la tam gidc vuong.
5. Hinh thoi
Dinh nghia: Hinh thoi la mét tir gidc ¢ bon canh bing nhau.
Tinh chat: Trong hinh thoi:
e Hai dwong chéo vudng goc vdi nhau.

e Hai dwong chéo la cic dwong phin gidc cua cdc goc cuia hinh thoi.



DAau hiéu nhan biét:
o Tit gidc c6 bon canh bang nhau 1 hinh thoi.
e Hinh binh hanh c6 hai canh ké bang nhau la hinh thoi.
e Hinh binh hanh c6 hai dwong chéo vudng goc vdi nhau la hinh thoi.
e Hinh binh hanh c¢6é mgt dwong chéo la dweong phin gidc ciia mot goc la hinh thoi.
6. Hinh vudng
DPinh nghia: Hinh vuéng la tir gidc c6 bdn géc vudng va cé bon canh bang nhau.
Tinh chat: Hinh vuéng cd tat cd cic tinh chit ciia hinh chir nhdt va hinh thoi.
DA4u hiéu nhan biét:
o Hinh chit nhdt cé hai canh Ké bang nhau la hinh vuong.
e Hinh chir nhit c6 hai dwong chéo vuong goc voi nhau la hinh vuong.
e Hinh chit nhit c6 mot dwong chéo la dwong phian gidc cia mgt géc la hinh vudng.
e Hinh thoi c6 mot goc vudng la hinh vudng.
e Hinh thoi c6 hai dwong chéo bang nhau la hinh vuéng.
o Mot tir gidc viea la hinh chiv nhdt, viea la hinh thoi thi tie gidc do la hinh vudng.
7. Da giac
Dinh nghia
o Da gidc [6i la da gidc luon nam trong mot niva mdt phang cé bo la dwong thing chira bat
ki canh nao cua da gidc dé.
e Da gidc déu 1o da gidc c6 tdt cd cdc canh bing nhau va tat cd cdc géc bang nhau.
Mot so tinh chat
o Tong cdc géc ctia da gidc n canh bang (n—Z).180°.
(n-2).180°
n
n

o Mbi goc ctia da gidc déu n canh bang

n—3
o S6'cic dwong chéo ctia da gidc n canh bing £ )

II. CAC Vi DU MINH HOA

Vi du 1. Cho tit gidc ABCD. Chitng minh riang hai duong chéo ctia tit giac ABCD vudng
gbc véi nhau khi va chi khi AB*+ CD?*= AD’+ BC?

Phan tich tim 10i giai
Dé thdy néu t& giac ABCD 6 hai duwong chéo vudng goc thi
AB’+ CD? = AD*+ BC?, nguoc lai néu ¢ AB*+ CD? = AD*+ BC?, khi d6 dé chitng minh

AC va BD vudng gdc vdi nhau ta cé cac hudng sau:




+ Huong 1: Goi M la giao diém ctia AC va BD. Tir dinh B ha duong thang vuoéng goc
v6i AC tai O. Ta can chitng minh dwoc M va O trung nhau. Mudn vay 18y N trén tia doi
cua tia OB sao cho ON =MD va ta can phai chiing minh dwgc hai diém M va O trung
nhau. Chti y rang khi AB=BC thi ta suy ra dwgc CD = DA nén hién nhién M va O trung
nhau. Nhu vay ta can xét cho truong hop AB # BC . Theo dinh li Pitago ta c6
AB*+ CD*= AM*+ 2AM.OM + OM? + OB* + CM? + MD*
BC*+ AD? = OB+ MC*-2MC.OM + OM* + MA* + MD?
Ma ta lai ¢ AB*+ CD’= AD*+BC? nén tix ddéta suy ra duoc
MO(AM +MC) =0< MO =0
+ Hudng 2: Dung BK va DH cung vudng goc v6i AC. Ta can chitng minh cho hai
diém K va H tring nhau. Ap dung dinh i Pitago ta dugc
AB’+ CD’= AK*+ BK*+ CH’+ DH?; BC*+ AD*= CK*+ BK*+ AH?+ DH?
Ma ta c6 AB*+ CD?= AD’+ BC* nén ta dwoc KH=0.
Loi giai
+ Diéu kién can: Xét t giac ABCD c6 hai dwong chéo AC va BD vudng goc tai O
Khi dé 4p dung dinh li Pitago ta dwoc
AB’+ CD’= OA’+ OB’+ OC*+ OD?*; AD*+ BC?’= OA*+ OB*+ OC*+ OD?
Tir d6 ta dwoc AB*+ CD’= AD*+ BC.
+ Diéu kién du: Xét tr gidc ABCD c6 AB*+ CD’= AD*+ BC’.
Cach 1: Ta xét cac treong hop sau B
» Néu AB =BC thi tir AB>+ CD*= AD*+ BC’ta
dwoc CD = DA

Tt d6 suy ra B, D thudc dwong trung triec ctia A M

c
doan thang AC, do d6 AC L BD. /
e Néu AB # BC . Khi d6 vé BO vuong gboc véi AC

tai O, vé DM vudng goc voi AC tai M, vé DN SR
vuong goc voi BO tai N. Khi d6 t gidc DMNO la

hinh chit nhat.

Khong mat tinh tong quét ta gia sit M nam gitta

OvaA.

Khi d6 ap dung dinh li Pitago ta duwoc




AB? +CD? = OA? + OB? + CM? + MD? = (MA +MO)’ + OB? + CM? + MD*
= AM’+ 2AM.OM + OM?+ OB*+ CM? + MD?

BC? + AD? = OB? + OC? + MA® + MD? = OB? +(MC-OM)’ +MA? + MD’
= OB*+ MC?*- 2MC.OM + OM*+ MA?+ MD?

Ma ta lai c6 AB*+ CD?*= AD*+ BC? nén ta duoc

2MA.OM =-2MC.OM < MO(AM + MC) =0 < MO =0

Tt 46 dan dén hai diém O va M truing nhau hay ta dwoc AC 1L BD.
Cach 2: Vé DH vuodng goc voi AC tai H, BK vuong B
gbocvoi AC tai K

e Néu hai diém K va H trung nhau thi ta dwoc

ACL1BD A H

e Néu hai diém K va H khong trung nhau, khi dé

OK

goi O 1a giao diém cua AC va BD. Khong mat tinh
tong quat tagiasit A, H, O, K, C nam trén AC theo
te tw do.
Ap dung dinh li Pitago ta duoc
AB?*+ CD*= AK*+ BK*+ CH’+ DH’
BC’+ AD’= CK’*+ BK’+ AH*+ DH?
Ma ta cé AB*+ CD*= AD*+ BC® nén ta duoc
AK?+ CH’= CK*+ AH? & AH’- CH’+ CK*- AK*=0
< (AH + CH)(AH - CH) + (AK + CK)(CK - AK) =0
& AC(AH - CH + CK - AK) =2ACKH < KH =0
biéu nay v6 li vi K va H khong trung nhau. Vay hai diém K va H trung nhau hay ta duoc

ACL1BD.

Vi du 2. Cho tt giac ABCD c6 hai duong chéo béng nhau. Lay cac diém E, F, G, H theo
thit tu chia trong cac canh AB, BC, CD, DA theo ti s§ 1:2. Chttng minh rang EG = FH va
EG L FH

Phan tich tim 10i giai

BE B 1

BE_BM _1 nén EM//AC. Tuong tu ta

BA BC 3

cting dwgc NF//BD. Tt d6 ta dwgc EM = 3 AGC; NF = - BD, chu y dén AC =BD suy ra dugc
3 3

, 1 \
ME = NF. Ttr cac duwong thang song song ta thay dugc MG =NH = 3AC va

Tte gia thiét cuia bai todn ta suy ra duoc



EMG =FNH=90° nén AEMG=AFNH. Tt d6 ta suy ra dugc EG=FH. Mat khac goi O la
giao diém cua EG vé6i FH, P 1a giao diém cua EM véi FH va Q la giao diém caa EM véi FN.
Khi d6 ta thay EOP = PQF = 90" nén ta dwoc EO 1. OP= EG 1 FH
Loi giai
+ Ching minh EG = FH
Goi M, N theo thtt tu la trung diém cua CF,
DG
. 1 1
Taco CM =~ CF =" BC 16 ta dwoc
2 3 '

BM_1_BE_BM_1

BC 3 BA BC 3
Do d6 theo dinh li Talets dao ta dugc EM song

song voi AC. Nén suy ra
EM_BM 2 2

= == EM="AC
AC BE 3 3
Tuong tw ta dugc NE_CF_2 NF = 2BD

= ===
BD CB 3 3
Ma ta lai c6 AC = BD nén suy ra dugc ma ME = NF. Tuong tu nhu trén ta c6 MG // BD va
NH // AC. Lai c6 MG =NH = 1 AC . Mit khac EM // AC; MG // BD va AC vudng goc véi
3

BD nén ta duwoc EM vudng goc véi MG. Tir d6 ta duwoc EMG = 90°. Hoan toan twong tw thi
ta co FNH =90°. Ttr d6 ta dwoc EMG = FNH = 90°.

AN, &) \ l
Két hop voi ME = NF va MG = NH = 3AC ta dwoc AEMG = AFNH nén suy ra EG = FH
+ Chting minh EG L FH
Goi O la giao diém ctia EG vé6i FH, P la giao diém ctia EM véi FH va Q 1a giao diém cua
EM v&i FN.
Khi d6 ta ¢ PQF = 90°nén QPF + QFP =90°. Ma ta lai c6 QPF = OPE va OEP = QFP
Suy ra EOP = PQF = 90°nén ta dwoc EO | OP= EG | FH

Vi du 3. Cho t& gidc ABCD va diém M trén canh AD. Qua diém A va D vé lan luot cac
duong thang song song véi MC va MB, hai dudng thang nay cat nhau tai N. Chitng minh
rang N nam trén canh BC khi va chi khi AB song song véi CD.

Phan tich tim 10i giai
PA CN ., CN_CD

+ Khi N ndm trén canh BC thi ta duoc = va =
PB CB CB CQ

PA_CD = LQ_IB . Ttr Q ké dudong thang song song véi PB va cat AD, PC Tan luot tai
PB CQ CD CQ

nén




D’ va C thi ta duoc= = <L |t d6 ta duoe L =L Tedésuyracvac,DvaDr
C'D'" CQ cQ CQ

trung nhau. Do d6 ta dwoc AB//CD

+ Khi AB song song v&i CD, khi do gia se DN cit BC tai K va AN cit BC tai L. Khi d6 can

chiing minh ba diém N, K, L trung nhau.
Loi giai
Goi giao diém cua AB va CM la P, giao p A B

diém cta BM va CD 1a Q.

+ Diéu kién can: Ta chitng minh khi N

rzZxX

nam trén canh BC thi AB song song vi
CD.

That vay, khi N nam trén canh BC thi
Do AN//CP nén theo dinh 1i Talet ta co

PA _CN
PB CB

Q DD cc'

Do DN//BQ nén theo dinh li Talet ta co6 CN = <D . Tt d6 ta duoc Pa = €D = PQ B .
CB CQ PB CQ CD CQ

T Q ké duong thang song song véi PB va cat AD, PC Tan luot tai D’ va C'. Ta sé chting
minh hai diém C va C’ trung nhau, hai diém D va D’ trung nhau. Vi QC’//BP nén theo
PA CD Cch C'D

dinh 1i Talet ta c6 ==, tlr do ta duoc
c'D' CQ CQ COQ

khong trung nhau, hai diém D va D’ khong trung nhau thi ta dwoc DD’//CC’. Diéu nay
mau thuan. Do d6 ta dwoc PB//CQ hay AB //CD.

+ Ta chitng minh khi AB//CD thi N nam trén canh BC.

That vay, gia st DN cat BC tai K va AN cat BC tai L. Do AB//CD va BM//DK nén theo dinh

. Néu minh hai diém C va C’

liTaletstaduoc%:Q:Q(.T&AL//CMtaCé M=Q
PB CQ CB PB (B
Tw d6 ta duwoc CB: CB:CLzCK nén ta duoc L =K, do dé L =K =N hay N nam trén

BC.

Vi du 4. Hinh thang ABCD cé AB//CD va hai dwong chéo cat nhau tai O. Puong thang
qua O va song song véi ddy AB cat cac canh bén AD, BC theo thtt ti & M va N.

a) Chitng minh rang OM = ON.

b) Chtrng minh r@”mg_1 +_1 2 .

AB CD MN




c) Biét S, = a’ v Scop =b">. Tinh S ,5p theoavab.

Loi giai
a) Trong tam gidc DAB c6 OM song song A B
AB nén theo dinh 1i Talets ta co OM _ OD /\/\
AB BD M N
. ON _OC 0
Twong tw ta co =
AB AC
D
Ctng theo dinh li Talets ta co ob_0OcC
OA D
, _OD [00C OD OoC
Do dé
OD+OB OC+OA DB AC
Két hop cac két qua trén ta duoc oM _ ON nén suy ra OM = ON
AB AB
b) Trong tam gidc ABD c6 OM//AB nén theo dinh li Talets ta c6 (Z_l\é[ = %
Trong tam gidc ADC c6 OM//CD nén theo dinh li Talets ta c6 OD_l\C/[ = AA_l\I/I)
(1 1) AM+DM AD
Tt do ta dwgc OM| + |= =1
AB CD AD A
VAP €D (1 1)
Chttng minh hoan toan twong tw ta cling dugc ON| + |=1
\AB CD)
1 1 2
Suy ra ta c6 (OM +ON )L J 2 hay ta dugc™ +7 =
AB ' CD AB CD MN
x 4 4 \ 7 \ \ \ A S
c) D& thdy cac tam gidc AOB va AOD c6 ciing dudng cao ha tir A nén 2% _ OB
SAOD OD
. e \ Lo . \ . Ssoc __OB
Cac tam giac BOC va DOC c6 cung duong cao ha ttr C nén =
SDOC ()[)
Do dé ta duoc Saos_ Spoc suyraS S =S5 S
SAOD SDOC AOB DOC BOC AOD
Malailaico S_,, =S, hay S q;+S,o5 =Spos +Saos NN tadwoc S, =S,
Dodésuyra S S =(S ) haytaduwocS® =a’b’=S =ab
AOB DOC AOD AOD AOD

T désuyra S,,, =a’+ 2ab+b’ =(a+b)".

ABCD

Vi du 5. Cho hinh thang ABCD c6 ddy nhé CD. Tt D vé duong thang song song véi BC,

cat AC tai M va AB tai K, Ttr C vé& duong thang song song véi AD, cat AB tai F, qua F ta

lai vé duong thang song song véi AC, cat BC tai P. Chiing minh rang
a) Hai duwong thang MP va AB song song véi nhau
b) Ba dwong thang MP, CF, DB dong quy tai mot diém




Phan tich tim 10i giai
cr_CM

+ D€ chitng minh MP song song v6i AB. Ta chitng minh PB - AM
+ D€ chiing minh ba duong thang MP, CF, DB dong quy tai mot diém. Ta goi I 1a giao
diém ctia BD va CF r6i chitng minh ba diém P, I, M thang hang
Loi giai
a) Do EP // AC nén theo dinh li Talets ta co D c

CP _ AF
PB FB

Do AK // CD nén theo din 1i Talets ta cé M _DC M | P
AM AK

Dé thdy céc tt gidc AFCD va DCBK 1a cac hinh
binh hanh nén AF =DC va BF = AK. Két hop cac

két qua trén ta duoc CE_ (M nén theo dinh 1i
PB AM

dao ta co MP song song voi AB.

CP_CM_DC_DC

b) Goi I la giao diém ctia BD va CF, khi d6 ta ¢ = = =
PB AM AK FB

Ma FB song song v6i CD nén % = %; suy ra % = II)_]EI%
Tt d6 theo dinh 1i Talets dao ta co IP // DC // AB
Do d6 qua P ¢6 hai duong thang IP, PM cling song song v6i AB nén theo tién dé Oclit thi
ba diém P, I, M thang hang hay MP di qua giao diém cta CF va DB. DO d6 ba duong

thang MP, CF, DB dong quy

Vi du 6. Cho hinh thang ABCD (AB//CD). Chting minh rang néu AC+CB = AD+ DB thi
hinh thang ABCD can.

Phan tich tim 1oi giai
DPé chiing minh dwgc hinh thang ABCD cén ta c6 cac y tedng sau:

+Y twong thi nhat ta sé chitng minh hai duong chéo AC va BD bang nhau. Ha AH
va BK ciing vudng gdc v6i CD. Khi d6 ta duoc  AD*= AH?>+ HD?; BC’= BK*+CK*. Dén
day ta thdy néfu BD > AC thita dugc DK >CH, ttdésuyra DH > CK nén ta duoc
AD > BC. Tt d6 ta suy ra dwgc AC+CB < AD+ DB, nhung diéu nay lai mau thuan véi
gia thiét. Néu BD < AC ta cling duoc két qua tuwong tu. Do d6 ta suy ra duoc AC va BD
bang nhau hay ABCD 1a hinh thang can.




+Y twong thit hai 1a chitng minh ACB = ADB dé hinh thang ABCD ndi tiép duong

tron.

Loi giai

Cach 1: Ha AH vudng goc véi CD va B vudng A B

gbc voi CD (H,K € CD) . Ta xét cac truong

hop sau:
+ Trueong hop 1: Néu BD > AC, khi d¢6 ap F E

dung dinh 1i Pitago cho cac tam gidc vuong
AHC va BKD ta c6
DK?=BD’- BK*; CH?>= AC*-AH?

Do BD > AC va AH = BK nén ta duwoc
DK > CH, ttt d6 suy ra DH > CK .
Ap dung dinh li Pitago cho cac tam gidc vuéng AHD va BKC ta c6
AD’= AH’+ HD?; BC*= BK*+ CK*
Do AH = CK va DH > CK nén ta dwoc AD > BC .
Tt BD > AC va AD > BC suy ra AC+ CB < AD+ DB.
Diéu ndy mau thuan véi gia thiét AC+ CB = AD+ DB. Vay truong hop nay khong xay ra.
+ Treong hop 2: Néu BD < AC, chitng minh twong twe nhuw trén ta cling duoc
AC+CB > AD+ DB
Diéu ndy mau thuan véi gia thiét AC+ CB = AD+ DB. Vay truong hop nay khong xay ra.
Ttr d6 ta dwgc AC = BD hay hinh thang ABCD can.
Cach 2: Goi I va ] lan lwot 1a tam duwong trong ndi tiép cac tam giac ABC va ABD. Goi E va
F la hinh chiéu tuwong ting cta I va] trén AC va BD.
Do AB//CD nén ta c6 S = S,ppdo d6 ta c6 IE(AB + BC + CA) =JF(AB +BD + DA) (1)

Tw AC+ CB = AD+ DB ta duoc AC+CB+ AB = AD+ DB +AB.
Két hop vdi (1) ta dugc IE = JF . Mat khéc ta ¢ 2CE = AC+ BC-AB = AD+ BD-AB = 2DF
Xét hai tam giac vudng IEC va JFD c6 IE = JF , CE = DF nén ta dugc ICE = JDF

Tt d6 suy ra ACB = ADB, do d6 hinh thang ABCD ngi ti€p. Suy ra hinh thang ABCD la
hinh thang can.

Vi du 7. Cho hinh thang ABCD (AB//CD, AB < CD). Goi K, M Ian luot la trung diém cua

BD, AC. Puong thang qua K va vudng goéc véi AD cat duong thang qua M va vudng goc
v6i BC tai Q. Chting minh rang KM song song véi AB va QC = QD




Phan tich tim loi giai

+ Goi I la trung diém AB, E la giao diém caa IK véi CD, R 1a giao diém cua MI véi
CD. bé chtiing minh KM//AB ta sé chttng minh KM//ER. Muén vay ta can chirng minh KM
la duwong trung binh cta tam gidc IER. D€ ¢ diéu nay ta can ching minh dwgc IK = KE va
MI = MR, diéu nay c6 thé thyc hién duoc do AKIB = AKED va AMIA = AMRC .

+ D€ chttng minh QC = QD ta sé chitng minh Q thudc duong trung truc ctia CD
hay Q thudc dwong trung truc ctia ER. Mudn vay ta can chitng minh Q 1a giao diém cua
hai duong trung triec ctia tam giac IER.

Loi giai
Goi I la trung diém AB, E la giao diém cta
IK véi CD, R 1a giao diém caa MI véi CD.
Xét hai tam giac KIB va KED c6

ABD =BDC, KB = KDva IKB = EKD Q
Suy ra AKIB = AKED = IK = KE b
Chiing minh twong ti c6 AMIA = AMRC

nén suy ra MI = MR

Trong tam gidc IER c6 IK = KE va MI = MR nén KM la duong trung binh, do d6 KM //
CD

Ma ta lai ¢c6 CD//AB nén ta dwoc KM//AB.

+Ta c6 IA = IB; KB = KD nén IK la duong trung binh cta tam giac ABD.

Ttr d6 suy ra IK//AD hay IE//AD. Chttng minh tuong tw cho tam gidc ABC ta duoc IM//BC
hay IR//BC

Lai c6 QK L AD vaIE//AD nén QK L IE . Twong tu ta ciing c6 QM L IR

Tt trén c6 IK = KE va QK L IE nén QK 1a trung truc tng véi canh IE ctua tam gidc IER.
Tuwong te QM la trung triec thit hai ctia tam gidc IER

Ha QH L CD suy ra QH la trung triec thit ba cta tam gidc. Do d6 Q nam trén trung truec
cua doan CD

Suy ra Q cach déu C va D hay QC =QD

Vi du 8. Cho hinh binh hanh ABCD c¢6 duong chéo 16n 1a AC. Tia Dx cat SC, AB, BC Tan
lwot tai I, M, N. Vé CE vudng gbc vdi AB, CF vuong goc véi AD, BG vudng goc voi AC.

Goi K 1a diém d6i xting v6i D qua I. Chitng minh rang

a) XM _ DM b) AB.AE + AD.AF=AC?
KN DN

Loi giai




a) Do AD// CM nén theo dinh 1i Talets ta ¢ F

IM_CI
ID Al
Do CD song song v6éi AN nén ta duoc B c
a_m =
Al IN M K
Tir 46 ta duoe L2 = 12 hay ID?= IMLIN S~
ID IN A D E N

DM _CM
MN MB
DM _(CM DM _CM
MN+DM MB+CM DN CB
Tt ID = IK va ID*= IM.IN suy ra IK*>=IM. IN . Do d¢ ta duoc
IK IN IK-IM IN-IK KM KN KM IM
= = = = = = =

Ctng theo dinh li Talets ta co

Nén ta dwoc

IM IK M IK IM IK KN IK
Nén suy ra m=M=C_M=C_M.Ké'tthVéisuyra KM _DM
KN ID AD CB KN DN

b) Dé thdy hai tam gidc AGB va AEC dong dang véi nhau nén ta duoc

AE_ AC = AB.AE=AC.AG
AG B

Tir d6 ta dwoc AB.AE = AG(AG + CG). Ta lai c6 ACGB-AAFC nén suy ra
AF_CG_CG

AC CB AD

T d6 ta dwoc AF.AD = AC.CG =AF.AD = (AG + CG).CG

Cdng v€ theo vé hai két qua trén ta dwoc

AB.AE + AF.AD = (AG + CG).AG + (AG + CG).CG

Hay ta duoc AB.AE+AF.AD = AG? +2.AG.CG+CG* =(AG+CG) = AC?
Véay AB.AE+ AD.AF=AC

Vi du 9. Cho hinh binh hanh ABCD. Trén cac canh BC, CD 14y lan luot cac diém M, N théa
BM CN

man diéu kién = =k (k 1la mot s6 cho trude). Goi P, Q Tan luot la giao diém cta
CM 2DN

BD véi AM, AN.

Chting minh rang Synpo= Sarg -

Phan tich tim 10i giai

D& thiy ara _AP.AQ 44 46 dé chiing minh S =S tacan chiraduoc
MNPQ

Sun  AM.AN

Sara =1 Tir d6 ta tap trung ching minh APAQ _1 pay1y  BM

S 2 AM.AN 2 CM

=k nén




BM k_BM Kk PM _k , AP k+1

= = =— ,trddtadwoc™ = nén = . Hoan toan tuong
BC k+1 AD k+1 AP k+1 AM 2k +1
tu twong tu ta dwoc AQ = kil . DBén day bai toan dugc chirng minh.
AN 2(k+1)
Loi giai
g L AP.AQ.sinPAQ
x AP 7 AP.A

Dé thay —** = = .Matac6 BM_CN_

Ssav 1 AM.AN.sinMAN  AM.AN CM 2DN

2
Nén ta c’[u_’c,jc&:i hay BM _ k N BM _ _k
BM+CM k+1 BC k+1 AD k+1
Trong tam giac PAD c6 MB//AD nén theo A B
BM PM . .,
dinh 1i Talets ta c6 = - Tk do ta P
AD AP M
duwoc PM = nén suy ra
AP k+1 y Q
AP k+1 AP k+1

= hay = D) N C
AP+PM 2k +1 AM 2k +1
Laico —_.=k nén m=_1.

2DN CN 2k
DN 1 DN 1

Do dé = AB

= = .Tedosuyra 22 _9 4 1.
DN+CN 2k+1 CD 2k+1 DN

AQ _AB
NQ DN

AQ:szrl:DDAQ :2k+1:AQ:2k+1NQ
AQ+NQ 2k+1+1 AN 2(k+1)

Trong tam gidc QAB c6 DN//AB nén theo dinh li Talets ta dwoc

Tt d6 ta duwoc

APAQ k+12k+1 Sarg 1 5 1
. = . = = = _
Do d6 ta duoc AMAN 2k +1 2(k+1) S— 2 APQ = 2 SAMN
1
T dosuyraS, ;o = ) S avn N€N ta duwoc S o =S 450 -

Vi du 10. Cho hinh thoi ABCD c6 canh bang a. Goi O la giao diém ctia hai duong chéo AC
va BD. Biét rang ban kinh dwong tron ngoai tiép tam gidc ABC bang R va ban kinh duong
tron ngoai tiép tam gidc ABD bang r. Tinh dién tich hinh thoi ABCD theo cac ban kinh R

var.

Phan tich tim 10i giai
Do ti gidc ABCD Ia hinh thoi nén hai duong chéo la dueong trung truc cua nhau.

Khi d6 tam duong tron ngoai tiép tam giac ABC va ABD Ian luot nam trén AC va BC. Lic




nay vé duong trung triec cia AB cat AC, BD Ian lwot tai I, K thi [, K 1a tAm cac duong trong
ngoai tiép tam giac ABC, ABD tuong ting. Khi d6 ta suy ra dugc KB=r vaIB=R.Détinh
duoc dién tich hinh thoi ABCD theo R va r ta can tinh duwgc OA va OB theo R var. Qua B
vé duong thang song song véi AC cat IK tai E khi d6 ta thay tam gidc EBK vudng tai B c6
4 .
duong cao BMnén —L,1 == .Laic6 AAOB-AAMI  suyra 4O _AM y 46 ta tinh
R* r* a’ AB Al

AM.AB AB’ BM.AB AB’

dwoc AO= = va teong tw thi BO = =
Al 2R BK 2r

ta tinh dwoc dién tich hinh thoi ABCDtheo R var.

. Két hop cac két qua trén

Loi giai
Tk giac ABCD la hinh thoi nén AC la B
duong trung tric cia doan thiang BD va

BD la duong trung truc caa AC. Do vay

néu goi M, I, K la giao diém cta duong A .
|

trung trgc cua doan théng AB vdi AB, \

AC, BD thi ta ¢6 I, K la tam duong tron

ngoai tiép cac tam giac ABC, ABD 5
Tirdétacd KB=rvalB=R.Lay mot

diém E d6i xting voi diém I qua M, Ta c6

BEAI la hinh thoi (vi c6 hai dwong chéo

EI va AB vuong géc véi nhau va cat nhau

tai trung diém mdi duong )

Ta c6 BAI = EBA ma BAI + ABO =90°= EBA + ABO =90°

Xét A EBK ¢6 EBK = 90" va duong cao BM nén ta N

BE* BK* BM’
MaBK=r, BE=BI=R;BM=% nontaduwoc L -1 _4

2 R* r* a?
Xét AAOB va AAMI c6 AOB=AMI=90" va A Chulr\l)%
AO AM AMAB AB®
Do &6 AAOB-AAMI suy ra = = AO= =
AB Al , Al 2R )
BM.AB AB AB
Chimg minh tuong tu ta duwoc BO = =——.Tacd Syup =2.A0.0B=2.——. Ma
BK 2r . r
1 (1 1) 4R
theo dinh i Pitago ta c6 AB’= OA’+OB*=  AB'| +  |=AB'=——
4 \R* T R+r

8R’r’
Tt d6 ta co SABCD = 5
(R2 +17 )



Vi du 11. Cho hinh vudng ABCD c6 AC cat BD tai O. Ldy M la diém bat ky thudc canh BC (M
khac B, C). Tia AM cat duong thang CD tai N. Trén canh AB 13y diém E sao cho BE = CM.

a) Chitng minh rang tam gidc OEM vudng can.

b) Chiing minh rang ME song song véi BN.

c) Tir C ké CH vudng géc véi BN véi H thudc BN. Chitng minh rang ba diém O, M,

H thang hang.

Phan tich tim 10i giai
a) Dé thdy AOEB = AOMC nén ta suy ra dugc OE = OM va BOM + BOE = EOM = 90°nén

tam giac EOM vuong can.

AM AE .. .,
b) Theo dinh li Talets ta nhan thay = . Tt d6 suy ra ME // BN.
MN EB

c) D& chttng minh ba diém O, M, H thang hang ta cé thé goi giao diém ctia MO véi BN la
H’ va chitng minh di H’ trung v6i H.

Loi giai
a) Xét hai tam gidc OEB vaOMC. ViABCDla  , £ B

hinh vudng nén ta c6 OB = OC va

ABD =BCA =45
Lai c6 BE = CM nén suy ra AOEB = AOMC .

0
Do d6 ta duge OE = OM va BOE = COM M H

Lai c6 BOM+MOC=BOC=90" vi t& gidc X . \

ABCD la hinh vuéng

Nén ta dugc BOM + BOE = EOM = 90°, két

hop v6i OE = OMsuy ra AOEM vuodng can tai

@)

b) Vi t& gidc ABCD la hinh vuong nén AB = CDva AB // CD.

Do AB // CD nén AB // CN, ap dung dinh 1i Talet ta duogc ;‘;{_ll\ﬁ = Bﬁl\/é

Ma BE=CMva AB=CD nén AE=BM. Do d6 suy ra f/l_ﬁ = ﬁ' nén ta duoc ME // BN.

c) Goi H' 1a giao diém cua OM va BN. Tt ME // BN = OME = OH' B ( cdp goc dong vi)
Ma OME = 45°vi AOEM vudng can tai O. Nén ta dwoc MH' B = 45°= BCA

Do d6 ta dwgc AOMC -ABMH'. Suy ra (I;_i/[/l :1\1\//II_ICrI' , két hop OMB = CMH' (hai géc d6i

dinh)



Nén ta dwgc AOMB-ACMH’ suy ra OBM = MH' C =45’.

Vay BH' C=BH' M+ MH' C=90"= CH' L BN
Ma CH L BN(HeBN) suy ra H=H’ hay 3 diém O, M, H thing hang.

Vi du 12. Cho hinh vuéng ABCD. Trén canh BC va CD 14y cac diém P va Q sao cho
PAQ =45". Ké PM song song voi AQ(M eAB) va QN song song voi AP(N eAD) . buong

thang MN cat AP, AQ Ian luot tai E va F. Chting minh rang EF°= ME*+ NF’.

Phan tich tim 10i giai
Quan sat hé thitc can chitng minh ta lién twong dén dinh 1i Pitago cho tam giac
vuong. Do d6 moét y tedng hoang toan tu nhién la tao ra mot tam gidc EFK vuong tai K sao
cho NF =FK; ME = EK . Van dé la diém K dwgc xac dinh nhu thé nao. Ta ¢6 thé ldy diéem K
doi xtmg véi N qua AQ, tir d6 ta di chiing minh K d6i xting véi M qua AP va EKF =90°.
Loi giai
Theo gia thiét ta c6 PM//AQ va QN//AP nén ta cd A M

MPA =PAQ = NQA =45’
Do d6 ta dugc PAB = NQD, suy ra hai tam giac APB
va QDN dong dang v6i nhau. Suy ra

ND _PB_ . _PB.OD
QD AB AB

Lai c6 BPM = DAQ nén hai tam gidc BPM va DAQ

dong dang véi nhau. Suy ra

BM_QD_ o\, ODBP
BP AD AD

Ttr 36 ta dugc BM = DN nén ta co AM = AN

Goi K 1a diém d6i xting v6i M qua AP, khi d6 ta duoc AK = AM = AN va MAP =KAP
Mt khéc ta lai c0 MAP+QAN =KAP+QAK =45° nén ta dugc QAK=QAN

Suy ra hai diém K va N d6i xing véi nhau qua AQ, do d6 EN = EK, EN=FK

Ttr d6 ta dwoc KEF +KFE =180° —-KEM +180° —KFN =360° —2 (MEP +NFQ):90°
Suy ra EKF = 90’ hay tam gidc EKF vuong tai K. Do d6 theo dinh Ii Pitago ta c6

EF’= KE*+KF’
Ma ta c6 EN = EK, EN = FK,, tit d6 suy ra EF?= ME?+ NF2.




Vi du 13. Cho hinh vudéng ABCD. Trén canh CB, CD lay lan lwot cac diém E va F sao cho

EB = Vélm = 1=k voi0 <k < 1. Doan théng BD cit AE, AF Ian luot tai H, G. Duong
BC DC 1+k
2 A s - g . . Ly PG DG
thang vudng goc voi EF keé tir A cat BD tai P. Chitng minh rang — == .
PH BH

Phan tich tim 10i giai
DPé ve hinh dwgc chinh xac ta ¢6 thé cho mot gia tri cu thé caak, chéng han k==

1
chu vy la khi chirng minh bai toan khong dugc dung den gia tri — nay). Quan sat hin
h'}'/l‘ khi cht] g mi h bai toan kho gd dt gd” g" i k_3 ‘y) Q 3t hinh

vé ta nhan thay khd giong véi mot so bai toan vé hinh vudng nang cao 16p 8. Nén ta ta thi
di theo hudng dé xem sao. Trudc hét taldy T trén tia CD sao cho DT =BE . Khi d6 ta c6

AADM = AABE nén ta duoc TAE = 90" va suy ra duoc AE = AT . Bay gio ta sé bién doi dé

tim moi lién hé gitra cac ti s6 bai toan cho nhu sau

EB o BE o BE o S=BE g  EE
BC CD CD CD CD
Valaic6 2ok o 1+2E 21+ knéntaduoe SR+BE_, , CT .
BC CD CD CD

Ny CE 1-k . DF CE DF
Tedosuyra — =" nén—_ _ ="— hay —
CT 1+k DC (I DA

Dbén day ta nhan thdy tam giac AEF c6 ba duwong cao AK, EG, FH dong quy tai diém O, khi
d6 ta thu duoc cac két qua nhw AAFT = AAFE nén FT = EF va AAFD = AAFK nén suyra
DF =KF. Ttr d6 ta dwugc BE =DT=EKva DG=GK.Mat khac ta lai c6 AHEK = AHEB

ZCE , vOi két qua nay thi AFD = TEC

PG_DG , . PG _KG
nén HK=HB . Nhu vdy d€ chtng minh —~=""" ta can chi ra duoc = - Tuy
PH BH PH KH
nhién diéu nay hoan toan c6 thé duoc do KP la duwong phan giac ctia tam giac GKH.
Loi giai
Trén tia CD 1ay diém T sao cho DT =BE. Khi A B
do ta co AADM = AABE nén ta duoc
H
TAE = 90° i
P
Tt d6 ta suy ra tam gidc TAE vudng can nén
AE=AT. A K
Tt gia thiét ta co
T F
@:k©ﬂzk©1—ﬂ:1—k
BC CD CD
o CD-BE .  CE . o

CD CD




Laicé@:k©1+ﬂ:1+k

BC CD
Nén ta duwoc CD—;BE =l+k < ((::—]1:; =1+k
(Q 1-Kk DE CE DEF CE
Ttr d6 ta suy ra = . Do do6 ta duoc = hay =
1+k DC CT DA CT

Tt d6 ta duoc hai tam giac DAF va CTE dong dang véi nhau, nén suy ra AFD = TEC.
Gia st ET cit AF tai G, khi d6 ta ¢6 G' EC + G' FC = 180°nén t& giac G’ECF ndi tiép duong
tron. Tt d6 suy ra EG' F =90°. Tam gidc TAE vudng ¢ G’ la trung di€ém caa ME nén

G C=AG'= Lg . Biéu nay chiing t6 hai diém G va G’ trung nhau. D€y 1a t& giac ABEG
2

ndi tiép duong tron nén ta dwoc AEG = ABD = EAF =45"=BDC . Suy ra t& giac AHFD noi

tiép dudong tron, nén ta dwgc AHF =90° hay FH L AE . Ttr d6 ta dugc cac dudng cao AK,
EG, FH dong quy tai O.

Cac tir giac OGFK, OHEK, FGHE ndi tiép, suy ra GKP = GFH = GEH = PKH
PG _KG

Do d6 KP 1a dwong phan gidc cua tam giac GKH, nén ta duoc =
PH KH

Lai c6 AAFT = AAFE nén FT = EF va AFT = AFE, ATF = AEF = AEB

Do d6 ta dwoc AFD = AFK nén ta dwoc AAFD = AAFK, suy ra DF = KF
Trdoétadwoc BE=DT=EKva DG =GK.Maitkhac ta lai c6 AHEK = AHEB nén

HK =HB

PG DG .  aon o .
Tir cac diéu trén ta duoc = . Vay ta c6 diéu phai chitng minh.

PH BH

Vi du 14. Cho hinh vuoéng ABCD c6 canh a. Trén cac canh BC, CD 14y Ian luot cac diém M
va N thay d6i sao cho MAN = 45°. Chitng minh rang chu vi tam giac CMN khong phu
thudc vao vi tri diém M, N. Tt d6 xac dinh vi tri cia M va N dé€ dién tich tam giac CMN

16n nhat.

Phan tich tim 10i giai
+ D€ chitng minh chu vi tam gidc CMN khong phu thudc vi tri diém M ta di chiing
minh chu vi ctia tam gidc CMN bang C an = CM+MN+CN=BC+CD=2a.

+D§tCM=x, CN =y, ta c6 Sy = ; x.y . Chu y la theo dinh li Pitago ta c6

MN?=x*+y* nén ta duoc MN = {/x*+y* do d(’)x+y+«fx2+ y* =2a.Bai toan quy vé tim




—_

gid tri 16n nhét ctia bi€u thice S = ; x.y v6i diéu kién x + y +/x*+y* =2a . Du doandau

bang xay ra tai x = y va ap dung bat dang thitc Cauchy ta cé thé gia dwoc bai toan.

Loi giai
Tt A ké duong thang vuong géc véi AM, duong A B
thang nay cat duong thang CD tai E.
Khi dé ta c6 EAD =MAB.
Xét hai tam giac vudng ADE va ABM c6 "’
EAD =MAB va AD = AB
D N C

Do d6 AADE = AABM, suyra DE =BM, AM = AE
va DAE = MAB. Tt d6 ta dwgc EAN = 45°.
Xét hai tam gidc AMN va AEN c6 AM=AE, MAN=EAN =45 va AN la canh chung
Suy ra AAMN = AAEN nén ta duoc MN = NE
Goi Cy 1a chu vi tam gidc CMN, khi d6 ta c6
Can =CM+MN+CN=CM+EN+CN=CM+CN+BM+CN=BC+CD=2a
Do d6 chu vi tam giac CMN khong doi.
bat CM =x, CN =y, theo dinh li Pitago ta c6 MN?= x>+ y2 nén ta dwoc MN = X2+ y2

1 .
TacdS o — ZX-YV01X+Y+ JXC+y* =2a
Theo bat ding thitc Cauchy ta cd x +y >2,[xy va \jx2+ y’ > \j2xy

Do dé ta dwgce 2a = x + y + x>+ ¥ 2\/5(2%/5):\/;3 ad_(d_—l)

Do d6 ta duoc xy < 2a’ (\/5—1)2 nén S, <a’ («/5—1)2

D4u bang xay rakhix =y = aﬂ’_( ‘\6—1) hay BM=CN = a\é_(\/i— 1)

Vi du 15. Cho hinh thoi ABCD. Dyng cac tam giac déu AKD va CDM sao cho K, B thudc
ntta mit phang bd AD va M thudc nita nita mit phang bo CD khéong chita diém B. Chiing

minh rang ba diém B, K, M cing nam trén mot duong thang.

Loi giai

bat BAD = « . Khi d6 ta xét cac treong hop sau




+ Truong hop 1: Néu a < 60” . Khi d6 tir tam gidc K
ADK ta tinh duwgc KAB=60° —¢ . Tam gidc ABK

can tai A nén suy ra

axp =220 _(2600 ~9) g o
Mit khéc dé thay cac diém A, K, C, M cing nam
trén duong tron tam D ban kinh AD. Do dé ta c6

ADM = 360°— ADC — CDM
— 360" —(180O —a)—60° =120° + &

Tl d6 suy ra dwoc ADM = 2AKB,, tir day ta dugc ba diém K, M, B thang hang.
+ Trueong hop 2: Néu a > 60°. Khi d6 dé thay B

tam gidc ABK can tai A
Do do ta dwoc
180°-(a —60") o A c

=120°-—
2 2

Ta can chting minh duoc

ABK = AKB =

BAK + AKD+ DKM = 180" D
Hay ta can ching minh

120°— %4+ 60°+ DKM = 180° <> DKM = 4.
2 2

That vay, ta c6 KDC = 180°-a — 60°= 120" —«

Nén suy ra KDM = 120°—a + 60°= 180° -«
180° —(180°-at) 4
Tam gidc KDM can tai D nén DKM = . = )

Tit &6 ta dwoc BKM = 180° hay ba diém B, K, M thang hang.

Vay ta ludn c6 ba diém B, K, M cling thudc mot duong thang.

Vi du 16. Chting minh rang véi moi ti giac ABCD ta ludn c6
AC’+BD?< AD*+ BC*+ 2AB.CD

Loi giai




Vé AH va BK vuong géc voi CD véi H, K thuoc CD. A

Khong mat tinh tong quat ta gia st AH > BK . Khi d6 l B
vé Bl vudng géc AH tai I. Khi d6 HIBK 1a hinh chix
nhat. Ap dung dinh li Pitago ta dwoc

AD’=HD’+ HA’va AC’= AH?*+ HC®.

Tir d6 ta duoc
AC’ - AD’ =(AH® +HC?)-(HD? + HA’ ) = HC* - HD?
= (HC + HD)(HC - HD) = CD(HC - HD)
Chtmng minh hoan toan twong ty ta duwge BD’~ BC*= CD(KD- KC)
Do d6 ta dugc AC’— AD*+ BD*- BC*= CD(HC -HD)+CD (KD -KC)
Suy ra
AC*+BD’ -(AD” +BC?) = CD[ (HC-HD)+(KD-KC) |= CD(HK + HK ) =2CD.HK
Hay ta dwoc AC*+ BD’= AD*+ BC*+ 2CD.HK

Ma ta ¢6 HK < AB. Do d¢ ta dugec AC*+ BD*< AD*+ BC*+2AB.CD .
D&u bang xdy ra khi va chi khi t& giac ABCD la hinh thang.

Vi du 17. Cho hinh vuéng ABCD c6 canh b?ang 1. Ldy cac diém M, N, P, Q Ian luot trén cac
canh AB, BC, CD, DA sao cho chu vi tam giac BMN la 1 va MP//AD, NQ//AB. Tinh khoang

gia tri ma chu vi ctia tam gidc DPQ ¢4 thé nhan duoc.

Phan tich tim 1oi giai

Bai toan quy vé tim gid tri I6n nhat va gid tri nhd nhat ctia chu vi tam giac DPQ.
Theo bai ra ta c6 BM+ BN+ MN =1 va chu vi ctia tam giac PDQla DP + DQ+ PQ.

bat BM=x; BN =y; DP=a=1-x; DQ =b =1-y va goi p la chu vi tam gidc DPQ.
Khidotacox+y +\/>Tyz= 1va p=a+b+\/m. Dé tim dwoc gia tri I6n nhat va nho

nhat ctia p ta can tim diéu kién cta a va b. Ta sé tim diéu kién ctia a, b tir

x+y+4X*+y> =1. Ap dung bat dang thtic Cauchy ta c6 X’ +y* > %éx +y) nén ta duoc
2

12f
Xx+y<Ti=2- 0w & suy ra a+b>2. Lai 6 «/x2+y2£x+y nén

2+1
132(x+y):>x+yzl suy ra a+b<. Ket hop hai két qua ta dugc \Eéa+béa. Ta can
2 2 2
tim gid tri I6n nhat, nho nhat caa p=a+b++a’+b®> véidiéu kién ctia bién 1a
\/Ega+b£§.
2

Loi giai




bat BM=x; BN=y; DP=a=1-x; DQ=b=1-y. Goi

A M x B
p la chu vi tam gidc DPQ. Vi chu vi cia tam gidc BMN y
bang 1 nén ta c6 BM+BN+MN=1. Q N

Theo dinh 1i Pitago ta suy ra dugc x +y +\x*+y* = 1.

Ap dung bat dang thitc Cauchy ta dwoc
1
2 2
A fx +y 2 jgx + y) 5 5 S c

Do d6 ta dugc 1> L1+ J(X+ y)

N F7)

2+1 1

nénsuyraa+b2\/_.TacochuV1tamg1écDPQlé p=DP+DQ+PQ=a+b+PQ

(. 1)
Theo dinh li Pitago ta dwgcp=a +b +/a2 4 p? 2 (a +b{1 +J_J 2+ 1
2

Haytaduocx+y< _2_\5.Talaicéa+b:1—x:1—y:2—(x+y)

Tir d6 suy ra p > JZ+1, dé’ubz‘?mgxz?fyrakhivélchikhix:y:2 lé

2
Talai c6 x> +y* <(x+y) néntaduoc X’ +y* <x+y.
TﬂrdésuyralSZ(x+y):>x+y21.Tfrdédéndé’najtbﬁi.
2 2
[ 2 2 2
Tor X4V + /x2+ 2 =1 taco (1—x—y) =X"+y & -—X-y+Xy=—
y y 5

Do do ta duoc (1—x)(1 —y) = 1 hay ta dwoc ab = 1
2 2

\ 3
Tra+b<™ 3 quoc 4(a+b) <9=4(a+b) -4<5.
2
A & l
Két hop voi ab = ) ta dugc 4(a+b)2—8ab£5:>4(a2+b2 <5= Va’+b’ Sj/z_
3 3
Ttr cac két qua trén ta thu duwoc p =a + b++va’+b” < 2+f_=

\ 1)1 ) 3
D&u bang xay ra khi va chi khi (x;y) = (O,’ _J , L_ ; 0)| . Vay tadugce Z+1<p< 5 :
2)\2

Bai 18. Cho hinh binh hanh ABCD c6 hai dudong chéo cat nhau tai O. cac dueong phan giac
ctia cac goc tao bdi hai duong chéo ctia hinh binh hanh cit cdc canh AD, AB, BC, CD Tan
lwot tai M, N, K, L. Tinh ti s6 dién tich cita MNKL va hinh binh hanh ABCD biét
AC=a;BD=b

Phan tich tim 1oi giai



Dé thay S 1 AC.BD.sina = E absina va S =25 =2 1 NK.KL.sina .

ABCD MNKL NKL
2 2 2

Nén dé tinh dwoc ti sd dién tich hinh binh hanh ABCD va t& giac MNPQ ta can tinh duoc
NK va KL theo a, b.

Loi giai
Gia st BOC = a khi d6 ta duwoc A N B
g = 1 AC.BD.sina = L absinc .
ABCD M
2 2
Dé dang chiing minh duoc ti giac MNKL 1a K

hinh thoi va theo tinh chat duong phéan giac

trong tam gidc ta co
AN_AO_CO_CK_
BN BO BO BK
AM_AO_OC_CL
DM DO OD DL

Ap dung dinh li Talets dao ta suy ra dwoc KN//AC va MN//BC, tlt d6 suy ra NKL = .
2x°

ab

1 S
Pbat MN = x khi d6 ta duoc S =25 =2._NKKL.sina. Ttr d6 ta duwocMNEL =
MNKL NKL 2 SABCD

Goi P la giao diém ctia KL va CA, khi d6 LOD = PLO va POL = LOD nén POL =PLO.
biéu nay dan dén tam gidc OPL can tai P. Chttng minh tuong tu ta dugc tam giac OPK
can tai P.

Tir d6 suy ra KP = PL = PO hay OP =+ KL = .
2 2

Mit khac do KL//BD nén ta c6 ~L = L <P cuy ra B KEPL
BO OD CO CO_ BO+OD
a X
Hay taduge~—t =KL 272X, A0 mygosuyra Syu __2ab
CO BD a b a+b S 5o (a+b)2

2

Vi du 19. Cho thdt giac déu A A,AAAAA, va mot diém M bat ki. Ching minh rang:
MA +MA + MA + MA > MA + MA +MA

6

Loi giai




Trudc hét ta phat biéu va chitng minh dinh li

Ptoleme dwéi dang bo dé: Cho t giac ABC va mot

diém D nam khac phia v6i B so véi AC, khi dé ta

luén c6 AB.CD+ AD.BC > AC.BD

That vay, xac dinh di€ém M trong t giac sao cho

MDA = ACB va MAD =BAC. D
Khi d6 AADM+~ AACB suy ra AD.BC = AC.MD

Tk két qua trén c6 AABM-AADCsuy  ra
AB.CD = AC.BM

Do do6 ta co

AB.CD+ AD.BC = (BM + MD)AC > AC.BD

Tré lai bai toan: Dat A A=a, AA=b;AA=c.

Ap dung bs dé trén Ch:) t;m giéclAsA A Véléi@m M ta duoc (A M +A M) a>MA b
Ap dung bs dé trén cho tam gidc A A 166; \;a diém M ta dugc (A M +A M) a>MA b

Tudotaduzoc(AM+AM+AM+AM)a>(MA+AM)b
Ap dung bé dé trén cho tam glaCAAAva diém M ta dugc (AM+AM).b >MA .c
2 6 4

Tudotalalco(AM+A3M+A5M+A7M)a>AMc

(17 1)
T détasuyra (AM+AM+AM+AM)al + [2AM+AM+AM
b c
, 3 \b e (1 1)
Ap dung bo dé trén cho tit giac A|A,A A ndGitiep ta dwgcab +ac=bc=a| + |=1
\b cJ

Do do6 ta dwoc MA + MA +MA +MA >MA +MA +MA
1 6

3 5 7 2 4
D4u dang thirc x4y ra khi tat ca cac bat dang thic trén dong thoi xay ra, tirc la M nam trén

cung nhd A /A, cta duong tron ngoai ti€p da gidc A A,AAAAA,.

Vi du 20. Cho da gidc ABCDEF c6 CAB = CED =30°, ACB = ECD =20, FEA =FAE = 40’.

Chting minh rang tam giac BDF la tam gidc déu.

Loi giai



Vé tam gidc déu AFQ sao cho FQ cat duong thang A
AE.

Ta c6 EAQ=FAQ-FAE=60"-40" F
Valai c6 QFE=AFE-AFQ=100°-60° =40°. ’A
Tam gidc EFQ ¢ EF=FA =AQ nén ta duoc .

2
180° —~QFE  180°—40° \\>

EQF = QEF 70 (1) 5
2 2

Do d6 ta dugc QEA = QEF — FEA =70°- 40" = 30°
Xét ba tam giac ABC, EDC va EQA c6

BAC = DEC = QEA =30°va BCA = DCE = QAE =20°
AB _ED _EQ %)
AC CE EA

AE_EQ
CE ED

Nén ta dugc AABC-AEDC-AEQA, suy ra

Xét hai tam gidc ACE va QED c6 ACE=QEC+30° =QED va

QD _ED
AC EC

Tt (2) va (3) ra dwoc QD = AB . Ta c6 FAB = EAC + 70°= EQD + 70°= FQD

Do do ta duwoc AACE-AQED nén ta duoc 3)
Ta c6 AAFB = AQFD vi c6 AB = QD, AF = QF va FAB = FQD

Ttr d6 ta dwoc FB = FD va QFD = AFB. Ma talai c6 DFB = QFD + QFB = AFB + QFB = 60°
Do d6 tam giac BDF la tam giac déu.

Vi du 21. Cho da gidc ABCDEF théa man cac diéu kién B + D + F = 360°va
&.@.mzl .Chl’rngminhréngzi.ﬁ.mzl
BC EF AF CAEF DB

Loi giai
L4y diém P ndm ngoai da giac sao cho E
FEA =DEP va AFE = EDP F
Khi d6 ta dwoc AFEA-ADEP, suyra ta

dwoc A
FA _DP EF_EA W
EF DE ED EP .
~ AB AE FD °
Twgiathit - - = ltaduoc
BC EF AF

AB DE AF DE DP DP

BC CD FE DC DE DC



Tt gia thiét B+ D+F=360" ta dwoc ABC = CDP
AB _DP nan ta dwoc AABC-APDC suy ra— LB_CA

Lai c6
BC DC CD cp
Tt FEA = DEP ta duwoc FED = AEP, lai co ED_ EP nén ta dwoc AFED-AAEP
FD AP
Do dé tadugc __ = _-Matkhactaco AABC-APDCnén BCA = DCP = BCD = PCA
FE AE
BC _AC

Do do ta duwgc ABCD-AACP, suy ra BD AP

FD BC_AP AC_AC ,  BC AE FD_

Tir d6 suy ra S = ay
FE BD AE AP AE CA EF DB

Vi du 22. Cho da giac A, A,A,A A A A, A, co cac canh la cac s hitu ti va cac goc ctia da

giac bang nhau. Chitng minh rang cac cap canh d6i dién song song va bang nhau.

Phan tich tim 10i giai
Nhén thay cac tam gidc AA,A;, BA,A,, CAA,, DAA, la cac tam gidc vudng

A A AA AA
can nén ta tinh dugc AA =_" *;BA="2 >, CA = " °;DA _AD; Do d6 tir giac

N N A
ABCD 1a hinh ch@ nhat nén cac canh d6i dién cua da giac A|A,A,A,AA A, A;. Ta can
chung minh dugc A A = A A va ap dung tuong ty. Ta tinh dugc

AA A A, AA,
AB = AAZ vaCD= 2=+ AJSA()

T AL
B 2 B V2
AA-AA= (AAJrAA—AA—AA).Chﬁ}’rlécéccanhcﬁadagiéclécécsé’
7

1 2 5 6 1 8 2 3
A2

hitutinén AA - A A=0hay A A=A A.Dén day ta trinh bay loi giai nhw sau.

nén suy ra

Loi giai
Do da giac c6 cac gbc & cac dinh bang nhau nén R AL Ay .
. , - © 6.180°

méi gbc 6 56 do 1a (1=2)-180° _ 135. / \

n 8 Ag Ag
Kéo dai cac canh ctia da gidc, ching cat nhau tai

A A

cac diém A, B, C, D nhu hinh vé. \ /
Khi dé tacd AAA =45, hoan todn tuong tu D A Ag c

ta duwoc cac goc ngoai cua da giac déu ¢6 s6 do

12 45°.




Nén cac tam giac AA A, BAJA,, CA,A,, DA,A,la cac tam gidc vudng can. Ttr d6 ta
duogc ti giac ABCD la hinh chit nhat. Suy ra cac canh d6i dién cua da giac
A AAAAAA, A song song voi nhau.

A A
Xét tam giac AA Agta co AA, :—JES.Tu’ong tw ta co
A A AA
BA="2"3,CA=""*"5,DA _Ad
N N N -
AA AA
Khi d6 ta dwoc AB=AA +AA+AB= " °*+AA 23
1 1 2

2 JE 12 \/E

Tuong ty ta ciing c6 CD = ~=2+ A A
uwong tr ta cung co =
8 8 5 S

A A AA, AA
DoAB=CDnéntaduoc _ ' *+AA= 27= """+ AA + A,

A A

SuyraAA A A s, AA AA AN (AA +AA —AA -AA)
5 6 J_ \/_ \/_ J_ 2 3
Do cac canh cia da gidc AAAAAAAAlacicsOhitutinén A A —A AlasGhttu
1 2 3 4 3 6 7 8 1 2 5 6

ti
1
SuyraJAA+AA—AA—AA ) 1a 56 hitu ti.
7

8 2 3 4 5 6

Do dé6 (AA +AA AA AA ) 0, nén ta dwoc A A — AA =0 hay

\/E 8 1 2 6
AAFALD
Hoan toan twong tw ta chitng minh duoc AA=AA; AA=AAAA=SAA,

Vay bai todn dugc chtitng minh xong.

Vi du 23. Cho t& gidc 16i ABCD. Goi M va N lan luot la trung diém cua AD va BC. Goi P la

giao diém cua AN va BM, Q la giao diém ctia DN va CM. Chting minh rang

%+E+_(E+@24_
PN PM QM ON

Loi giai




Cach 1: Ta c6 nhan xét nhu sau: Néu hai tam giac cd
canh dy hodc chiéu cao bang nhau thi ti s& dién tich
bang i s& chiéu cao hodc canh day tuong tng.

Tt nhan xét d6 va do M, N la trung diém cua AD va BC

nénta duwocS £ 5=25¥aS+8525 ;0 pec MBC

Tt d6 ta duwoc

PA PB _'__% + QD — 28 \pu 4 2SABN + ZSCDN + ZSCDM
PN PM OM ON 2S5, 2Sysn 2Suon 2Scawm
(Swan., Susc |

— SABD SABC + SDBC + SCAD_ 2 NAD ; “"MBC ¢4
S S S SMBC L SMBC SNAD )

25 =25
Ping thitc xay ra khi va chikhi S, = Sype <31 MAN MW hay AB//MN//CD.
LZS NDM — 2SMCN

Cach 2: Goi giao diém ctia MN va PQ la O. Cac duong thang qua A, B, C, D song song véi
MN cit PQ Ian luot tai E, F, H, K. Theo dinh li Talets ta c6
PA PB QC QD AE BF CH DK_AE+DK BF+CH
S === 4 4 += = +

PN PM OM QN ON OM OM ON ON OM
_20M 20N _,(OM  ON)

ON oM |ON OMJ24

MBC NAD NAD

Déng thitc xay ra khi va chi khi
(AE=AE' [BF=AE' [B=A’
AB//MN//CD OM = ON < { = =2 hay AB//MN//CD
IDK=KD' |[CH=KD' [C=D'

Vi du 24. Cho tam gidc ABC vudng can tai A. Goi M la trung diém cua BC, goi G la diém
trén canh AB sao cho GB = 2GA . C4c duong thiang GM va CA cat nhau tai D. Duong
thang qua M vuong géc véi CG tai E va cat AC tai K. Goi P la giao diém ctia DE va GK.
Chting minh rang DE = BC va PG=PE..

Loi giai
Lay diém Q do6i xing véi G qua M. Khi D 3
do tix gidc BQCG la hinh binh hanh. Suy
ra CQ//AB.

1 1
M ta 6 AG:23G=2QC nén AG Ia PN\ (k

dwong trung binh ctia tam giac DQC. Do

do A la trung diém caa DC va G la trong

tam cuia tam giac BCD. Q




Goi J la diém d6i xting véi B qua A. Khi

do t& giac BCJD la hinh vuong. Puong

thang CG cat BD tai F va cat duong thang

JD tai T. Dé thay F la trung diém cta BD,

tir d6 suy raBC=DT =D]J.

Mit khac hai tam gidc vudng JMC va CFB bang nhau nén ta duoc MJ L FC.Do dé ba
diém M, E, ] thang hang. Do d6 tam gidc TEJ vudng tai E va D 1a trung diém ctia TJ, nén ta
duwoc TD = DJ = DE.

Suy ra DE = BC . Hon nita do K 1a trong tam tam gidc BCJ nén ta duoc AK = ! KC.

2
Do d6 ta dwoc GK//BC//T]. Nén theo dinh li Talets ta dwoc GP =E = PK
TD ED DJ

Do do6 ta dwoc PG =PK, suy ra PG =PK =PE. Vay ta dwoc DE=BC va PG =PE.

Vi du 25. Trén cung AB ctia duong tron ngoai ti€p hinh chit nhat ABCD, 1dy diém M khac
A vaB. Goi P, Q, R va S la hinh chiéu ctia diém M trén cac duong théng AD, AB, BC va
CD. Chttng minh rang duong thang PQ va RS vuéng géc véi nhau va giao diém cta

ching ndm trén mot trong hai dudong chéo hinh chit nhat.

Loi giai

Trudc hét ta phat biéu khong chiing minh bo dé sau: M

Tt giac ABCD co hai deong chéo vuong goc voi

nhau khi va chi khi 5 B
AB’ +CD’ = AD’ + BC?

Tw gia thiét dé thdy cac t& gidc APMQ, MRBQ,

MRCS, PMSD la cdc hinh chit nhat va P, M, R ciing

nhue M, Q, S la cac cdp diém thang hang.
bat
AQ=PM=aMQ=RB=x;BC=QS=bMR=QB=y

Ta c6 MAB = MCB do d6 AAQM-ACRM

Suyra&:m:_azlzay:xz+bx
CR RM b+x vy
St dung dinh ly Pytago ta c6
PS” +QR? =(MS” +PM? ) +(RB? +QB” ) = (b+x)" +a’ +x* +y

=b* +2bx+x*+a+x* +y2 =a’ +b? er2 +2(x2 +bx)




R* +QS’ =(a+y)2 +b® =a’+2ay+y’ +b’ =a’ +b’ +y’ + 2ay

Ttr d6 ta dwoc PS*+ QR*= PR*+QS’. Nhu vay theo b8 dé trén ta dwgc PQ L RS .

Goi giao diém cua PQ va RS 1a I. Do PQ vuong géc véi RS nén nam diém M, R, B, I, Q
thudc duwong tron duong kinh QR. Suy ra  BIR =BQR . Twong ty nam diém P, M, I, S, D
thudc duwong tron dwong kinh PSnén DIS=PSM . Do MS L PR tai M nén Q la tryc tam

ctia APSR . Do d6 ta dugc QR L PS, tir dé suy ra PSM = BQR Nén ta degc BIR =DIS . Do
do6 D, 1, B thang hang hay I thudc dwong chéo BD.

Vi du 26. Cho hinh thang ABCD c6 hai dwong chéo cit nhau tai O. Goi M va M [an luot 1a
trung diém ctia BD va AC. Diém K d4i xting v6i O qua MN. Duong thiang qua K va song
song véi MN cat AD, BC, BD, CA Tan luot tai P, Q, E, F. Chting minh rang PE = QF.

Phan tich tim 10i giai
Qua O ké duodng thang song song véi MN cat AD, BC Tan luot tai I va H. Ta c6 K
va O d6i xting véinhau qua MN néntacd6 MO=MEva ON=NF.Laic6 MB =MD va
NA = NC do d6 OB = DE va OA = FC . Tir do ta duge 1L —2E_OB _ pp_OBOL
ol DO OD OD
OA.OH

. Nhu vay dé€ chitng minh dwgc PE = QF ta can phai chi ra duoc
oC

Chua y theo dinh li Talets ta thu duwoc

OD.OH OCOI
MG_DM_BD OG_AN_AC nén MN _1(AC_BD)

M P&DZS&%\OI A0 220 o 2(a0 BO)

. Do d6 ta duoc

tuong ty thi QF =
OB _OA

. Twong tu ta cling duoc

OH ZLBO OCJ

OB OA OBMN OAMN OB(BD AC), OA(AC BD)
OH =0t 0P ~ODOH - OCOB - 42 - oct [ — |

OD| OB ) OClOA OD)

_BD OABD_AC OBAC_ BD(OA+OC) AC(OB+OD)_ BDAC
OD OCOD OC OCOD OC.OB OCOD  OCOD

bén day bai toan xem nhu dwgc chiing minh.

Loi giai




Qua O ké duong thang song song véi MN cat B
AD, BC Ian luot tai I va H. Ta c6 K va O doi
xtng voi nhau qua MN nén ta c6 MO = ME
vaON=NF.Laic6 MB=MDva NA=NC
do d6 ta dwoc OB = DE va OA =FC
PE_DE _ OB_ ,._OBOI

Suyra —_= = PE
Ol DO OD OD

OA.OH

oC
Puong thang MN cat AD va BC Ian luot tai G

Chttng minh twong tw ta dugc QF =

va].

MG DM _BD OG_AN __AC
Ol DO 20D OI AO 2A0

, v MN 1(AC BD)
Trtt theo vé hai dang thitc trén ta dwoc = | — | . Twong tw ta duoc

Ol 2(AO BO)

Theo dinh li Talet ta ¢

MN 1 I( BD £\|

OH 2(BO OC

Ta cd BD.AC = @£0A+OC) = AC£0B+OD) . Do d6 ta duoc
OC.0OD OC.OB OC.0OD

BD N OABD AC N OB.AC N BD OB.AC_ AC OA.BD

OD OCOD OC OCOD OD OCOD OC OCOD
. OB/BD AC)_ OA(AC BD)_OBMN_OAMN __OB _OA

OD LOB OoCc) OcC LOA OD OD.OH OC.0I OD.OH_ OC.01
Vay ta duoc PE = QF.

}@

Vi du 28. Cho tit gidc ABCD, trén cac canh AB, BC, CD, DA 13y Ian lwot cac diém M, N, P,
AM BN cp DQ

Q sao cho MB m;,~ —=n," _=D; Q:Aq

NC D théa man diéu kién (1— mp)(l - nq) <0.

Chting minh rang;

SMNPQ < MaX{SABC; SBCD; SCDA; SDAB}

Phan tich tim 10i giai

Nhan thay Syupo = Sasco ~(Saam + Seam + Scar + Sorg) - Tl yéu cau can phai ching
minh ta di tim mai lién hé tinh dién tich cac tam giac AQM, BMN, CNP, DPQ véi cac tam
giac ABC, BCD, CDA, DAB. Dé dang tinh dwoc

SBMN =jn__ SCNP 1p SPDQ p SAQM _m

E (m+1,)(n+l)§_(p+1)(n+l)Z_(p—i—l)(q—i—l):% (q+1)(m+1)



I bat S= Max{S S } S= Mm{S S } do ddta

ABC’ BCD’ CDA’ DAB ABC’ BCD’ CDA’ DAB

dwocS+s=5 ttr d6 ta can ching minh S

(s héNPQ = gABCD SS =S.

A A B C PD AOM

Nhan thay S +S +S +S zs| CMN+ CNP+ Q, JaQ
AQM BMN CNP DPQ D S S S

\ BAC CBD DCA ADB )

S S

S
BMN , TCNP PDQ+

S

ABCD ’

nFn bai toan sé dwoc

chiing minh khi ta chi ra dwoc AM> 1. DBiéu nay twong duong voi

SBAC CBD SDCA SADB

(m+1)(n+1)+ (P+1j(n+1)+ (p+1j(q+1)Jr (q+1)(m+1) 21

Bién d6i tuong duong bét dang thirc trén ta duoc (1-mp)(1-nq) <0 tiic la bai todn duoc

ching minh.
Loi giai
Ta co

Spuw _BM BN _BM BN 1 n

S,.. BA BC BM+MA BN+NC 1+m1+n

S n
Do d6 ta duwgc— BMN =
SBAC m+ n+

Chtrng minh twong ty ta duwoc
SCNP —L SPDQ Dp SAQM [Im
(p+1)(n+1) S_ (p+1)(q+1) S (q+1)(m+1)

Do do ta duoc
S S

S n
BMN + CNP + + AQM

Seac Sap S SADB (m+1)(n+1) (p+1)(n+1) (p+1)(q+1) (q+1)(m+1)

Ta di cht inh >1
7 ¢l g (m+1)(n+1) (p+1)(n+1) (p+1)(q+1) (q+1)(m+1)
That vay, bat dang thic trén tuong duong véi
n(p + 1)(q + 1)+ p(m + 1)(q + 1)+ q(m + 1)(n + 1)+ m (n + 1)(p + 1)

> (m + 1)(n + 1)(p + 1)(q + 1) = (1 - mp)(l —nq) <0
B4t dang thitc cudi cling ludn ding. Do d6 bat dang thtic trén dung.
Dit S=Max{S ;S ;S ;S };s=Min{S ;S ;S ;S }
ABC

BCD CDA DAB ABC BCD CDA DAB

U)

Do do6 ta duocS+s=S5,, , tir do suy ra S S
CNP PDQ AQM

(g S )

SMNPQ = SABCD _(SAQM +SBMN + SCNP + SDPQ ) < SABCD _Sl — LM

KSBAC " SCBD " SDCA ’ SADB ) |
(]n Dp p \
Sasen ~ L(m+1)(n+1) (p+1)(n+1) (p+1)(q+1) (q+1)(m+1)}
< SABCD s=S5

Do do ta duoc S po _Max{SABC Secns Scpas SDAB}



Vi du 29. Cho tit gidc ABCD. Chitrng minh rang:

VAC?+ BD’
2

Min{ AB,BC,CD,DA } < <Max{ AB,BC,CD, DA }

Phan tich tim 10i giai
2 2 ~
+ D& chimg minh Y2E B0 < Max{AB, BC,CD, DA} ta can biéu dién AC*+ BD?
2

theo AB, BC, CD, DA.

Diéu nay lam ta lién twdng dén dinh 1i Pitago hodc cong thiic duong trung tuyén, tuy
nhién o day ta chon st dung cong thirc duong trung tuyén hon vi dé€ tinh duoc ~ AC*va
BD? la chi can xéac dinh M, N Ian lwot 1a trung di€ém ctia AC va BD va 4p dung cong thitc.
Ngoai ra d€ stt dung dinh li Pitago ta can ¢ tam giac vuéng, ma trong treong hop nay ta
khong biét nén ké duong vuong goc tit di€ém nao ca.

Nhuw phéan tich ¢ trén khi 4p dung cdng thirc duwong trung tuyén ta duoc

4BM’ =2(AB’+BC?)-AC*va 4DM’ =2(AD’+DC’)-AC’ nén

Z(BM2 + DMz) = AB’ +BC? + AD* + DC? — AC’. Lai 4p dung cong thitc dwong trung tuyén
thi ta duoc 4MN? =2(BM” + DM’ )-BD’. Dén day thi ta thu duoc

AB’+BC*+CD*+ DA’= AC*+ BD*+ 4MN*> AC*+ BD*tir d6 suy ra

JAC?+BD? <\ AB2+BC?+ CD*+ DA? <
2 2

2 2
+ D& chimg minh  Min{AB, BC,CD, DA} ¥AC +BD_
2

Max{ AB, BC,CD, DA }

ta ap dung cong thic vé

duong trung tuyén. D€ chitng minh  AB*+ BC*+ CD’+ DA*’< AC*+ BD’? va chu y 1a khi
M, N trung nhau thi bat dang thic xay ra dau bang nén ta sé ching minh
AC’+ BD’= AB’+ AD’+ CD?+ BC*— kMN’. D& dugc nhw vay ta 14y di€ém E sao cho
ABED la hinh binh hanh, khi d6 cé hai treong hop xay ra la E nam trong hodc E nam
ngoai t gidc ABCD. Véi E nam trong t giac ABCD, khi &6 d6 trong tam giac BDE ta can
c6 BC*> BE*+ EC*= BC*— 2MN’> BE*’= AD* diéu nay hoan toan xay ra néu BEC >90°.
T4t nhién khong mat tinh tong quét ta cé thé chon  BEC >90°. Hoan toan twong tw véi B
nam ngoai tt gidc ABCD. Dén day bai toan duoc giai quyét.

Loi giai




A D A D

VAC+BD® < \ax{AB, BC,CD, DA}
2

+ Trudc hét ta chitng minh

Trong tit gidc ABCD ta ldy M va N Ian luot la trung di€m ctia AC va BD. Trong tam giac
ABC c6 BM la duong trung tuyén nén 4BM” =2 (AB” + BC?)- AC?
Trong tam gidc ADC c6 DM la duong trung tuyén nén 4DM” = Z(AD2 +DC’ )— AC
Do do ta dwoc
4BM’ +4DM’ =2(AB* + BC* + AD” + DC* ) - 2AC’

©2(BM*+DM* )= AB* + BC* + AD” + DC* - AC?
Trong tam gidc MBD c¢6 MN la duong trung tuyén nén 4MN? = Z(BM2 +DM? ) -BD?
Do dé ta dwoc 4MN? =2(BM” +DM? )-BD” = AB* + BC” + AD” +DC’ ~AC’ -BD”
Hay AB*+ BC’+ CD*+ DA*= AC’+ BD*+ 4MN*> AC*+ BD?
Do do ta duwoc \/ACZ +BD* < foBer BC'+ CD’+ DA’ < Max{AB, BC,CD, DA}

2 2 2
+ Chtmg minh Min{ AB,BC,CD, DA} &
2

Khong mat tinh tdng quét ta gia st DAB+ ABC > 180°; DAB > 90’

Dung hinh binh hanh ABED, khi d6 ¢6 hai truong hop xay ra
+ Treong hop 1: Diém E nam trong tt gidc ABCD, khi d6 N 1a giao diém ctia hai duong
chéo AE va BD va NM la duong trung binh ctia tam gidc ACE. Trong hai goc BEC va
CED ton tai mot géc khong nhé hon 90°. Gia stt déla BEC >90°. Ta ¢6
BC?> BE*+ EC*= BC*- 2MN*> BE*= AD’
Do do6 ta duoc

AC’ +BD’ = AB* + AD’ +CD” +(BC* —4MN’ ) > AB” + AD’ + CD’ + AD?

> 4] Min{AB,BC,CD, DA} |

Suy ra Min{ AB, BC,CD, DA} ~NAC+BD?
2




+ Truong hop 2: Diém E nam ngoai tt gidac ABCD, khi d6 khi d6 M la giao diém cua hai
duong chéo AE va BD va NM la dwong trung binh cta tam gidc ACE. Ta ¢
BEC > BED = DAB >90°, do d6 ta duoc
Do d6 ta duoc
AC*+BD’ = AB’ + AD’ +CD’ +(BC* —4MN” ) > AB” + AD’ + CD’ + AD’
> 4{ Min{AB,BC,CD, DA} |

Suy ra Min{ AB, BC,CD, DA} <VAC +BD"
2

¢ 2 2
NAC+BD”  Bai toan dwoc chitng minh.

Vay ta ludn c6 Min{ AB,BC,CD, DA } < >

Vi du 31. Cho t gidc ABCD c6 B=D =90". Ldy diém M trén doan thang AB sao cho
AM = AD. Duong thang DM cat BC tai N. Goi H 1a hinh chiéu ctia D trén AC va K 1a hinh

chiéu cta C trén AN. Chitng minh rang MHN = MCK

Loi giai
Trong tam gidc ADC c6 ADC =90’ va DH1a duong D
cao nén ta dwoc AD*= AH.AC
Ma theo gia thiét ta c6 AM = AD nén ta duoc

AM AC
AM = AHAC=' = g . ©
AM "
Xét hai tam gidc AMH va ACM c6 MAH = CAM va 5
AM _ AC .Suy ra AAMH-AACM, do d6 ta dwoc
AH AM

AHN = AMC nén MHC = CMB

Tam gidc ADM c6 AM = AD nén can tai A, suy ra

ADM = AMD =BMN

Ma ta ¢6 MDC =90~ ADM; MNB = 90°~ BMN nén MDC = MNB, suy ra tam gidc CDN
can tai C. Do d6 ta duwoc CD = CN . Trong tam gidc vuong ADC c6 DH la dwong cao nén
CD*= CH.CA

CN_CA x4t hai tam gidc CNH va CAN c6 SN _ CA
CH CN CH CN

Tt d6 ta dwoc CN°= CH.CA <

va ACN chung néen ACNH-ACAN. Do d6 ta duwgc CHN = CNA

Ttt MHC = CMB va CHN = CNA ta dwoc MHN = CHN -MHC = CNA —-CMB
Ma ta c6 CK L ANva B =90°nén ta duoc MCK = CNA -CMB



Do d6 ta dwgc MHN = MCK . Biéu phai chirng minh.

Vi du 32. Cho hinh vuoéng ABCD c6 canh a va M la mot diém tuy y trén canh AB
(M # A, B). N&i MC cat BD tai P, MD cit AC tai Q. Tim gi4 trj 16n nhét ctia dién tich tam

giac MPQ va gia tri nho nhat cua dién tich t& giac CPQD.

Phan tich tim 10i giai
SMCD _ m M_C:

Déy ta thdy == va$S

: ="a’ khéng d6i nén tam gidc MPQ ¢6 dién
Swo  MQ MP 2

MCD

tich 16n nhat thi t& gidac CPQD c¢6 dién tich nho nhat. Do d6 ta chi can tim vi tri M dé€ tam
giac MPQ ¢ dién tich 16n nhat la dwoc. Du doan tam giac MPQ c6 dién tich 16n nhat khi
AM = MB nén ta can biéu dién ti s6 dién tich ctia hai tam giac MPQ va MCD theo AM va
BM. Chu y theo dinh 1i Talets ta co

MD QD CD_AM+aVé MC 1 PC 1+C_D:M

=1+ =1+ = =1+ =
MQ MQ AM AM MIZ’ PM MB MB
AMBM+a(AM+BM )+ § 2,
bén day ta du’cycmz a( )+a =1+ 2 >1+ 2a”4 =9
SMPQ AM.BM AM.BM ( AM + BM)Z
Nhu vay bai tam xem nhu dwgc giai quyét xong.
Loi giai
1, .
Ta thé’y S b = a2 va SMCD_ m . M_C (>(-) A M B
2 Swo MQ MP
Do AB song song v6i CD nén theo dinh 1i Talet ta c6 cac 9 P

két qua sau
MD_, QD_, CD_AM+a
MQ MQ AM AM

MC . PC  CD MB+a

MP PM MB  MB
Khi do ta duwoc
S (AM+a)(BM+a) AM.BM+a(AM+BM)+a’
MCD _ —
Swiro AM.BM AM.BM
B 2a’° 2a” 4
—1+—21+—2=9
AMBM (AM +BM)
) 1 11, a° ) 1, 1, 4,
DodéS <_S =_._a=__.Talaico S =S -S >_a-__a =_a.Dau
M M®E 9 2 18 crep MM 18 9

dang thtec x4y ra khi va chi khi MA = MB.




2

Vay gia tr1 lon nhat cua dién tich tam giac MI’Q la 2 va gla tr1 nho nhat cua dien tich tw
18

2

giac CPQD la 4%, cac gia tri nay dat duoc tai MA =MB .

Vi du 33. Cho hinh binh hanh ABCD va O la giao diém ctia hai dwong chéo. Vé tia Ax d6i
xtng voi ta AD qua AC va tia By d0i xtng véi tia BC qua BD. Goi giao di€ém ctia hai tia Ax

va By la E.
2
Ching minh rang AE_{ AC
BE (BD
Phan tich tim loi giai
o1y AC_ OA ’
Chu y la = nén dé chitng minh AE_[AC ta sé di ching minh
BD OB BE | BD
AE_(OA . Cht y dén gia thiét ctia bai toan ta thdy duoc AOEA-ABEO nén
BE | OB J
EA_OE_OA , ttr d6 ta suy ra duoc diéu can phai chitng minh. Tuy nhién d€'y la diém E
EO EB OB
c6 thé ndm trong hodc ngoai hinh binh hanh nén ta can chia treong hop dé chiing minh
bai toan.
Loi giai

Do giao diém E cta hai tia Ax va By c6 A c

thé nam trong hinh binh hanh va ciing c6

thé ndm bén ngoai hinh binh hanh. Do d6

ta can xét ca hai truong hop. 0

+ Truong hop 1: Diém E ndm trong hinh X

binh hanh ABCD. B D
Vi AC la truc d6i xting ctia hai tia AD va

Ax nén AC la tia phan gidc caa goc DAx

Twong tu ta ¢6 BD la tia phan giac ctia

gboc CBy

Do do OE la phan giac ctia goc xEy nén ta dugc AEO = BEO

Ma ta c6 AOE + EOB = OAD+ ADO = AOE + ADO va AOE = OBE
Do d6 hai tam gidc OEA va BEO d6ng dang véi nhau.




Suy ra

BE

BD

2 2
05 on A OF (O8)(CT b g e AE(AS]

EO EB OB ~ EO EB | OB BD

+ Truong hop 2: Biém E nam ngoai hinh binh hanh
ABCD.

Chtrng minh hoan toan twong tu ta dwgc OE la phan

giac ctia goc AEB . Ttr d6 lap luan nhu trénta duoc
AAEO-AOEB

Suyra EA_OE_OA EA OE_(OAY (ACY
EO EB OB EO EB OBJ:BD

AE (ACY
Ha i
' BE (BDJ

Vay trong ca hai treong hop ta luon cé ﬁ = (%j

Vi du 34. Cho da gidc ABCDE ¢6 DC = DE va E=C=90". Trén AB 14y M sao cho

BC AE . Chttng minh rang MCE = ADE
BM AM

Phan tich tim 10i giai
BC_AE
BM AM

BM tai N thi ta sé duzcycﬂ _AN , diéu nay dan dén AE = AN va NEA = AEN. B¢

BM AM
AE _CD DE

chirng minh MCE = ADE ta can chitng minh dwgc , taclata can chira
NE CE CE

AAEN-ADCE . Gia stt AE cat BC tai S, khi d6 ta duwoc SD 1a duong trung truc ctia CE

Bai toan cho biét nén tir A ké duong thang song song véi BC va cat tia

nén suy ra NEA = ESD hay AAEN-ADCE .

Dén ddy ta c6 thé trinh bay lai 10i giai bai toan nhu sau.
Loi giai




Twr A ké duong thing song song véi BC va cat tia BM tai N s
N,

Theo dinh li Talet ta C(')L AN , ma theo gia thiét ta lai B

BM AM
o 2==2E Do dbta duwoc .
BM AM
BC:AE:AN:AEzAN
BM AM AM

Do d6 tam giac AEN can tai A, nén ta dwoc NEA = AEN

Kéo dai AE cit BC tai S. Ta c6 AED = BCD =90"ma lai ¢6

DC = DE va DS la canh chung nén hai tam giac SED va

SCD bang nhau, tir d6 suy ra SE = SC

Do vay SD la dwong trung truc cia CE nén SD L CE

Ta c6 AN//SC nén ta dugc ASC = SAN =2NEA =2ESD . Suy ra NEA = ESD nén ta dwoc

NE//SD, ma lai c6 SD L CE nén ta dwgc NE L EC. Ttr d6 ta dwgc AEN = DCE, suy ra

AAEN-ADCE

Neén ta duoc AE_CD _DE , diéu nay dan dén hai tam giac vudng EDA va ECN dong
" NE CE CE

dang

Do d6 ta dwoc MCE = ADE .

Vi du 35. Chiing minh rang trong mot tit gidc néu hai duong chéo va hai duong thang noi
hai trung diém ctia hai canh d6i dién dong quy tai mot diém thi tit giac d6 la hinh binh

hanh

Phan tich tim 10i giai

GoiM, N, P, Q theo thit tu 1a trung diém caa AB, CD, BC, DA. Khi d6 nhan thdy
t& giac MPNQ 1a hinh binh hanh. Goi O la giao diém ctia MN va PQ. Do d¢6 O 1a giao diém
cua AC va BD. Khi d¢ ta can chitng minh duoc OB=0ODva OA=0C.Chuyla
AOMK = AONE nén ta suy ra dugc MP la dwong trung binh ctia tam gidc ABC nén
DE = EO, dén day thi ta thdy duoc OB = OD . Nhu vay bai toan xem nhu duoc ching
minh.

Loi giai

Goi M, N, P, Q theo tht ty 1a trung diém ctia AB, CD, BC, DA.




Theo gia thiét ta c6 AC, BD, MN, PQ dong
quy tai O.
ViM va P lan luot la trung diém cua AB va

BC nén ta dwoc MP//AC va MP = L AC
2

Twong tu ta cling c6 NQ//AC vaNQ = leC

Do d6 MP//NQ va MP =NQ nén t& giac

MPNQ la hinh binh hanh. Nén ta duoc

OM =ON; OP = OQ.

Goi K va E lan lwot 1a giao diém cua BD véi MP va NQ.

Xét hai tam gidc OMK va ONE c6 OM = ON , MOK = NOE va OMK = ONE

Suy ra AOMK = AONE nén ta dugc OK = OE . Mit khac do MP la duwong trung binh cua
tam gidc ABC nén ta duwoc BK = KO. Tuong tur ta duwoc DE = EO, tir d6 suy ra OB = OD
va OA = OC. Nhu vay tt gidc ABCD c6 hai duong chéo cat nhau tai trung diém ctia moi
duong nén ABCD la hinh binh hanh.

Vi du 36. Cho t& gidc ABCD. Dyng vé phia ngoai tit gidc cac tam giac AMB, BNC, CPD,
DQA vudng can lan luot tai M, N, P, Q. Chting minh réng MP va NQ vudng goéc véi nhau
va bang nhau.

Phan tich tim 10i giai

Dé chiing minh dwoc MP va NQ vudng gdc véi nhau va bang nhau ta can chi ra
dugc hai tam gidc MOP va NOQ bang nhau. Mudn vay ta can chirng minh duoc cac tam
giac MON va POQ vuong can. Ta cé thé phat biéu diéu can chirng minh trén dwéi dang
bd dé: Cho tam giac ABC, vé phia ngoai tam giac ABC dung cac tam giac MAB va NBC
[an lugt vudng can tai M va N. Goi O la trung diém cta AC. Khi d6 ta dwgc tam giac MON
vuong can.

Loi giai




Trudc hét ta phat biéu va chitng minh bai toan
sau: Cho tam giac ABC, vé phia ngoai tam giac
ABC dung cac tam gidc MAB va NBC lan luot
vudng can tai M va N. Goi O 1a trung diém cua
AC. Khi d6 ta duoc tam giac MON vuong can.
That vay, tit diém B vé cac dwong thang vuong
gbc voi AB va BC, cat AM va CN Ian luot tai H

va K.

Do AB vudng géc véi BH nén ta dwoc MBH = 45°
nén tam gidc MBH vudng can tai M, suy ra M la
trung diém ctia AH. Ttr d6 ta dugc OM la duong
trung binhd ctia tam giac ACH

Suy ra OM//CH va OM = ! CH.
2

Chttng minh twong tw ta dwoc ON//AK va ON = 1 AK . GoiIla giao diém ctia AB va CH.

2

Xét hai tam gidc ABK va BCH c6 AB =BH, BC = BK va ABH = CBK = 90"+ ABC

Do d6 ta dwoc AABH = ACBK . Tt d6 ta dwgc AK = CH nén ta suy ra OM = ON

Mat khéc ta cting c0 BHC =BAK.
Hai tam gidc BHI va AIE c6 BHC = BAK va

HIB = EIA nén HBA = IEA =90’

Do d6 AK L CH, suy ra OM L ON. Vay tam
giac OMN vuong can tai O.

Tro lai bai toan: Goi O la trung diém cua AC, ap
dung két qua bai toan trén cho tam giac ABC ta
duwoc OM = ON va OM_LON

Tuwong tw ap dung két qua bai toan trén cho tam
gidac DAC ta dugc OP = OQ va OP L OQ

Xét hai tam gidc OMP va ONQ c6 OM =ON , OP = OQ va MOP = MOQ + 90° = NOQ

Do do ta dugc AMOP = ANOQ, suy ra MN =PQ va ONQ = OMP

Ma ta c6 MON =90"do d6 ta duwgc MP L NQ.



Vi du 37. Cho t& giac ABCD c6 O la giao diém ctia hai dwong chéo. Chting minh rang
duong thang ndi trong tdm ctia hai tam giac OAD va OBC vudng goc véi duong thang ndi

trire tam ctia hai tam giac OAB va OCD.

Phan tich tim 10i giai

Goi G, P lan luot la trong tam cac tam gidc OAD, OBC. Goi H, K lan lwot 1a trong
tam tam giac AOB, COD. Ta can chitng minh HK vuong géc véi GP. Trude hét goi I, J lang
luot 1a trung di€ém ctaa BC, AD thi ta duoc IJ song song v6i GP nén ta sé chitng minh HK
song song voi IJ. Chi y 1a [, J la cac trung diém nén ta chon diém S sao cho IJ 1a duwong
trung binh cua tam giac ADS. Ta c6 thé 1dy diém S trén tia Al sao cho I la trung diém cta
AS hogc vé duong thang qua C song song v6i AB va cat Al tai S, ca hai canh 14y nay déu
cho ta hinh binh hanh ABSC. Khi d6 ta duoc IJ song song véi DS va ta can chiing minh DS
vudng goc voi HK. Cha y dén KO L CD nén dé chitng minh dwgc HK L DS ta can ching

minh dwoc hai tam giac OHK va CSD dong dang. Laic6 ~ HOK=SCD nén ta can chi ra

OH CS OH AB

duwoc —- =2 hay =" .Tathdy AOHN-AOAE  p3n OH.OE = OA.ON va
OK CD OK CD

OH.OE ON OA

OK.OF OM OC

Sory _OAOB_OEAB o ., OM_OB
5., OCOD OFCD V& AOMD-AONB S H o ™ op

OH.OE OE.AB N OH AB
OKOF OFCD OK D

AOMK-AOFC nén OK.OF = OC.OM do d6 ta duoc - Mat khac ta c6

nén suy ra duoc

. bén day ta c6 thé trinh bay 101 giai nhw sau.

Loi giai
Goi H 1a truc tam tam giac AOB, khi d6 ta
c6 OH L AB tai E va BH 1L OA tai N.
Tam gidc ONH va tam gidc OEA la hai
tam gidc vudng c6 HON = AOE nén
AOHN-AOAE
Tt d6 suy ra
OH_ON
OA OE
Goi K 1a triee tam cua tam gidc OCD, khi
d6 OK L CD tai F va DK L AC tai M.
Khi d6 hoan toan twong tu ta degc AOMK-AOFC nén ta dwoc

oK _OM = OK.OF =OC.OM
OoC OF

= OH.OE=0A.ON




OH.OE ON OA

OKOF OM OC

Hai tam gidc vuong OMD va ONB c6 MOD = NOB nén AOMD-AONB suy ra
OM _OB

ON OD

Ttr d6 ta duoc

OHOE _ OB . OA .Matalaico Soas - OA.OB_ OE.AB
OK.OF OD OC Soey OCOD  OF.CD

OHOE_OEAB_ OH_AB
OK.OF OFCD OK D
Qua C ké duong thang song song v6i AB, cat duong thang di qua A va trung diém I cta

canh BC tai S.

Ttr d6 ta lai co

Do d6 ta duoc

Khi d6 ta ¢6 OH L CS5,0K L CD nén ta duoc HOK = SCD va AC = SC Tt d6 ta suy ra
OH_CS
OK D
trung diém ctia AD, ta c6 JI//DS nén ta dwgc KH L JT. Mt khac duong thang ndi trong

nén hai tam giac HOK va SCD d6ng dang. Khi d6 ta dwoc HK L SD . Goi ] la

tam ctia hai tam giac OBC va OAD song song véi J nén duong thang d6 vudng goc véi

HK.

Vi du 38. Cho duwong tron (O; R) ndi ti€p hinh thang ABCD (AB//CD). Goi E, F, G, H theo
thi ty 1a ti€p diém cua duong tron (O; R) vdi cac canh AB, BC, CD, DA.

a) Chmg minh ring—2 = %2 Tir 46 hay tinh ty s6LL khi biet AB = 28 va

EA GC EA 3

BC =3R.

b) Trén canh CD 14y diém M nam gitta hai diém D va C sao cho chan duong vudng
goc ké tir M dén DO 1a diém K nam ngoai duwong tron (O; R). Puong thang HK cat duong
tron (O; R) tai diém thit hai la T. Chttng minh rang MT = MG.

Phan tich tim 10i giai

a) Nhan thdy cac tam gidc AOD va BOC vuong nén ta duoc HA.HD = FB.FC =R*. Dé
EB_GD
EA GC
HA =EA;BE=FB;CF=CG;DG=HD nén EA.GD = EB.GC hién nhién dung. Dat % =k

4R
va ta can tinh dwoc k. Chu y 12 bai toan cho biét AB= , VaBC=3R.Laithdy

ching minh duoc ta can chi ra dwocEAGD=EBGC. Chu y la

EB _ KEB
+EA  k+1
EB theo k va R tir d6 thay vao hé thic trén d€ duoc phuong trinh an k.

b) Chu y dén MG la tiép tuyén ctia duong tron (O) nén dé chiing minh MT = MG ta can

va ED? =BC?—(GC—EB)’ nén dé tinh dwoc k ta can tinh duoc ED, CG,

chi ra dwoc OT vudng goc véi TM.



Loi giai
a) Do ABCD la hinh thang nén ta c6 A E B
CDA + DAB = 180°. Do DO, AO theo thtt
tu la dwong phan giac cta cac goc F
CDA; DAB. Do d6 ta dugc T

ODA +OAD=90° = AOD=90" nén ta

giac AOD vuong tai O. & N P t
Twong tu tam giac BOC cling vudng tai

0.

Nén theo hé thitc lugng trong tam giac

vudng ta dwoc HA.HD = FB.FC = R®.

Mat khéc ta c6 HA = EA; BE = FB; CF = CG; DG = HD nén EA.GD = EB.GC :ﬂ _&b .
EA GC
EB_GD ; N A . x
Dat = =k. Ta c6 OE vudng goc voi AB, OG vudng gbc véi CD nén ba diém E, O, G
" EA GC
théng hang. Tt d6 ta dwoc EG=2R va ED* =BC>—(GC—-EB)’.
Ta lai 6 K ppKAB_AKR o ED pp KR
+EA k+1 k+1 3Q<+19) 3(+1)
Ttr d6 ta dwoc CF =BC - BF =3R _AKR nén CG =3R AR

3(k + 1) 3(+1)

Thay céc két qué trén vao ED? = BC? —(GC—EB)’ ta duoc

’ k+9)’ _
4R2:9R2—[3R—AR_—| :>5=( *9) k=—""
| 3(k+1)] 9(k+1) 11
vay BB =9+
EA 11

b) Ta c6 DH = DG nén tam giac DGH can tai D. Ma OD la duong phan gidc cua goc HDG
nén suy GH vudng géc vdi DO. Lai c6 MK vuong goc véi DO nén MK song song véi HG.
Tt d6 suy ra KMG = HGC, ma GC 1a tiép tuyén cua duong tron (O) va goc HTG la goc
ndi tiép cua duong tron (O). Do d6 ta duwgc HTG = HGC = KMG = HTG nén t giac
KTGM ndi tiép.

Lai c6 OKM = OGM = 90°nén bén diém O, K, G, M thuéc mot dwong tron duong kinh
MO. Do d6 nam diém O, K, G, M, T thudc duong tron duwong kinh MO. Do d6 MIO = 90"
nén OT vuong goc voi MT. Do d6 MT la tiép tuyén cta duong tron (O). Ta c6 MT, MG la
tiép tuyén cua duong tron (O) nén MT = MG.



Vi du 39. Cho hinh vuéng ABCD c6 canh bfmg a. Trén cac canh AB, BC, CD, DA lay cac

difm M, N, P, Q sao cho MN va PQ clng song song v&i AC va AMQ = 30°.

a) Goi A’ 1a diém d6i xtiing véi A qua MQ va C’ 1a diém d6i xing véi C qua NP. Goi
giao diém ctia QA’ véi NP 1a E va giao diém ctia PC’ v6i MQ 1a F chiing minh rang cac
diemE, F, Q, D, P cung nam trén mot duwong théng tron.

b) Biét AC = 3MN, tinh dién tich hinh thang MNPQ theoa.

Phan tich tim 10i giai
a) Nhan thdy PDQ =90" nén duong tron di qua ba diém P, Q, D ¢6 dudng kinh PQ. Do dé
dé chtiing minh nam diém E, F, D, P, Q cung thudc mét duong tron ta chi can chtiing minh

dwoc PEQ = PFQ =90°.

x a 2a . a
b) Khi cho AC=3MN ta de dang tinh dwoc BM = 3 AM = 3 va MB =BN = K
CN = 2a . Dé thdy S =S -S -S -2§ nén dé tinh duoc S ta can tinh
3 MNPQ ABCD MBN DPQ AQM MNPQ

dwoc Sypy; Sppos Saou- Chi y dén cac tam giac vudng va vudng can thi ta chi can tinh
dwoc DQ bai toan xem nhw dwgc giai quyét.
Loi giai

Vi PQ song song vdi AC nén A M B

DQP =DAC =45°.
Mit khéc ta lai c6 AMQ =30" do d6 N
AQM = 60°va MQP =75°.

Do A va A’ d6i xting v6i nhau qua QM nén
A' QF = AQF=60°, do d6 suy ra EQP=15"

Chttng minh hoan toan tuong tu ta duoc 5 X

O

QPF =15".

Tt d6 suy ra

QFP = 180°~QPE -PQF =180°- 15°- 75"= 90°

Hoan tan teong tw ta duwoc QEP =90°, lai c6 PDQ =90" nén cac tam gidc DQP, EPQ va
EPQ c6 chung canh huyén PQ. Do d6 E, F, D cung nam trén duong tron duong kinh PQ
hay ndm diém E, F, D, P, Q cung thudc mot dwong tron.

b) Ta c6 MN song song vdi AC va MN = L ACnén suy ra BM _MN
3 AB AC




Do dé ta duge BM =MN-AB L op 305 op 28
AC 3 3 3
Mat khac tam gidc BMN vudng can nén ta dwoc MB = BN = & nén suy raCN ="
3 3
4 4a*
Dit AQ = x thi MQ = 2x, khi d6 ta dwgc x*+ AM?= 4x* < 3x°= §a2 ox = BT
2 upooaz. (2
Tr dosuy rax = vaDQ=a
343 3J_ EY
a(35-2)
Dén day ta dwgc DQ=DP=——F+—
g 34
T 2
1_ 1 a2a 2 1 1 [ a -2 a'(31-4
Do d6 suy ra S BM>= . *=%vas =-QD* =" _%f ) ( ﬁ)
N 29 18 ™ 2 2|L 33 J| 54

1 2a 2a ) \é‘
Laicd S =S =4a Tir d6 ta duoc
rm Can oy 3d 3

MNPQ ABCD MBN DPQ AQM | 1'8' :)4 2/ |
L |
2
a (10 +2 )
_ 542’3422+ 43R — '8
54 27

Vi du 40. Cho ngii gidc ABCDE, ma mdi duwong chéo song song v6i mot canh ctia ngii gidc.
Chting minh rang ti s3 gitta canh ctia ngii giac va dwong chéo song song véi né la mot

hang s6.

Loi giai
Goi O la giao diém ctia CE va BD. Qua C ké duong A
thang song song véi BD cat AB tai P, tlr d6 ta thay

O nam trong ngti gidc va P nam ngoai ngii gidc

B
ABCDE.
OC p
bat — =k(k>0).Do AE//BD, AB//CE va "
AM (-0 A
BE//CD nén ta duvgc AOBE = AAEB va D C
AOCD-AAEB

Do dé ta dwoc AOCD-AABE suy ra

oo OD—k OD=k.AE

AB AE




Dé thay céc t gidc ABOE, APCE va BPCO la cdc hinh binh hanh, nén ta duoc
AB =OE; CP = AE va BP = OD = k.AB.

Xét hai tam gidac EOD va APC ¢6 PAC = ACE = CED va EOD = OEA = APC

, OD_OE_ AEk_[IAB__[IAB
Do do AEOD-AAPCsuyra pc"pa™ AE ~ AB+BP AB+kAB

Tt do ta duock =~ o K4 k—1=0= k=24
BC OBEOC  ABLOC 1
+ + s

o = =1+k=

Do do ta ¢co =
AB

AB AB 2
AC AD BE BD g3l

Tuong tw ta tinh dwoc = =
DE BC CD AE 2






