CAC BAI TOAN VE CAU TAO SO
I. MOT SO KIEN THUC CAN NHO.
S6 te nhién A =a_a,_,..a, duocbiéu dién dudi dang tong cac liiy thira nhw sau:

A=aa,  ,.a,=a,l0" +a_,. 10" +...+a,
Trong db a,; a, ,;...; a,1a cac chir sd va a, khac 0.
IL. MOT SO Vi DU MINH HOA.
Céc bai toan vé chit sd thuong lién quan dén tim cac chit s6 ctia mot s6 théa man
cac tinh chat chia hét, thoa man la s6 chinh phuwong va so lap phuwong dung hodc thdéa man

mot tinh chat nao do.

Vi du 1. Tim cac s8 abcdmn biét rang abecdmn.2 = cdmnab.

Loi giai

Ttr abcdmn.2 = cdmnab ta dwoc Gb.lOOOO + cdmn).2 — cdmn.100 +ab

Hay ta duoc 20000ab+2cdmn =100cdmn +ab = 19999ab = 98cdmn = 2857.ab = 14.cdmn.

Tl d6 ta duoc 14.cdmni2857. Ma ta thay (14,2857)=1 nén suy ra cdmn 2857

Ttr d6 ta duoc cdmne <{2857; 5714; 8571} . bén day ta xét cac truong hop cu thé nhu sau:

+ Né&u cdmn = 2857, khi d6 tir 2857.ab = 14.cdmn ta suy ra duoc ab=14.

Do do ta dwgc abcdmn = 142857

+Néu cdmn = 5714, khi d6 t 2857.ab = 14.cdmn ta suy ra duoc ab =28 .

Do do ta dwoc abcdmn = 285714

+ Néu cdmn = 8571, khi d6 ttr 2857.£ = 14.cdmn ta suy ra duogc ab_: 42 .

Do do ta dwoc abcdmn = 428571.

Vi du 2. Tim céc chir s6 a, b sao cho 62ab427 chia hét cho 99.

Loi giai
Cach 1. Ta c6 99=9.11va (9,11) = 1 nén ta c6 62ab427 chia hét cho 99 khi va chi khi

62ab427 chia hét cho 9 va chia hét cho 11.

o Tac6 62ab427 chia hét cho 9 khiva chikhi (6+2+a+b+4+2+7):9 hay (a+b +3)9



Tt d6 ta duoc (a+b +3)e{9;18} nén suy ra (a+b + 3)6{6}15}

e Ta c6 62ab427 chia hét cho 11 khi va chi khi (6+a+4+7)—(2+b+2)11 hay
(a-b+2)11
Ttr do ta dwoc (a—b+2)e{0,‘11} nénsuy ra (a—b)e {—2;9}.

Ttr d6 ta xét cac truong hop sau

[a-b=9
+ Truong hop 1: %L ibog’ treong hop nay khong ton tai cac chit s6 a, b théa man.
a =
\ (a _b = 9 \ \ A W P ~ A » ~
+ Truong hop 2: 4 , truong hop nay khong ton tai cac chix so a, b thoa man.
la+b=15
. [a-b=-2 f[a=2
+ Truong hop 3: ! =
la+b=6 |b=4
. [a-b=-2
+ Truong hop 4: %L ibo15’ treong hop nay khong ton tai cac chit s6 a, b thoa man.
a =

Vay céc chit s6 thoa man yéu cau baitoanlaa=2;b=4.

Cach 2. Ta c6 62ab427 = 62.100000 + ab.1000 + 427 = 62630.99 + ab.990 + 10.ab+ 57

Suy ra 62ab427 chia hét cho 99 khi va chi khi 10.ab + 57 chia hét cho 99.

Tt d6 ta duoc 10.ab + 57 = 9.k v6i k 1a mot s tw nhién,

Dé thay 10.ab + 57 ¢6 chit s6 tan cung 1a 7, do d6 99.k phai c6 chir sd tan cung la 7 nén ta
duock=3

Tir d6 suy ra 10.ab + 57 = 99.3 = ab = 24

Vay cac chit s6 thoa man yéu cau bai toanlaa=2;b=4.

Vi du 3. Tim cac s abc biét rang (eﬁ + cha)f 68 (cac chit sO a, b, ¢ ¢d thé giong nhau)

Loi giai
P&y 1a 68 =4.17 va (4,17) = 1 nén (aE+ cba )i68 khi va chi khi (abc +Ea)4;17
Taxét (abc+cba) 4, khid6 ta dugc (100a+10b+c+100c+10b+a) =101(a+c)+20b chia

hét cho 4 hay ta dwoc 101(a +b) chia hét cho 4. Vi (4,101) =1nénsuy raa+¢4.



Tir 46 suy ra a + ce {4;8;12;16 } (1)
Xét (abc + cba) 17, khi d6 ta dugc (100a -+ 10b + ¢ +100c + 10b +a) = 101(a + c) + 20b chia

hét cho 17 hay ta duoc 102(a + b)+ 17b +3b —(a + b) chia hét cho 17. Suy ra 3b —(a + c)
chia hét cho 17.

Tir d6 ta dugc 3b —(a +c)e {0;17} (2).

Két hop (1) va (2) ta xét cac truong hop sau

+Né'u3b—(a+c) =0=3b =a+bnén ta dwoc

e Véi a+c=4 suy ra 3b=4, treong hop nay loai.
e V6i a+c=8 suyra 3b=8, truong hop nay loai.

e Véia+c=12 suy ra 3b=12 hay b=4.Khi d6 véi a+c=12 ta dwoc cac cip chit s§
(a;c) thoamanla (3;9),(4;8),(5;7),(6;6).(7;5),(8;4),(9:3).

Tt d6 ta suy ra duoc abee { 349;448;547;646;745;844;943 } .

e Véi a+c=16 suy ra 3b=16, truong hop nay loai.

+ Néu 3b —(a+ c) =17, suy ra 3b > 17:>be{6; 7;8; 9}. Khi d6 ta co

e Véi b=6, tfr3b—(a+c) =17 suy raa+c=1, treong hop nay loai.

e V6i b=7, tix 3b —(a + c) =17 suy raa+c=4, truong hgp nay cé cac cdp s (a; C) thoa
man 12 (1; 3),(2; 2),(3;1). Tt d6 ta suy ra duoc abce { 173; 272; 371 }.

e VO6i b=8§, tl‘r3b—(a+c) =17 suy raa+c=7, truong hop nay loai.

e Véi b=9, tl‘r3b—(a+c) =17 suy ra a + ¢ =10, treong hop nay loai.

Vay ta dugc cc 8 thoa man bai toan 1a abce { 173; 272; 371; 349; 448; 547; 646; 745; 844; 943 }.

Vi du 4. Tim s6 abed thoa man diéu kién abed + bed + cd + d = 4574 .

Loi giai

Tir gia thiét abcd + bed + od + d = 4574 ta viét duoc lai thanh 1000a + 200b+ 30c + 4d = 4574
Tl d6 suy ra 4d c6 chir s6 tan cung la 4, nén ta dugc d =1 hodc d =6 . Ta xét cac truong

hop sau



e Treong hop 1: V6i d =1, khi d6 ta dwoc 1000a+200b+30c+4 = 4574
Do d6 100a + 20b+ 3¢ =457, suy ra 3c ¢6 chit s6 tan cung la 7 nén ta duocc=9.

Ttr d6 talai c6 10a + 2b =43, r6 rang phuong trinh vo nghiém.

Do d6 truong hop nay khong ton tai s6 abed théa man yéu cau bai toan.

e Truong hop 2: V6i d =6, khi d6 ta dwoc 1000a+200b+30c+24 = 4574

Do d6 Do d6 100a + 20b+ 3¢ =455, suy ra 3c c6 chit sO tan cung la 5 nén ta duwgcc=5.
Tt d6 ta lai ¢6 10a + 2b =44, nén 2b c6 chit s6 tan cung la 4, suy rab=2hodcb=7.

Véi b=2taduwoca=4vavdéib=7taduwoca=3.

Nhu vay ta dugc hai s6 théa man yéu cau bai toan la abed = 4256 va abed = 3756 .

Vi du 5. Tim cac chit sO a, b, c biét _1_+ _1 —+ 1__11

ab.bc bc.ca c_a.g_ 3321

Loi gii

Quy déng mau sd ta dwoc 81.41 (a +ab +€c) =11l.ca.ab.bc.

Ttr d6 ta dwoc 11.ca.ab.be chia hét cho 41, ma 41 1a s6 nguyén td nén trong cac sO

ca; ab; be ¢6 mot s8 chia hét cho 41. Khdng mat tinh tdng quat ta gia st s6 d6 1a ca , khi
d6 cae{41;82}.

Ta xét cac treong hop sau

e Véica=41,khidétaduocc=4vaa=1. Thay vao dang thiic

81.41( ca + ab +_bc) = 11.ca.ab.bc
Ta thu duoc 81.41(41+ 1b+b4 ) = 1141.1bb4 hay 81.(41 + 1b+ b4 ) = 11.1b.b4.

Ttr d6 suy ra 11.1b.b4 chia hét cho 81, ma ta co (11,81) — 1 nén 1b.b4 chia hét cho 81.
Chuay la Ekhéng chia hét 27 nén 1b chia hét cho 3 hoac 9, khi d6 1b = 12;15;18 nén
twong tng ta duoc b =2;5; 8. Tt cac truong hop cu thé ta thdy b =5 yéu cau bai toan.
Do d6 ta dwoc bo chir sO (a; b; c) thoa man yéu cau la (1 ; 5; 4).

o Vi ca =82, khi dé ta dugc c =8 vaa=2. Thay vao ding thic

81.41( ca +;b +_bc) =11.ca.ab.bc



Ta thu duoc 81.41((82 +2b + b8 ) = 11.82.2b.b8 hay 81.(82+2b + b8 ) =22.2b.b8

T drfmg thiec trén ta duwoc b 1a sd chin. Ma do (22,81) — 1 nén 2b.b8 chia hét cho 81.

Ta lai thay 2b khong chia hét cho 81 nén suy ra b8 chia hét cho 3, do b 1 8 chin nén ta
duoc b=4.

Tl d6 ta duoc 24.48 chia hét cho 81, diéu nay vo li nén trong treong hgp nay khong ton
tai chit sO b thoa man yéu cau bai toan.

Hoan toan twong tw véi cac treong hop zIx be 6 mot sO chia hét cho 41.

Vay bd cac chi s6 (a; b; c) thoa man yéu cau la (1; 5; 4),(4;1; 5),(5; 4;1) .

Vi du 6. Tim s6 abcd thda man abcd +72 la mot s6 chinh phuwong va abd = (b+ d—2a)2

Loi giai
Tac61<a<9vaO<b,cd<9.Tuxddésuyrab+d-2a<16.
Ma ta lai co ﬁ:(b+d—2a)2 nén suy ra 102 <abd <162.
Suy ra ta duoc abde { 10,112,122,13%,14%,15%162 }.

Hay ta duoc abd e { 100;121;144;169;196; 225; 256 }

Do abed + 72 1a mot s6 chinh phuwong nén ddt abed + 72 =k? véi keN".

Céc s6 chinh phuong 6 chit sO tan cung 1a 0; 1; 4; 5; 6; 9 nén suy ra de {2,' 3:4;7:8; 9}.

K&t hop véi abd e { 100;121;144;169;196; 225; 256 } ta suy ra duoc abd = 144 hoic abd = 169

+V6i abd =144, khi d6 ta dwoc a=1;b=d =4. Ma ta lai thdy 144 =(4+4-2.1)" nén
abd =144 khong thda man yéu cau bai toan.

+V6i abd =169, khi d6 ta duoc a=1;b=6;d =9. Ma ta lai thdy 169 =(6+9-2.1)" nén

abd =169 thoa man yéu cau bai toan.
T d6 ta dwoc 16c9+72=k? nén k? lasd1é, do dd k la so lé.
Mat khac ta c6 1609 + 72 <16c¢9 + 72 <1699 + 72 nén suy ra 412 < k> <432

Tt d6 suy ra k? =412 hay 16¢9 + 72 = 41> = 16c9 = 1609 = c=0.



Vay s6 can tim 1a abed = 1609 .

cac chir sO cua no.

Vi du 7. Tim t&t ca cac s6 tu nhién c6 bon chit s3 biét rang s§ d6 bang lap phwong ctia tong

Loi giai

Goi s6 te nhién cd bdn chir sO6 can tim la abed vdi a,b,c,deN va 1<a<9;0<b,c,d <9.
\ . , 3

Theo bai ra ta c6 abcd = (a+b+c+d) .

Ta c6 nhan xét: Mot sO tu nhién va tong cac chit sd ctia no khi chia cho 9 ¢é cung so du.

Ditm=a+b+c+d(meN"), khi d6 abed va m c6 cling 6 du khi chia cho 9.

Tl d6 ta dwoc abed — m :9 hay ta dwoc abed —m = 9k(keN*).

Ma ta co abcd=(a+b+c+d)3 nén ta duwoc m3—m=9k<:>(m— 1)m(m+1) =9k
Do dé (m - l)m(m + 1) 9.

Ta biét rang trong ba s8 tu nhién lién tiép cé duy nhat mot s& chia hét cho 3 ma tich ctia

chung chia hét cho 9 nén trong ba s6 d6 c6 duy nhat mot s chia hét cho 9.

Ta c6 1000 < abcd €£9999 = 1000 <m3<9999 = 10 <m <21

Do dé6 ta dwoc9 <m -1<20;11 <m + 1 <22 . Ta xét cac treong hop sau:

e Néum9, khi ddm =18. Do d6 ta duoc abcd =183 = 5832..

Thr lai ta thay 5832 =(5+8+3+2)" dung.

e Néu m+1:9,khidd m+1=18=m=17. Do d6 ta dwoc abcd =173 =4813.
Thit lai ta thdy 4913 =(4+9+1+3)" dung.

e Néu m-1:9,khi dd m-1=18=m=19. Do d6 ta duwoc abcd =193 = 6859 .
Tht lai ta thdy 6859 =(6+8+5 +9)3 khong dung. Do d6 treong hop nay loai.

Vay céc s6 thoa man yéu cau bai toan la 5832 va 4913.

Vi du 8. Tim s0 chinh phuong c6 bén chit s6 khac nhau sao cho khi viét sd d6 theo tha tw
nguoc lai ta duwoc mot s6 c6 bdn chit s6 ciing la sd chinh phuong va chia hét cho sd ban

dau.

Loi giai



Goi sO can tim 1a abecd =x2vdia, b, ¢, d 1a cic chit sO va x 1a mot sO tu nhién. SO viét theo

chiéu nguoc lai la dcba = y? vdi y 1a mot sO tw nhién. Vi ca hai s6 déu c6 bon chit sO nén ta
suy radugca>0;d>0.
Theo bai ra ta ¢ y?=kx? vdi k 1a mét s6 ty nhién 16n hon 1.

Vi a, d 1a céc chit s3 tan cling ctia s§ chinh phuong nén a,de {1;4;5,6;9} (*).

Mt khac do k > 2 va dcba = y? ¢6 bon chit sO nén a =1 hodc a=4. Ta xét cac truong hop
sau

e V6i a=1, khi d6 ta duoc debl=k.1bcd. Tir d6 suy ra ca d va k déu 1a s§ 1é. két hop véi
(*) tasuy raduocd=9vak=9.

Do d6 ta c6 9cb1 =9.1bc9nén c=89b +8 =b=0;c=8.

Do d6 s6 can tim la abed = 1089 = 332 va dcba = 9801 = 992 ; 9801 = 9.1089 .

e V6i a=4, khi d6 ta duwgc dcb4 =k.4bcd . Nhan thdy khong ton tai chir s6 tan cung d

thoa man (*) va dang thiec dcb4 = k.4bed . Vay trueong hop nay khong cé s8 nao thoa man.

Két Iuan so can tim 1a 1089.

Vi du 9. Tim tt ca cac s6 nguyén duwong N cé ba chit s6 sao cho tdng cua N véi cac chir s&

cua N va s0 viét dugc boi cac chit s6 cia N nhung theo thit twe nguoc lai thi ta duwge mot s6

chinh phuong.

Loi giai
Goi s6 thoa man yéu cau bai toan 1la N —abcvéil< a,c<9,0<b<9.
Khi d6 theo bai todn ta c6 abc+a +b + ¢ + cba 1a mot sd chinh phuong.
Détz@+a +b+c+ga:m2,khi do ta dwoc 102(a+b+c)—81b:m2
Ttr d6 ta dwoc m?:3 > m:3 = m?9 nénsuyraa+b+c3.
Pbatm=3k,a+b+c=3hvdik, heN;1 <h<9.
Khi d¢ tir 102(a+b+c)-8lb=m’ ta dwoc 34h —9b = k>,

Suy rak? va 34h c6 cung sd du khi chia cho 9 hay k?  va 7h c6 cung s6 dw khi chia cho 9.



Xét khi k chia cho 9 ¢6 s0 du Ian lwot 1a 0;1; 2; 3; 4; 5; 6; 7; 8; 9 thi k2 chia cho 9 ¢6 s0 du lan
lwot 1a 0;1; 4; 7 nén 7h cé s6 du khi chia cho 9 Ian lwot 14 0;1; 4; 7, ttr d6 h chia cho 9 c6 s6
dulanluotlal;4;7,9.Vil<h<9nénsuyrahe { 1;4;,7; 9}. Ta xét cac truong hop sau:
e Truong hop 1: Véi h=1, khi d6 ta dwoc a+b+c=3. Do a+c>2 nén ta dwoc b<1.
Tt d6 ta tim duwoc a=b=c=1 théa man. Do do6 ta duvoc N=111.

e Truong hop 2: V6i h =4, khi do ta duwgc a+b+c=12.

Tir 34h - 9b = k2 ta dwoc k2= 136 — 9b . Vi 0 <b <9 ta dugc k? € {64;100}.

Ttr @6 ta dwgoc k=8 hoack=10.
+Véik=8thitaduwoc8 =136 -9b=>b=8néna+c=4

+V6ik=10thi ta duoc102=136 —-9b =>b=4néna+c=4

Twr day ta dwoc cacs6 N 1a 183;381;282;147;741;246;642;345;543;444 thdéa man yéu cau
bai toan.

e Truong hop 3: Voi h=7, khi d6 ta duoc a+b+c=21.

Ttr 34h — 9b = k? ta dwoc k? =238 - 9b . Vi 0 <b <9 ta khong tim dwoc k? e {64;100}.

e Truong hop 4: V&i h=9, khi d6 ta dugc a+b+c=27=a=b=c=9.

Do d6 N =999.

Vay céc s6 cd ba chir s6 thoa man yéu cau bai toan la

Ne { 111;183; 381; 282;147; 741; 246; 642; 345; 543; 444; 999 }

Vi du 10. Tim s0 ty nhién c6 2n chit s6 c6 dang a,a,a, ...a,, ,a,, théa man dang thic sau:

a,a,a5...a,, 8,, = aa,+a a,+...+a , 3 +2006

Loi giai

batT=aaa-a a vaP=aa+aa+..+a a +2006.
12 3 2n-1 2n 1 2 3 4 2n-1 2n

Ta thdy T >a.10>' > 10>*' va P < 81n + 2006 < 100n + 2100 = 100 (n + 21)
Ma do T =P nén ta suy ra duoc 10™'< 100 (n + 21).
Béng phuong phap quy nap todn hoc ta chiing minh dwoc 10*'< 100 (n + 21) khong

ding véin>3. Tkt ddésuyran<2, khi dé taduocaaaa
1 23

—aa-+aa + 2006 .
4 1 2

34

Ta xét cac treong hop sau




e Néua=1, khidéaaag<2000vaaa-+a a+2006>2000, ditu nay dan dén mau

thuan.

e Néu a = =3,khidéaaaa>3000vaa ataa +2006 < 3000, diéu nay dan dén mau

12 3 4 34
thuan.

oNeua =2,khidotraaaa=aa+aa+2006tadugcaaa=2a+aa +6.

1 23 4 12 3 4 2 3 4 2 34

Hay ta dvzoc98a;—a(10—a) +a=6,néntaduoca=0.
Luc nay ta duoc a£10 -a ) +a=6.Néuax1thia (19 -a ) +a>]0, mau thuan.
Tt do tadugca=0vaa=p.

Vay s6 can tim la 2006.

3 N\
Vi du 11. Tim cdc chir s0 a, b, ¢, d thoa man aa...abb...bcc...c+1= (dd...d+ 1) , biét rang s6

[an xuat hién caa a, b, ¢, d trong cac biéu thirc trén la nhw nhau.

Loi giai
Goi s6 lan xuat hién ctia cac chir s6 a, b, ¢, d trong dang thitc trén 1a n. Khi d6 ta xét cac

treong hop sau
o Trudng hop 1: Néu n =1, khi d6 déng thirc trén tro thanh abe+1=(d +1)’.
Vi101< (d+1)3 <1000 nén ta suy ra dugc 4<d <9.Khi dé ta cho d nhan cac gia tri 4; 5; 6;

7; 8; 9 thi ta duoc cac s6 abe tuong tng boi bang sau

d 4 5 6 7 8 9

abc+1| 125 216 343 512 729 1000

abc 124 215 342 511 728 999

S p— 3
» Truong hop 2: Néu n=2, khi d6 déng thiic trén tro thanh aabbec+1=(dd+1)

— 3
Vi 100001 < (dd +1) <1000000 nén ta suy ra duoc 5<d <9. Khi dé ta cho d nhén cac gi

tri 5; 6; 7; 8; 9 thi ta thdy chi c6 d =9 thoa man. Ttr d6 ta dwoc a=b=c=9.

e Truong hop 3: Néu n >3, khi d6 ta dat x=111...1=9x+1=10". Tk d6 ta duoc

n
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aaabb-bccc+ 1 =a.x.10 + b.x. 10" + c.x + 1 = d3x® + 3d2x? + 3dx + 1
= ax(9x + 1)2 +bx (9x + 1) +ox =d3x® +3d2x2 +3dx

= [81ax2 +(18a +9b)x] —((:13x2 + 3d2x) =3d —(a +b+ c)

Tir d6 suy ra 3d—(a +b+c)f X.

Ma ta lai c6 x>111 va 3d—(a+b+c)<26. Tir d6 ta duoc 3d—(a+b+c) =0.

Lap luén tuwong tu ta dugc 3d2—(18a + 9b) =0vad3-8la=0.

Tt d6 ta duoc d® :81 = d =9 . Bén day ta suy ra dwgca=b=c=9.

Vay cacbd s6 (a, b,c,d) thoa man yéu cau bai la
(1,2,4,4);(21,55);(3,4,2,6);(51,1,7);(7,2,8,8) khimdi chitsd a, b, ¢, d xudt hién mot

[an va (9,9,9,9) véi mdi chiv s6 a, b, ¢, d xuat hién n nguyén duong lan.

Vi du 12. Tim s6 tw nhién c6 nam chi s6, biét rang néu nhan sd do6 vdi 2 thi duwge mot s6
¢ 6 chit s0 d6i mot khac nhau va khac chit s6 0, néu dem nhan s6 d6 vdi 5, 6, 7, 8, 11 thi
cting dwoc s6 6 sdu chit s& dwgc viét boi cac chir s6 nhu s6 nhan dwgce khi nhan né véi 2

nhung viét theo mot tha tw khac.

Loi giai

Goi s6 can tim la N = abede véi a, b,c,d, e la cac chir s6 va 2N = mpqrst v6i cdc chit s0 m,
P, g rs, tla cac chit sd khac nhau ting d6i mot va khac 0.

Do dem nhan N véi 5, 6, 7, 8, 11 thi cling dwgc s ¢ sau chit s6 dwgc viét boi cac chir s6
nhu s6 2N nhung viét theo mot thit twe khac. Do d6 cac chit s6 cua 5N; 6N; 7N; 8N;11N
khac nhau tttng d6i mot va khac 0.

Ta 6 2N <2.99999 = 199998 nén suy ra m = 1 . Ta xét cac chit s& ctia N nhw sau:

+ Xét chir sO e ta dwoc

e Néu e la chit s6 chan thi tan cting ctia 5N 1a 0, diéu nay trai véi gia thiét cdc cdc chir s6
ctia 5N khac 0.

e Néu e =5 thi chit s6 tan cung 2N 1a 0, diéu nay trai véi gia thiét cac cac chit s6 cua 2N
khéc 0.

e Néu e =1 thi cic chir sO ciia 2N;5N;6N;7N;8N;11N Ian lwotla 2;5;6;7; 8; 1.



Khi d6 cac s6 2N; 5N; 6N; 7N; 8N;11N déu duoc viét boi cac chix s6 2; 5; 6; 7; 8; 1 nhung
viét theo thtt tit khac nhau. Dé thay 6N chia hét cho 3 nhung tong céc chit s& ctia 6N la
2+5+6+7+8+1=29 khdng chia hét cho 3, diéu nay mau thuan.

e Néu e =7 thi cdc chit s6 ctia 2N;5N;6N;7N;8N;11N lan luotla4;5;2;9;6;7.

Khi d6 cac s6 2N; 5N; 6N; 7N; 8N;11N déu duoc viét boi cac chit s6 4; 5; 2, 9; 6; 7, tuy
nhién trong cac chit s6 d6 khong cé chit s6 1. Do d6 treong hop nay loai.

e Néu e =9 thi cdc chir s6 ctia 2N;5N;6N;7N;8N;11N Ian luotla§; 5; 2; 3; 2; 9.

Khi d6 cac s6 2N; 5N; 6N; 7N; 8N;11N déu duoc viét boi cac chit 8; 5; 2; 3; 2; 9, tuy nhién
trong cac chit s6 d6 khong cé chit s6 1. Do d6 treong hop nay loai.

Nhuw vay ta dugc e =3, khi d6 cac chix s6 cta 2N; 5N; 6N; 7N; 8N;11N lan lwot 14 6; 5; 8; 1;
4; 3. Ttr d6 ta suy ra dugc t=6.

+ Xét chit s6 p ta dwoc

Do 2N < 5N < 6N < 7N < 8N < 11N nén cac chi® so dau tién ctia 2N; 5N; 6N; 7N; 8N;11N
lan lwotla 1; 3; 4; 5; 6; 8. Tt d6 suy ra 8N > 610000 nén 2N > 152500 . Lai c6 11N < 870000

nén 2N < 159000

Nhu vay ta dugc 152500 < 2N < 159000 nénsuy rap =5 .

+ Xét chir sO s ta dwoc

o Néu s=3 thi 2N =15qr36, khi d6 6N =3.2N c6 tan cling 1a 08, dieu nay trai véi gia

thiét cac chir so khacO.

e Né&u s=8 thi 2N =15qr86, khi d6 8N =4.2N c6 tan ciing la 44, diéu nay trai véi gia
thiét cac ch s6 khac nhau titng d6i mot.
Do vay ta duocs=4.

+ Xét cht s6 q va r ta dwoc

e Néu q=8;r=3 thi 2N =158346, khi d6 8N =4.2N =633384, diéu nay trai vdi gia thiét
cac chi s6 khac nhau tiing d6i mot.
Do vay ta duwoc q=23;r =8 va 2N = 153846 .

Tt d6 ta suy ra s6 phai tim la N =76923. Tht lai ta thdy thdéa man yéu cau bai toan.



Vi du 13. Tim tat ca cac s6 cd ba chit s6 chia hét cho 11 sao cho thuong s6 ctia phép chia s6

d6 cho 11 bang tdng binh phuwong ctia cac chit s6 ctia s6 d9.

Loi giai
Goi 56 c6 ba chit s6 théa man yéu cau bai toan 1a A = abc véi
ae{l; 2;...9};b,c E{O,‘l,‘ 2,'...9} .
Do A chia hét cho 11 nén ta dwgc a — b + c chia hét cho 11.
Két hop véi ae {1; 2;...9}; b,c {0;1; 2;...9} tasuy radwgca-b+c=0hodca-b+c=11

e Vb6i a—b+c=0, khi d6 ta dwoc b=a+c.
Ta cé A =100a + 10b+c =99a + 10b+a +c =99a + 11b .
Khi A chia 11 thi thuong s ctia phép chia bang tdng binh phuong cac chit s§ ctia A nén ta

duoc

1_1:a2+b2+c2 hay ta duoc9a + b =a?+ b2 + ¢

Két hgp véi b=a+c ta duoc 9a+(a+c)=a2 +(a+c)2+c2 < 10a+c=2a2+2ac+2c2.

Doazlnéntaduoc1Oa+c22a2+2c+2c2:>2c2+cs1Oa—2a2S§

2

Do désuyra2c?+c<12=c<2

Ciing tir 10a + ¢ = 2a2 + 2ac + 2c? ta suy ra dwoc c 1la s6 chan. Ttr d6 ta dwoc c=0hodcc=2

+Véic=0, khi d6 ta duwgc a=b nén s6 can tim c6 dang A = aal .

Do dé A:50:2a2:>a:5:>a1:b:5.Tl‘rCI(’)’ta’c‘lmducycA=55O.
11

+Vo6ic=2, khi d6 ta duvoc tir 10a + ¢ = 2a2 + 2ac + 2c? ta dwoc 10a + 2 =2a%2 + 4ac+ 8
Hay ta dugc a®> — 3a + 3 = 0 . Nhan thdy phuong trinh trén khong c6 nghiém nguyén duong
nén khong ton tai s A thoa man bai toan.

e V4i a-b+c=11, khi d6 ta duwoc b+11=a+c.

Doa,b,clacacchits6nén b+11=a+ctasuyradugca=2
tur

Ta cd A =100a + 10b+c =99a + 10b+a +c=99a + 11b+ 11 .
+Xéta=2,khidé c=9;b=0.Taduwoc A =209 khong thoa man bai toan.



+Xéta=3,khidotaduwocc=8b=0hoacc=9;b=1.Tadwogc A =308 hodc A =319
khong thoa
+Xét a>4 . Khi d6 A chia 11 thi thuong s8 ctia phép chia bang tdng binh phuong cac chit

sO ciia A nén ta duoc

1_1=a2+b2+c2 hay ta dwgc9a+b+1=a>+b2+ 2

Kéthop v6ib =a+c-11 ta duoc
9a+(a+c—11)+1=a2+(a+c—11)2+c2 ©1Oa+c—10=2a2+2ac+2C2—22(a+c)+121

Thu gon ta dwoc 32a + 23¢ — 131 = 2a2? + 2ac + 2c2. Do a > 4 nén ta duoc

32a +23c-131 >2a?+8c+2c?= 22— 15¢<32a—-2a>-131<-5
Do dé suy ra 2c2-15c<-5=c<7. Tt 32a+23c—-131=2a?+2ac+2c? ta suy ra duoccla
sO 1é.
Do d6 ta duoc ¢=1;3;5;7. Dén day xét cac truong hop cua c thi duwoc b =0; a =8 thoa
man. Do d6 sd can tim 1a A =803.

Vay céc s6 thoa man 550 va 803.

Vi du 14. Tim cac chir sO a, b, ¢, d, e thoa man diéu kién ab + cde = Vabcde .

Loi giai
Détx:zgvé y=chevc'yia, beN val0<a<99;100 <b<999.
Theo bairataco x+y= ,/1000x +y hay ta duoc (x+y)2 =100x+y.
Tir d6 ta dwoc (x+y) —1000(x+y)—-999y =0.
batt=x+ythiteN vall0<t<1089.
Tt d6 ta dwoc t2 — 1000t + 999y =0 .
Phuong trinh bac hai an t phai c6 nghiém nén A’ = 250000 — 999y >0, do d6 y <250 .

Goit,vat, lahainghiém cta phuong trinh trén.

[t +t =1000
Khi 36 theo dinh 1i Vi — te ta dwoc { ' !
[t,t, =999y



Tt hé thitc trén ta suy ra duwoct,>0; t,>0vanéut, eN thit,eN.

Nhuw vay tit tt =999y ta duoctt :3, dong thoi talai cd t + t ¢hia 3 du 1. Nhu vay

trong hai s6 tw nhién t,vat, thicd motso chia hét cho 3, con mot s6 khong chia hét cho 3.
Gia st t,chiahét cho3vat, khong chia hétcho 3. Ta c6 999 =27.37 va (27, 37) =1.

Tt d6 ta duoc t, chia hét cho 27 vat, khong chia hét cho 3.

Néu t, :37, khi d6 ta dugct, 1999, do d6 t =999; t =1 . Khi d6 thay vao hé thirc Vi-—et

trén ta duwocb =1, diéu nay vo li. Do d6 t 27 vat 11<h6ng chia hét cho37.

Jt =27m
[t,=37n

Ttr d6 ta cb ,m;n eN".

Nhu vay ta dwgc 27m + 37n = 1000 hay n =999 — 27m — 36n + 1.

Do dé n chia 9 ¢6 s6 du la 1. Pat n =9k + 1 véi k la s6 nguyén dwong.

Dén day ta duoc 27m + 37 (9k + 1) = 1000 hay 273k = 1000 — 27m- 37 < 936 .

Tt 46 dan dén k < 3 . Mit khéc ciing ttr 273k = 1000 — 27m — 37 ta dugc k chia 3 du 3.
Do d6ésuyrak=2, suy ran=19; 27m =297 nén 37n =703 .

Vay ta duoct =297; t= 703, dan dén y =209 .4

+Néu x + y =297 thi ta dwoc x = 88

+Néu x + y = 703 thi ta dwgc x =494, treong hop nay loai.

Vay cdcchits6 cantimlaa=b=8;c=2;d=0;e=9

Vi du 15. Tim s8 tw nhién cé bon chit s6, biét rang s6 d6 bang tong binh phuitong ctia s6 tao

bdi hai chir s6 dau véi s6 tao boi hai chir s6 sau va hai chit s6 cudi cung bang nhau.

Loi giai

Gia str s0 ty nhién c6 bdn chir s6 can tim c6 dang abec véia, b,ceN va
1<a<9;0<b,c<9.

N\ . 4 o _2 _2 v . Y
Theo bai ra ta co abcc=ab +cc . Datx=ac;y = cc(x, yeN).
Suyral0<x<99;0<y<99.

.. —_— —  2— 2 — = — = 2
Theo bai ra ta c6 abcc =ab + cc < 100ab + cc=ab + cc < 100x + y = x2 + y?

Ta viét lai phwong trinh trénvé dang phuong trinh bac hai an xla x> —100x + (y2 — y) =0




Khi d6 ta c6 A'=2500 -('y? -y ). D& phuong trinh c6 nghiém thi & =2500—(y? -y ) >0
Khi d6 ta duoc y(y—1)<2500 nén (y—1) <y(y-1)<2500=y-1<50=y <51.

Do y la s6 ¢6 hai chit s6 giong nhau nén ta duoc ye { 11; 22; 33; 44}. Ta xét cac trwong hop
sau:

e Néuy=11, khi d6 ta thdy A" = 2390 khong phai la sd chinh phuong nén ta khong tim
dwoc x nguyeén.

e Néuy =22, khi d6 ta thdy A'=2038 khong phai la sd chinh phuong nén ta khong tim
dwoc x nguyén.

e Néu y =33, khi d6 ta thdy A'= 1444 = 38 1a s6 chinh phuong.

Khi d6 thay vao phuwong trinh x* —100x+(y2 —y) =0 ta duwoc x> —100x+1056 =0

Giai phrong trinh trén ta duoc x =12 va x =88.

Thir lai ta thdy 1233=122+33? va 8833 = 882 +33? déu dung.

e Néu y =44, khi d6 ta thidy A" = 608 khong phai la s6 chinh phuwong nén ta khong tim
dwoc x nguyeén.

Vay céc s6 tu nhién can tim la 1233 va 8833.

Vidu 16. Tim cac chit s6 a, b, c voi a > 1sao cho \/;x = (a + b)J_c

Loi giai
T \/E::(a+b)\/5 ta duoc E:(a+b)2c.

Tir d6 suy ra 100a+10b+c=(a+b)2c<:>1O(10a+b)=c||_(a+b)2—1—||
L I
Do a>1nén 10(10a+b)>100 do dé c||_(a+b)2 —ﬂ|z 100
L I

Dodétaduwocc>1vaa+b=>4.

Né&u a+b khong chia hét cho 3 thita c6 (a+b)* chia 3 du 1. Do d6 ta suy ra duoc 10a +b

chia hét cho 3 hay a + b chia hét cho 3, diéu nay vo li.

Nhu vay a + b chia hét cho 3 nén 10a + b chia hét cho 3.



Nhu vay tir 10(10a+b)= c[l_(a+b)2 —1—|| ta suy ra dwgc c chia hét cho 3. Do c 1a chir s6 nén

suy ra ¢ khong chia hét cho 5. Do d6 ta lai suy ra duoc (a + b)2 —1 chia hét cho 5.
Matacé (a+b-1)(a+b+1) va5lasdnguyén tdnén a+b—1hodca+b+1 chia hét cho 5.

Két hop v6i a + b chia hét cho 3 ta dwoca+b=6hodca+b=9.

e Truong hop 1: V6i a+b =6, thay vao hé thic 10(10a +b) = c|r(a +b)2 —1—|| ta duoc
L I

10(9a +6) =24c < 5(3a+2) =4c

Tt d6 ta suy ra duoc c chia hét cho 5, diéu nay trai v6i c khong chia hét cho 5. Nén trueong

hop nay khong ton tai cac chit s6 a, b, ¢ thoa man.

e Truwong hop 1: V6i a+b =9, thay vao hé thiec 10(10a+b :c|_ a+b 2—1—| ta duoc
g hop y ) I

10(9a+9) =80c<=9(a+1) =8¢

Ttr d6 suy ra c chia hét cho 9, nén ta dugcc=9,dodda+1=8=a=7=b=2.

Vay cicchits6 cantimlaa=7;b=2;c=9.

2

Vi du 17. Tim cac s6 abed théa man abed = (EE + (E)

Loi giai

- —\2 J— - J— 2 J— P
Ta co abcd:(ab+cd) <:>ab.100+cd=(ab+c;) .bat x=ab;y=cd.

Ta c6 1000 <abed <9999nén suy ra 32 <ab-+cd <99 hay 32 <x+y <99

Khi d6 ta duoc
100x+y =(x+y) = 9x=(x+y) —(x+y) <= 9x=(x+y)(x+y-1)
Tir d6 suy ra (x + y)(x +y — 1) chia hét cho 99. Ta xét cac trudong hop sau
o Truong hop 1: Trong hai thira s6 (x+y) va (x+y-1) c6 mot thira s chia hét cho 99.

Do 32<x+y<99 nén 31<x+y-1<98, do d6 x+y:99 vax+y=99

To d6 ta dwoc abed =992 =9801 = (98 + 1)2 , théa man yéu cau bai toan.
e Truong hop 2: Ca hai thita s§ (x+y) va (x+y—1) khong c6 thira s§ nao hét cho 99.

Cht y rang (x + y) va (x +y —1) nguyeén t6 cung nhau va (9,11) nguyeén t6 cung nhau.



Do d6 (x+y) va (x+y—1) chia hét cho 9 hodc cho 11. Do d6 ta cé bang sau:

[x +yi11
+ Treong hop 1: 4 :
x+y-19

X+y 33 44 55 66 77 88

x+y-1 32 43 54 65 76 87

Dung

V6i x+y =55, khi d6 abed =552 =3025=(30+25) thoa man.

. [x+y:9
+ Truong hop 2: %Lx byt
X+y 34 45 56 67 78 89
x+y-—1 33 44 55 66 77 88

Dung

V6i x+y =45, khi d6 abed =452 =2025=(20+25) théa man.

Vay céc s6 thoa man yéu cau bai toan la 2025; 3025, 9801.

Vi du 18. Tim hai s chinh phwong phan biét a,a,a,a, va b,b,b,b, thoa man diéu kién:

a-bFazbsa-p=a-h

4

Loi giai

D4t a,a,aa, =a? vabb,b,b, =b?vdia, blacacso ty nhién.

Khong mat tinh tong quatta gidsit aa aa >bbbb néntadugca>b.
1 23 4 1 2 3 4

Do a? va b? la cac s6 chinh phuwong c6 bon chir s6 nén 1000 < a? ; b? <9999

Tir d6 ta duoc32<b<a<100.

bata-b=a-b=a-b=a-b =c>0,ceN . Khi dé ta co
1 1 2 2 3 3 4

4

aaaa—bbbb=1000(a~b)+100(a-b )J;lO(a—sb );r(a—4b ) =1111c

1 23 4 1 2 3 4

Métalaicéaaaa—bbbb:a‘—bzz(a—b)(a+b)

1 23 4 1234

Tir d6 ta duoc (a—b)(a+b) =1111c=11.101c.

Do 11 va 101 la cdc s6 nguyén tJ, lai cd a + b <200; a — b < 100 . Khi d6 ta c6



a+b=101 _ [a+b=10lc
oac
la-b=11c la-b=11

[ 101411c
,Qa+b 101 {2&1 101+11c 4a——2

e Truong hop 1: Voi
la-b= 11c 2b =101~ 11c ™ {b _101-11c
2

Do b >32nén tir b =101-11c suy ra ¢ <3 va chd y rang a + b =101 1a s8 1é nén ta suy ra

ducycclésé’lé.Tl‘rdc')tacc’)c:lhoécc:i%.

101+11
» 4 aZ [aaaa =3135
+ Véic=1 taduoc }jb 101-11 11 5 Tlligil = 2025
1234
| 2
[ 101411
B 4 82 [aaaa = 4489
+ Véi c =3 ta duoc )]b 1 Tﬁgil 1156
1234
| 2
[a+b=101c
e Truong hop 2: Véi {L b1l ,khi d6doa+b<200;a-b<100nén ta dwgcc=1
a— =
[ 101+11
[a+b=101 |a= , =56 [aaaa =3135
Suyra*@—b:ﬂ = b_101—11_45:>‘1]5—7l33—%—b—=2025
[ - - 1234
2

Vay cac cap s6 chinh phuong can tim 1a 3136 va 2025; 4489 va 1156.

Vi du 19. Tim s8 tu nhién abc thoa méan diéu kién abc =(a+b)’ 4c.

Loi giai
100a+10b 10(10a+b) 10[(a+b)+9a]

100a+10b+c= 4c(a+b) ©c=4(a+b)-1=4(a+b)-1=—4{a+b)—=1

Ta co 4(a+b)2—1 las6lévado 0<c<9 nén 4(a+b)2—155.

T gia thiét bai toan ta co:

Ma 4(a+b)2 12 s6 chan nén 4(a +b)2 phai c6 tan cung la 6 suy ra (a +b)2 phai co

tan cung la 4 hoac 9. (*)
Lo [12.5ab
Mait khac ¢ = va 4(a+b)2—1 la s6 1é
4(a+b)* -

= 4(a+b) ~1<500 = (a+b) <125,25 (**)
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K&t hop () va (**) tac (a+b) e{4; 9; 49; 64} = a+be{2; 3; 7; 8}
+Néua+be{2;7,8} thia+bcédang 3k +1(keN) khidd 4(a+b) ~1 chiahét cho 3
ma (a+b)+9a=3k+1+9 khong chia hét cho 3= 10| (a+b)+9a | khong chia hét cho 3

nén c khong thudc tap hop N.

10(3+9a
+Né'ua+b:3tacc'>c=_(’ l:Qﬁ&).V‘1O<a<4vél+3a;7 suy raa=2, khi dé
35 7

c=6;b=1.Tacos0?216 thoa man.
Vay s6 216 la s can tim.
Vi du 20. Cho s0 c6 bdon chir s6 2012. Ta tach s 2012 thanh hai s6 theo ba cach la

2‘012; 20 '12; 201 .2 Néu ta dem nhén hai s6 trong mdi canh tach roi cong batichlai thi

duoc 2.012 + 20.12 + 201.2 = 666 . Hay tim tdt ca cac s6 c6 bon chit sO sao cho khi ta lam

theo canh nhu trén véi sd do thi cing duoc két qua la 666.

Loi giai

Goi s6 ¢4 bdn chit s6 thoa man yéu cau bai toan la abed véia, b, ¢, d la cac chir sd va a

khac 0.

Khi d6 ta thwe hién cac cach tach s6 abed thanh hai so 1a a Eab_cb_;agcﬁ. Theo bai ra

ta co

a.bcd + ab.cd + abc.d = 666
& a(100b +10c +d )+ (10a +b)(10c +d )+ d(100a + 10b + ¢ ) = 666
< 100ab + 110ac + 111ad + 10bc + 11bd + cd = 666

Do d6 ta dugc d khac 0 va ad < 6. Ta xét cac treong hopsau

e Treong hop 1: Néu ad =6, khi d6 111ad = 666 .

Ma ta lai c6 100ab+ 110ac + 111ad + 10bc + 11bd+cd = 666 , suy ra ab=ac=bc=bd =cd =0.
Ttr d6 ta dugc b =c=0nén ta co cac s6 thoa man 1a 1006; 2003; 3002; 6001.

e Truwong hop 2: Néu ad =5, khi d6 111lad=555vaa=1;d =5hodca=5;d =1.

[511b + 551c + 10bc = 111
Khi d6 tir 100ab+110ac+111ad+10bc+11bd+cd =666 ta duoc | .
| 155b + 115¢ + 10bc = 111

Ta thay khong c6 chit s3 b, c théa man mdt trong hai dang thtic trén. Do d6 truong hop

nay khong c6 s6 nao thdéa méan yéu cau bai toan.



