Chuyén dé: PONG DU THUC

A.Tém tit cac kién thirc co ban :
I/Dinh nghia : Cho m I s6 nguyén duong. Hai s6 nguyén a va b duoc goi dong vai
nhau theo module m, néu a - b chia hét cho m (a - b )| m hay m\(a - b)
Ky hiéu : a=b (mod m) dugc goi la mot dong du thirc.
Vidu:3 =-1(mod 4)
5= 17 (mod 6)
18 =0 (mod 6)
Diéu kién a = 0 (mod m) c6 nghia l1a boi cuaa : m(a|m) hay m 1a wdc caaa (m\
a) .

Néu a - b khong chia hét cho m, ta viét a Z b (mod m)

11/ Cac tinh chat co ban :
1) Vi moi s6 nguyén a, ta ¢6 a = a (mod m)
2)a= b (mod m) =>b=a (mod m)
3)a= b(mod m)va b=c (mod m)=> a=c (modm)
*Chutng minh : Tac6:a= b(modm) =>a-b:m(m\(a-b)
vab=c(modm) =>b-c:m(m\(b-c)
Via-c=(a-b)+(b-c)=>a-c: mi(tinh chit chia hét ciia tong) hay
a = ¢ (mod m).
4))a= b(modm)va c=d(modm)=> a+c =b+d(modm)
*Churng minh :
Taco:a= b(modm)=>a-b: m=>a-b=m.g; (Véiqie Z) (1)
c=d(modm)=>c-d:m=>c-d=m.qy (Véiq; € Z) (2)
Cong (1) va (2) vé theo Vé ta duoc : (a-b) + (c-d) = m.(qs + 0)
<=>(@+c)-(b+d)=m(q+0q) => (@a+c)-(b+d):m
Hay a+c =b+d (mod m)
Hé gua : a; =b; (mod m) , a; =b, (mod m) , ..., a, = b, (mod m)
=g +a+az+..+a,=b;+by,+by+ ...+bn(mod m)
5)a= b(mod m)va ¢=d (mod m)=> a.c =b.d (mod m)
*Churng minh :
Taco:a-b=m.gi=>a=b+ m.g; (Vdiq.e Z) (1)
c-d=m.g; =>c=d+m.qg; (v6iqz € Z) (2)
Nhan (1) va (2) vé theo vé ta duoc : a.c = (b + m.qy)(d + m.qy)
ac = bd + bma, + dmg; + m%q.q, <=> ac - bd = m(bg, + dg; + mq.qy)
=>ac-bd : m =>ac=hd(mod m).
Hé gua : a) a; =b; (mod m), a, =b, (mod m), ..., a, = b, (mod m)
=> a;.3,.83. ... .y = by.by.ba. ... .bp(mod m)
b)a= b (modm)=> a"= b" (mod m) - vimoin e N
+Nhan xét :
a)*a= 1l (mod2)va b=1(mod2)=> a+b = 2 (mod 2)
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Ma2= 0(mod2)=>a+b = 0(mod 2)
*a= 1(mod2)va b=1(mod2)=> ab = l(mod 2)
Diéu nay c6 nghia : Tong ctia hai s6 1& 14 mot sb chin, tich ctia hai s6 1& 14 mot sé 18.
b)a=3 (mod 7) => =9 (mod 7) = 2 (mod 2)
Diéu nay c6 nghia : Néu mot s6 chia 7 du 3 thi binh phuong sé d6 chia 7 du 2.
+Chay :
a)Khong duoc chia hai vé clia mot dong du thirc .
Vidu:*2= 12 (mod 10) nhung 17# 6 (mod 10).
b)a# 0 (mod m) va b# 0 (mod m), nhung a.b ¢ thé dong du vdi 0 theo module m.
Vidu:2=0(mod 10) va5=0 (mod 10), nhung 2.5 = 10 = 10 (mod 10).
Nhu vay dé phép chia hai vé cua dong thirc doi hoi phai kém theo mot sb diéu kién .
6) Néua= b (mod m) vad la ué’c chung cuaa, bsaocho (d, m)=1
thi: a:d=b:d(modm) ( a = a (mod m) )
*Churng minh :
Tacoa= b(modm)=>a-b:m =>a-b=mq(1)
Chia hai vé caa (1) cho d (vi d 1a wdc chung cta a, b =>d # 0)

a-b m. a b mq. . ..,
o - Tq =>4 :Tq la s6 nguyén (vi d la udc cua a, b.

'% -glasénguyén).:>mq rd,ma(d,m=1=>q:d

D
O

Vaya 4 zmhaya :g (mod m)
7)Néua= b (mod m) va d 1a s6 nguy@n Ia wéc chung cua ba sé a, b, m
thi a _d (mod d)

*Chutng minh :
ViNéua= b(modm)=>a-b:m =>a-b=mq(l)
Va d 12 u6c chung cua a, b, m =>d # 0. Chia c4 hai vé (1) cho d
azh_mg _a b_m_ _a b m m, . 2ab
d -~ d 7dd~dY977g g ‘g Mayy lauoccua g -y

.a b m
Vay:a =4 (mod E)

8)Néu a=r (mod m) v&i 0 <r < m, thi r chinh I sé du trong phép chia a cho m,
Ching minh: Tacoa=r(modm)=>a-r=m.g=>a=m.qg+r (v6i0<r<m)

B/A[:_) dung :
I.Cacvidu:

Dang 1 : Tim s6 du cua phép chia
Bai 1 : Tim sb du trong phép chia 2004%°* cho 11
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Str dung dau hiéu chia hét cho 11 : Mt sé dwoc goi 1a chia hét cho 11 khi va chi khi
hiéu giita cdc tong chit s6 ¢ hang 1é va tong cdc chir s6 hang chan ké tir trdi sang phdi
chia hét cho 11.

Vi du : Xét xem s6 5016 c6 chia hét cho 11 ?

Tac6(b+1)-(0+6)=0.Vi0 : 11=> 5016 : 11
Gidi :
Ta c6 2002 : 11 =>2004 - 2 : 11 => 2004 =2 (mod 11)
=> 20047 =22 (mod 11) , ma 2'°=1 (mod 11) (vi 1024 - 1 : 11)
=> 2004%%% = 2422090 = 2% (21920 = 7% = 5 (mod 11)
Vay 2004%* chia 11 du 5.

Bai 2 : Tim s6 du khi chia A = 1944%% cho 7
Giai
Taco : 1944 = -2 (mod 7) => 1944%% = (-2)*% (mod 7)
Ma (-2)* = - 1 (mod 7) => (-2%)%® = 1°®® (mod 7) hay (-2%)°® =1 (mod 7)
=> (-2%%8 (-2) = - 2 (mod 7) hay (-2)** =-2 (mod 7)
Vay 1944 ¢ho 7 du 5.

Bai 3 : Chirng minh ring cac s6 A = 69 - 1 va B = 6" + 1 déu la boi sé cua 7
Giai :
Tacod 6=-1(mod7)=> 69°=1 (mod7)=> 69°-1:7
Vay A la bdi cua 7
T 6°°=1 (mod 7) => 6" =6 (mod 7), ma 6 =- 1 (mod 7)
=> 6" =-1(mod 7) => 6" + 1: 7
Vdy B la bgi cua 7

Bai 4 : Tim s6 du trong phép chia 1532° - 1 cho 9
Giai :
Ta c6 1532 =2 (mod 9) => 1532° = 2° (mod 9) , ma 2° = 5 (mod 9)
=> 1532° = 5 (mod 9) => 1532° - 1 = 4(mod 9)
Vdy 1532° - 1 chia cho 9 du la 4.

Bai 5 : Chung minh riang A = 7.5 + 12.6" chia hét cho 19

Giai :
TacOoA=A=75"+126"=A=7.25"+126"
Vi 25 =6 (mod 19) => 25" = 6" (mod 19) ‘
=>7.25"=7.6" (mod 19) =>7.25"+12.6" =7.6" + 12.6"=19.6" = 0 (mod 19) . Diéu
nay ching to A chia hét cho 19.

Bai 6 : Tim du trong phép chia 3*°* cho 13.
Gidi :
Taco 3°=1 (mod 13) ma 2003 = 3.667 + 2 => 3200 = (3%)%%7 32
33 =1 = (33)667 = 1667 = (33)667. 32 = 132 (mOd 13) (33)667. 32 = 9
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=> 3%% = 9 (mod 13).
Vay 3% chia cho 13 du 9 .

Bai 7 : Chung minh rang 22°* - 4 chia hét cho 31
Giai :
Tac62°=1 (mod31), ma 2002 = 5.400 + 2
Nén 22002 - (25)400 .22
Vi 2° =1 (mod 31) => (2°)** = 1°° (mod 31) => (2°)**.2* = 1.2° (mod 31)
=> 2292 = 4 (mod 31) => 2%°% - 4 chia hét cho 31

Bai 8 : Chung minh rang : 2222 + 5555%% chia hét cho 7
Giai :

Tac6 2222 +4:7=>2222 =-4 (mod 7) => 2222°°%°

5555 - 4 :7 =>5555 = 4 (mod 7) => 5555%%
= 22225555 + 55552222 = (_ 4 5555 + 42222 (mod 7)
Ma 42222 - (_4)2222 = (_ 4)5555 + 42222 - (_4)2222 43333 + 42222

- (:_34)2222. 43333 _ (_ 4)32222 - (_4)2222(433333 _ 1) = (43) _ 1(m0d 7) (1)

Talaico:4°=1(mod 7)=>4°-1=63:7 =>4°-1=0(mod 7) (2)

Nén (-4)%P+ 4222 =0 (mod 7)
Tir (1) va (2) => 2222°°> + 5555 chia hét cho 7.

(- 4)>*(mod 7)
4% (mod 7)

Bai 9 : Tim du trong phép chia 5 + 7°° cho 12
Giai :
Tac6 5= 1(mod 12) => (59)®* = 1 (mod 12) hay 5° = 1(mod 12) (1)
7°= 2 (mod 12) => (79 = 1(mod 12) hay 7°° = 1(mod 12) (2)
Tir (1) va (2) => 5" + 7°° chia cho 12 dur 2.

Bai 10 : Tim s du cta A = 776" + 777”77 + 7787"® khi chia cho 3 va khi chia cho 5?
Giai :
+Taco 776 =- 1(mod 3) => 776""® = -1(mod 3) => 776"® =1 (mod 3)
777 =0 (mod 3) =>777""" = 0 (mod 3)
778 = 1 (mod 3) => 778""®= 1 (mod 3)
=> 776" + 777""" + 778""® khi chia cho 3 du 2.
+Tac6 776 = 1(mod5) =>776"°= 1 (mod 5)
777=-3(mod 5) => 777" =-3""" (mod 5)
778= 3 (mod5) => 778" = 3% (mod 5)
=> 776"+ 777"+ 778" =1 - 3""" + 3" (mod 5)
Hay 776" + 777" + 778" =1 + 3.3""" - 3" (mod 5)
776"+ 777" + 778" =1 + 3""/(3 - 1) (mod 5)
776" + 777" + 778" =1 + 2.3
Ma 3% =- 1(mod 3) => (39)**®.3 =3 (mod 5)
Vay A=776"°+ 777"+ 778"%= 1+ 2.3 = 2 (mod 5)
Vay A chia cho 5 du 2.
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Bai 11 : Tim sb du cua A = 329% + 429 Kkhi chia cho 11 va khi chia cho 13 ?

Giai
+Tacé:3°=1 (mod 11) => (3°)** = 1 (mod 11)
Va  4°=1(mod 11)=> (4" = 1 (mod 11)

=> A =3%% 4+ 4% = 2 (mod 11)

=> A chia cho 11 duw 2

+Taco: 33 =1 (mod 13) => (3*)*®. 3= 1.3 (mod 13) => 3?°® = 3 (mod 13)
Va  4°=-1(mod 13) =>(4%)°® 4= 1.4 (mod 13) => 4% =4 (mod 13)

=> A = 39% + 49% =7 (mod 13)

=> A chia cho 13 duw 7 .

Bai 12 : Gia st m la s6 nguy@n duong. Ching minh rang : Néu ac; = ac, (mod m) va (a,
m) =1 thi ¢, = ¢, (mod m)
Gidi :
Tacl :ac; =ac, (mod m) =>m\ ac; - ac, => m\a(c; - C,)
Vi(@ m)=1=>m\c;-c, =>cy=c, (mod m)
Bai 13 :
Chuang minh riang : Néu p 1a mot s nguyén té va khdng 1a wdc cia s6 nguyén a thi
a” '=1 (mod p)
Gidi :
Xét diy s6 1; 2; 3; ... ; p - 1. Tat ca cac s nay doi mot khong dong du véi nhau theo
modun p. Do d6 cac s a, 2a, 3a, ... ; (p - 1)a ciing d6i mot khéng dong du véi nhau rtheo
médun p. Boi vi nguoc lai néu ¢ ra = ra (mod p) ma (a, p) = 1 => r; = r, (Mod p) - Vi
Iy, I 1 hai sb ndo do ciaday s6 1,2, 3,...,p-1(vd )
Hon nita mdi mot sé cua day a, 2a, 3a, ..., (p - 1)a dong du véi dung mot trong céc s6 1,
2,3,...,p-1theo moédun p
=>a.2a.3a. ... .(p- 1)a=1.2.3. ... (p - 1) (mod p) hay (p - 1)!a" * = (p - 1)! (mod p).
Vip, (p-1)N=1=>a"""'=1 (modp)
Bai 14 : Chirng minh rang : Néu ¢ 1a s6 nguyén duong : a=b (mod m) => ac = bc (mod
c.m)
Giai :
a=b (mod m)=>a-b=m.qg=>ac-bc=mc.qg=>ac = bc (mod c.m)
*Pinh 1y nho Fermat : Gid st p 13 S6 nguy@n t6 bit ky, khi dé vdi moi sé tw nhién n ta co
n® - n chia hét cho p.
Giai :
Taco n’-n=n(n" *-1)
Néu n chia hét cho p => dinh ly duogc ching minh.
Néu n khéng chia hét cho p thi (n, p) = 1, nén n° =1 (mod p)
=>(n?"*- 1) chia hét cho p.

Bai 15 :



Ban Thang hoc sinh I6p 6A d3 viét mot sé ¢6 hai chir s6 ma tong cac chix s6 cua nd
la 14. Ban Thiang dem sé d6 chia cho 8 thi duoc sé du 1a 4, nhung khi chia cho 12 thi
duoc s6 du 1a 3.

a)Chimg minh rang ban Thang d 1am sai it nhat mot phép tinh chia.

b)Néu phép chia tht nhat cho 8 1a dung thi phép chia thtr hai cho 12 ¢6 6 du 1a bao
nhiéu ? Hay Tim sé bi chia.

Gidi :
a)Goisddolan=ab
Vinchiacho8du4,nénn=8p+4
Vanchiacho 12 du 3, nénn=12q + 3
=>8p + 4 =12q + 3 (Ma 8p + 4 1a s6 chin, con 12q + 3 14 s6 1¢). Do vay ban Thing da
lam sai mot phép chia.
b)Via+b=14=>ab=2 (mod 3) =>4ab =8 (mod 12) (1)
Néu ab = 0 (mod 4) => 3ab = 0 (mod 12) (2)
Tur (1) va (2) => ab =8 (mod 12) => n chia cho 12 du 8
Don=8p+4laséchinman=ab=>b e{0; 2; 4; 6; 8}
Néu b=0=>a=14 (loai- vialasbcé mot chir s6 khac 0)

b=2=>a=12 (loai)

b =4=>a =10 (loai)

b=6=>a=8

b=8=>a=6
=> S6 can tim 1a 86 hoic 68 => Sé bi chia 12 68.

Dang 2 : Tim chir s6 tan clng cta mot s6
a)Tim mot chit s tdn clng cua a”
-Néu a c6 chir s6 tan cing 14 0; 1; 5 hozc 6 thi a" 1an lugt c6 chix s6 tan cing lan luot 12 0;
1; 5 hoac 6.
-Néu a c6 chir s6 tan cing 1a 2, 3 hoic 7, ta van dung nhan xét sau voik € Z
2% =6 (mod 10)
3* =1 (mod 10)
7* =1 (mod 10)
Do d6 dé tim chi s6 tan cling cua a” véi a ¢d chix s6 tan cung 1a 2; 3; 7 ta lay n chia
cho4.Giasen=4k+rvoir e {0; 1;2; 3}
Néua=2(mod 10) thi a"=2"=2%""=¢2" (mod 10)
Néu a= 3 (mod 10) hoac a=7 (mod 10) thia"=a"""=a' (mod 10)
Vidu 1 : Tim chit s6 cudi cling cua cac s6
a) 620%9 b) 9208 ) 32008 d) 22008
Giai :
a) 6°°%° ¢ chir sé tan cung la 6 (vi 6 khi nang 1én luy thira véi sé mi tu nhién khac 0 van

bang chinh s 6)
b 92008 - 92)1004 811004

.lcochirsotancinglal
919 = 9190 9 = (9%)*° 9 = 81%%.9 = (...1).9= ... 9 c6 chir s tan cling 12 9
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Nhan xét : Sb 6 chir sb tan cing 1a 9 khi nang Ién Iuy thira véi s6 mi tu nhién chan khéac
0 nao thi chir sb tan cing 1a 1, khi nang 1&n lu§ thira v6i sé mii ty nhién Ié thi c6 s tan
cung la 9.
c) 3799 = (3%)°2.3 =813 = (... 1).3 = ... 3 ¢6 chir sb tan cung la 3.
d) 22099 = 228 2 = (2902 2 = 16922 = (... 6).2 = ... 2 c6 chir 6 tan cung 14 2
Vidu 2 : Tim chit s tan cing ctia cac s6 sau :
a) 4%, b) 3% ¢)8"*1 (n e N) d) 14% + 23 + 707
Giai :
Q) 40 =4 = (4" =16 = ...6 cochirsd tancung 1a 6
42 =421 = (490 4 =16".4 = (...6).4 = ... 4 c6 chir 56 tan cing 13 4
Nhdn xét : S6 nao c6 sd tan ciing 1a 4 thi khi nang 18n luy thira v6i s mit tu nhién
chin thi c6 sb tan cing 1a 6, khi nang 1&n véi sé6 mii ty nhién Ié c6 s6 tan cing 1a 4)
b) 3% =3"23=(3%)13=9"23=(...9).3=... 7co chirs6 tan cling 12 7
c) 8" rt=g"g=(2°)"8=2"8=(2*"8=16>.8=(...6).8 = .... 8 cd chir s6 tan cling
a8
d) 142 =14%214=(...6).14= ... 4
232 =23%23=(23)"23 =(...9).23=...7
70%=..0
Vay : 142+ 232 +70%=...4+ ... 7+...0=...1cochirsdtancung la 1
b)Tim hai s6 tan clng cia sb a" :
Ta c6 nhan xét sau :
2% =76 (mod 100)
3%=01 (mod 100)
6° =76 (mod 100)
7* =01 (mod 100)
Ma 76" =76 (mod 100) véin> 1
5"=25 (mod 100) véin>2
SUX ra két qua sau voi k 1a sé tu nhién khac 0.
a’% = 00 (mod 100) néu a = 0 (mod 10)
2% =01 (mod 100) néua=1; 3; 7; 9 (mod 10)
a’% =25 (mod 100) néu a =5 (mod 10)
a’% =76 (mod 100 néu a =2; 4; 6; 8 (mod 10)
Vay dé tim hai chir sé tan cling cua a”, ta ldy sé mii n chia cho 20
Bai 1 : Tim hai chir s6 tan ciing cuia 2%
Giai :
Tac6 : 2% = 76 (mod 100) => 22°% = 76 (mod 100)
Do do : 2299 = 2% (220190 = g (22%)!%0 = (  76).8 = ...08
Vay 2% ¢6 hai chit s6 tan cuing 1a 08.

r 99
Bai 2 : Tim hai chit sé tan ciing cia B= 7°
Giai :






