BAI TAP CO BAN VA NANG CAO: SO CHINH PHUONG

I- PINH NGHIA: S6 chinh phuong 1a sd bang binh phuong dung ctia mot sé nguyén.

I1- TINH CHAT:

1- S6 chinh phuong chi cé thé c6 chir sb tan cung bﬁng 0,1,4,5,6,9; khong thé c6 chir
tan cung bﬁng 2,3,7,8.

2- Khi phan tich ra thira s6 nguyén tb, s6 chinh phuong chi chira cac thira s6 nguyén to voi
s6 mii chin.

3- S chinh phuong chi c6 thé c6 mot trong hai dang 4n hodc 4n+1. Khong c6 s6 chinh
phuong nao c6 dang 4n + 2 hoac 4n + 3 (n € N).

4- S chinh phuong chi ¢ thé c6 mot trong hai dang 3n hodc 3n +1. Khéng c6 sd chinh
phuong nao c6 dang 3n+2(n € N).

5- S6 chinh phuong tan cing bang 1, 4 hodc 9 thi chit s6 hang chuc 1a chit s6 chan.

S6 chinh phuong tan cing bang 5 thi chit s6 hang chyc 14 2.

S6 chinh phuong tan cing béng 6 thi chir s6 hang chuc 13 chit s6 1é.

6- S6 chinh phuong chia hét cho 2 thi chia hét cho 4.

S6 chinh phuwong chia hét cho 3 thi chia hét cho 9

S6 chinh phuong chia hét cho 5 thi chia hét cho 25

S6 chinh phuong chia hét cho 8 thi chia hét cho 16.
111- MOT SO DANG BAI TAP VE SO CHINH PHUONG.
A- Dang I: CHUNG MINH MOT SO LA SO CHINH PHUONG.

Bai 1: Chitng minh rang moi sé nguyén x, y thi:
A= (X + Y)(X + 2y)(x + 3y)(x + 4y) + y* 1a s6 chinh phuong.
Gidi : Taco A= (X+Yy)(x + 2y)(x + 3y)(x + 4y) + y*

= (X* +5xy +4y*)(x* +5xy +6y?) + y*

Pat x> +5xy+5y*=t (teZ) thi

A= (t—y)(t+y)+y* =t? —y*+y* =t = (X* +5xy +5y°)?
Vi x,y,z€ Znén x*eZ, 5xyeZ, 5y°eZ =x*+5xy+5y°eZ
Vay A 1a sé chinh phuong.
Bai 2: Ching minh tich cta 4 s ty nhién lién tiép cong 1 ludn 13 sb chinh phuwong.
Gidi : Goi 4 s6 ty nhién, lién tiép d6 la n, n+1, n+2, n+3 (n e Z). Ta co:
nn+1)(n+2)(n+3)+1=n.(n+3)(n+1)(n+2)+1

= (N +3n)(N°+3n+2)+1 (*)

DPat n?+3n=t (teN) thi (*) =t(t+2)+1=t2+2t+1=(t+1)?



= (n?+3n + 1)
Vine Nnénn?+3n+1eN. Vayn(n+ 1)(n+ 2)(+ 3) + 1 12 s6 chinh phuong.

Bai3: ChoS=123+234+345+ . +kk+1)(k+2)
Chung minh rang 4S + 1 1a s6 chinh phuong.

Gidi © Ta co: k(k+ 1)(k +2) = % K (k+1)(k +2). 4= % k(K + 1)K +2). [(k+3)— (k-D)]

- %k(k + 1)k +2)(k +3) - % k(k + 1)(k + 2)(k - 1)

=>45=1.234-0123+2345-1234+...+k(k+1)(k+2)(k+3)
-k(k+1)(k+2)(k-1) =k(k + )(k+ 2)(k + 3)

=>4S+1=k(k+1(k+2)(k+3)+1

Theo két qua bai 2 => k(k + 1)(k + 2)(k + 3) + 1 14 s6 chinh phuong.

Bai 4: Cho day s6 49; 4489; 444889; 44448889; . . .

- Day sb trén duoc xay dung bang cach thém sd 48 vao gitta cac chit sé dimg trude va

dung sau no. Chimg minh rang tat ca cac sb ctia ddy trén déu 1 sb chinh phuong.

Taco44 ..488..89=44..488..8 + 1 = @vj 10"+8.11..1+1

nchirsé 4 n-1chirsé 8 nchir sé4 nchir s68 n chiv s6 4 n chiv s6 1

10" -1 10" -1

= 10" +8. +1
4 9

410" -4.10"+8.10"-8+9 4.10" +4.10" +1
9 - 9

(210" 41)
BE

Ta thay 2.10" + 1 = 200...0] c6 tong cac chit s6 chia hét cho 3 nén né chia hét cho 3
H_J

n- 1 chiisé 0

(2.10n +1
=>

2
3 j e Z hay céac s6 c6 dang 44 ... 488 ... 89 1a s6 chinh phuong.

Cac bai tuwong tu:

Chtrng minh rang s sau day 13 s6 chinh phuong.
A=11..1+44..4+1
H_J H_J

2n chii sé 1 n chii s6 4

B=11..1+11...1+66...6+8

2nchirsé 1 n+lchirsél nchii s66

C=44...4+22...2+88...8+7



2n chii s6 4 n+lchirsé 2 nchipsé8

D =22499...9100...09

n-2 chir s6 9 n chiv 56 0

E=ll...15&(._5§

nchitsé 1 n-1chiisé 5

n 2 n 2 n 2
Két qua: A= [103+2j ; 82[10 +8j ; C:£2.10 +7j

3 3

D = (15.10" - 3)? E= (10” *2]

3
Bai 5: Chung minh rang tong cac binh phuwong ciia 5 s6 ty nhién lién tiép khong thé 1a
mot s6 chinh phuong.
Goi 5 s6 ty nhién lién tiép @6 lan-2,n-1,n+1,n+2(n e N, n >2).
Taco(n-2)2+(n-12+n+(n+1)?+(n+2)%?=5.(n*+2)
Vi n? khong thé tan cing bai 3 hoic 8 do d6 n? + 2 khong thé chia hét cho 5
=> 5. (n? + 2) khong 1a s6 chinh phuwong hay A khong 1a s6 chinh phuong.
Bai 6: Chiing minh rang s6 c6 dang n® - n* + 2n° + 2n? trong 46 n e N va n >1
khong phai 14 s6 chinh phuong.
n®-n4+2n*+2n?>=n2 (n*-n?+ 2n +2) = n?. [n?(n-1)(n+1) +2(n+1)]
=n?[(n+1)(n°-n*+2)] =n*(n + 1) . [(n° + 1) - (n* - 1)]
=n’(n+1)?.(n*-2n+2)

VéineN,n>1thin?-2n+2=(n-1)?+1>(n- 1)
Van?-2n+2=n%-2(n-1)<n?
Vay (n - 1)2<n?-2n+2 < n?=>n?-2n + 2 khong phai 1a mot s6 chinh phuong.
Bai 7: Cho 5 s6 chinh phuong bat ky c6 chir s hang chuc khac nhau con chir s6 hang don
vi déu 14 6. Chtirng minh rang tong cac chit s6 hang chuc ctia 5 s chinh phuong d6 13 mot
s6 chinh phuong.
Ta biét mot s6 chinh phuong c6 chit s6 hang don vi 13 6 thi chit s6 hang chuc ctia né 1a s6
1é. Vi vay chit s6 hang chuc cta 5 sb chinh phuong d6 1a 1,3,5,7,9 khi d6 tong cua chung
bang 1 +3 + 5+ 7+ 9=25=152 156 chinh phuong.
Bai 8: Ching minh rang tong binh phuong cua 2 s6 1¢ bat ky khong phai 1a s6 chinh
phuong.
avablénén a=2k+1, b=2m+ 1 (Vdik, m € N).
=>a?+b?=(2k+1)2+(2m+1)2=4k*+4k+1+4m?>+4m+1

=4 (k2+k+m?+m)+2

=> a? + b? khong thé 14 s6 chinh phuong.

Bai 9: Chimg minh rang néu p 14 tich cia n (voi n > 1) s6 nguyén té dau tién



thi p- 1 vap+ 1 khong thé 1a cac s6 chinh phuong.
Vi p 14 tich cua n sb nguyén t6 dau tién nén p32 va p khong thé chia hét cho 4 (1)
a- Gia str p + 1 1a s6 chinh phwong. Patp + 1 =m?(m e N).
Vipchinnénp+ 118 =m?1¢ =>m1lé.
Pitm=2k+1 (ke N). Taco m>=4k?+4k+1=>p+1=4k?*+4k+1
=>p =4k? + 4k = 4k (k + 1) } 4 mau thuan véi (1).
=>p + 1 khong phai 14 s6 chinh phuong.
b- p=2.3.5... 1a s6 chia hét cho 3 =>p - 1 ¢6 dang 3k + 2.
=>p - 1 khong 14 s6 chinh phuong.
Vay néu p 1a tich n (n >1) sb nguyén t6 dau tién thi p - 1 va p + 1 khong 1a sé chinh
phuong.
Bai10: GiasuN=1.3.5.7...2007.2011
Chtng minh rang trong 3 s6 nguyén lién tiép 2N - 1, 2N va 2N + 1 khong c6 sd nao 1a s6
chinh phuong.
a-2N-1=21357...2011-1
Co2N:i3=>2N-1=3k+2(k e N)
=> 2N - 1 khong 1a s6 chinh phuong.
b-2N=2.1.3.5.7...2011 =>2N chén.
=> N 1é¢ => N khong chia hét cho 2 va 2N : 2 nhung 2N khong chia hét cho 4.
2N chén nén 2N khong chia cho 4 du 1 hodc du 3 => 2N khong 14 s6 chinh phuong.
c-2N+1=21357...2011+1
2N + 1 1é nén 2N + 1 khong chia hét cho 4
2N khong chia hét cho 4 nén 2N + 1 khong chia cho 4 du 1.
=> 2N + 1 khong 14 s6 chinh phuong.
Baill: Choa=11...1; b =100...05
2010 chir so 1 2009 chir so 0

Chung minh vab+1 1a sb tu nhién.

Gidgi: b=100...05=100...0-1+6=99...9+6=9a+6

2009 chir 56 0 2010 chit 56 0 2010 chi s6 9
—ab+1=a@a+6)+1=9a%+6a+1=(3a+1)
= Jab+1=,/(3a+1)? =3a+1eN

B. DANG 2: TIM GIA TRI CUA BIEN DE BIEU THUC LA SO CHiINH PHUONG
Bai 1: Tim sb ty nhién n sao cho cac sb sau 1a s6 chinh phuong

a)n’>+2n+12 b) n(n + 3)
c) 13n + 3 d) n?+n + 1589
Giai:



a) Vi n? + 2n + 12 14 s6 chinh phuong nén datn®+ 2n + 12 =k?(k e N)
= (NP+2n+1)+11=kK <k®-(n+1)?=11 < (k+n+1)(k-n-1)=11
Nhén xét thdy k + n+ 1 >k - n - 1 va chang la nhimg s6 nguyén duong, nén ta co thé viét (k +
+1)(k-n-1)=111 < k+r{+1=ll =S k=%
k-n-1=1 n=4

b)ditn(n+3)=a?(ne N) = n*+3n=2a’ < 4n?+ 12n = 4a?

< (4n% +12n +9) — 9 = 4a?

o (2n+3)2-4a2=9

<((2n+3+23)(2n+3-2a)=9
Nhén xét thdy 2n + 3 + 2a > 2n + 3 — 2a va chung 14 nhiing s6 nguyén duong, nén ta cé thé viét
(2n+3+2a)(2n+3-2a)=9.1 SN 2n+%+2a=9 SN n=%

2n+3-2a=1 a=2
c)DPit13n+3=y2(y € N) = 13(n-1)=y?- 16
<13(n-1)=(y+4(y-4)
—(y+4)(y—-4):13mal13lasdnguyéntonény+4: 13 hoicy—4: 13
=y =13k + 4 (voik € N)
= 13(n-1) = (13k + 4)> - 16 = 13k.(13k + 8)
=13k?*+ 8k + 1
Vayn=13k? + 8k + 1 (v6i k e N) thi 13n + 3 13 s6 chinh phuong
d)Pitn?+n+1589=m?>(me N) = (4n?+ 1)? + 6355 = 4m?
s(@2m+2n+1) (2m—2n-1) = 6355

Nhan xét thdy 2m + 2n + 1 > 2m — 2n — 1 > 0 va chiing 1a nhing s6 1&, nén ta co thé viét (2m-
2n +1) (2m—2n-1) =6355.1 =1271.5 = 205.31 = 155.41
Suy ra n c¢6 thé c6 cac gia tri sau : 1588 ; 316 ; 43 ; 28
Bai tuong tu :

Tim a dé céc s sau 1 nhimg s6 chinh phuong
a) a’+a+43
b) a?+81
c) a’+3la+1984
Két qua: a)  2;42;13
b) 0;12;40
c)12;33;48;97 ;176 ;332 ;565 ;1728
Bai 2 : Tim s6 ty nhién n > 1 sao cho tong 1! + 2! + 3! + ... + n! 1a mdt s6 chinh phuong.
Véin=1thi 1! =1 =121a s chinh phuong
Véin=2thi 1! + 2! = 3 khéng 1 s6 chinh phuong
Véin=3thi 11 +2!1+3!1=1+1.2+1.2.3=9=2331a s chinh phuong



Véin>4taco 1! +21+31+41=1+12+123+1234=33¢con5!;6!;...;n! déutin
cing boi 0 do d6 1! + 2! + 3! + ... n! ¢6 tan cing boi chit s6 3 nén né khong phai 1a sb
chinh phuong.
Vay c6 2 s6 tu nhién n thoa man dé bailan=1;n=3
Bai 3: C6 hay khong sd tu nhién n dé 2010 + n? 1a sb chinh phuong.
Gia sir 2010 + n? 1a s6 chinh phuong thi 2010 +n? = m? (me N)
T d6 suy ra m? - n?= 2010 < (m + n) (m—n) = 2010
Nhu vy trong 2 sé m va n phai c6 it nhat 1 s chin (1)
Mitkhacm+n+m—n=2m = 2 sé m+n va m— n cing tinh chin 1¢ (2)
T (1) va (2) = m+nvam—n 1a 2 s6 chan.
— (M +n) (M—-n) : 4 nhung 2006 khéng chia hét cho 4
— Piéu gia sir sai.

Vay khong ton tai s6 ty nhién n dé 2006 + n? 1a s6 chinh phuong.

Bai 4: Biét xe N va x > 2. Tim x sao cho x(x—1).x(x—1) = (x— 2)xx(x —1)

Piang thirc di cho dugc viét lai nhu sau: mz = (Xx—2)xx(x-1)

Do vé trai 1a mot sé chinh phuong nén vé phai ciing 12 mot sé chinh phuong.

Mot sb chinh phuong chi co thé tan cung bdi mot trong cac chit $6 0; 1; 4; 5; 6; 9 nén x chi

c6 thé tan cing boi mét trong cac chitsb 1;2;5;6;7;0 (1)

Do x 14 chit s nén x < 9, két hop véi diéu kién dé baitacoxe N va2<x <9 (2)

Tir (1) va (2) = x chi c6 thé nhan mot trong céc gia tri 5; 6; 7

Bang phép thir ta thdy chi ¢6 x = 7 thoa man dé bai, khi d6 762 = 5776

Bai 5: Tim s tu nhién n c6 2 chit s6 biét rang 2n + 1 va 3n + 1 déu 1a cac sb chinh

phuong.

Taco 10 <n<99nén2l < 2n+1 < 199. Tim s6 chinh phuong 1¢ trong khoang trén ta duoc

2n+ 1 bang 25; 49; 81; 121; 169 twong tng véi sd n bang 12; 24; 40; 60; 84

S6 3n+ 1 bang 37; 73; 121; 181; 253. Chi c¢6 121 1a s6 chinh phuong.

Vay n=40

Bai 6: Chimng minh rang néu n 14 s6 ty nhién sao cho n + 1 va 2n + 1 déu la cac s6 chinh

phuong thi n 13 boi s6 ctia 24

Vin+1va2n+ 11acéac s chinh phuongnéndatn+1=k% 2n+1=m?(k,m e N)

Tacomlasdlé > m=2a+1=m’=4a@a+1)+1

m? -1 4a(a+l)
2 2

—>nchin=>n+118 => k¢ = ditk=2b+1 (vé6ibeN) = k® =4b(b+1) + 1

= n=4b(b+1) = n:8 (1)

Ta co: k2 + m?=3n+ 2 = 2 (mod3)

Ma n=

=2a(a+1)



Mt khac k? chia cho 3 du 0 hodc 1, m? chia cho 3 du 0 hodc 1
Nén dé k? + m?= 2 (mod3) thi k% = 1 (mod3)

m? = 1 (mod3)
= m?-k? 3hay(2n+1)-(n+1):3=n:3 (2)
Ma8:3)=1  (3)
Tt (1), (2), 3) = n : 24
Bai 7: Tim tit ca cac s tu nhién n sao cho sb 28 + 211 + 2" 3 s6 chinh phuong
Gia st 28 + 211 + 2" =a% (a € N) thi
2"=a% - 482 = (a+48) (a—48)
2P.29=(a+48)(a—48)voip,qe N;ptq=nvap>q
= {a+48:2p = 2P29=96 <29 (2P9-1)=2°3

a—48 =24
= q=5vap-Qq=2=p=7
=>n=5+7=12

Thr lai ta c6: 28 + 21 + 2" = 802

C.DANG 3 : TIM SO CHINH PHUONG

Bai 1 : Cho A 1a s6 chinh phuong gdm 4 chit s6. Néu ta thém vao mdi chir s6 cia A mot
don vi thi ta dugc s6 chinh phuong B. Hay tim cac sd A va B.

Goi A = abcd =k?. Néu thém vao moi chir sO cia A mdt don vi thi ta co soO

B=(@+)b+)c+Yd+D=m*> voik,me Nva32<k<m<100
a,b,cd=19
— Tacod: (A= abcd =k?
{B = abcd +1111=m?. Dlng khi cong khong c6 nhé
= m?-k?=1111 & (m-k)(m+k)=1111 *)
Nhan xét thay tich (m — k)(m + k) > 0 nén m —k va m + k 1 2 s6 nguyén duong.
Vam—k<m+k <200 nén (*) c6 thé viét (m — k) (m + k) = 11.101
Do d6: m-k=11 < (m=56 < (A=2025
{m+k=101 JLn=45 JLB=3136
Bai 2: Tim mot sd chinh phuong gém 4 chir sb biét rang s6 gom 2 chir s6 dau 16n hon sd
gém 2 chit s6 sau méot don vi.
Pit abcd =k? tacd ab—cd =1 vak e N, 32 < k< 100
Suyra:10lcd =k?—100=(k - 10)(k + 10) = k+ 10 : 101 hodc k — 10 : 101
Ma (k—10;101)=1 = k+10: 101
Vi32 <k<100nén42 <k+10<110 = k+10=101 = k=091
— abcd =912 = 8281



Bai 3: Tim s chinh phuong 6 4 chir s6 biét rang 2 chir s6 dau gidng nhau, 2 chit s6 cudi
gidng nhau.

Goi sb chinh phuong phai tim 1a: aabb =nvdia,be N,1<a<9;0<b<9

Ta co: n? = aabb = 11. a0b = 11.(100a + b) =11.(9%a+a+hb) (1)

Nhan xét thdy aabb : 11 = a+b: 11
Mal<a<90<b<9nénl<a+b<18=a+b=11

Thay a+b =11 vao (1) duoc n? = 112(9a + 1) do d6 9a + 1 13 s6 chinh phuong

Bang phép thir véi a = 1; 2;...; 9 ta thay chi c6 a=7 thoa man = b =4

S6 can tim 1a: 7744

Bai 4: Tim mot s6 ¢ 4 chit s6 vira 1a s6 chinh phuong vira 1a mot lap phuong.

Goi s chinh phuong d6 13 abed . Vi abed vira 14 s6 chinh phuong vira 1a mot 1ap phuong
nén dit abed = x2=y3véix,y e N

Vi y® = x? nén y ciing 1a mot s6 chinh phuong.

Tac6 : 1000 < abecd < 9999 = 10 < y < 21 va y chinh phuong

— Yy =16 = abcd = 4096

Bai 5 : Tim mot s6 chinh phuong gdm 4 chit s6 sao cho chir s6 cudi 1a sé nguyén td, cin
béc hai cua sd d6 c6 tong cac chit s6 1a mot s6 chinh phuong.

Goi sd phai tim 14 abcd voia, b, c,dnguyénval <a<9:0<b,c,d<9

abed chinh phuong = d €{0,1,4,5,6,9}

dnguyéntd = d =5

Dit abed = k? < 10000 = 32 < k< 100

k 1a mot s ¢6 hai chir s6 ma k? ¢ tin cung bang 5 = k tin cung bing 5

Tong céc chir s6 cua k 1a mot sé chinh phuong = k = 45

= abed = 2025

Vay s6 phai tim 1a: 2025

Bai 6: Tim s tu nhién c6 hai chit s6 biét rang hiéu cic binh phuong ctia s6 d6 va viét s6
b& hai chit sb cua sb do nhung theo thtr tu nguoc lai 12 mot s6 chinh phuong

Goi s ty nhién c6 hai chit sdphai tim1a ab (a,b e N, 1 <a,b < 9)

S6 viét theo thir tu nguoc lai ba

Tacod ab?- ba?=(10a+b)?>— (10b+a)>=99 (a>—b?) : 11 = a®>—b?: 11

Hay (a-b) (a+b): 11

Vio<a-b<82<a+b<l18néna+b:11 = a+b=11

Khi do: ab? - ba?=32.112. (a—b)

Pé ab?- ba?la s6 chinh phuong thi a — b phai 13 s6 chinh phuong do @6 a—b =1 hoic a
—b=4



Néua-b=1kéthopvoia+tb=11 =>a=6,b=5, ab=65

Khi d6 652 — 56% = 1089 = 332

Néua—b=4kéthopvsia+b=11 = a="7,5loai

Vay s6 phai tim 1a 65

Bai 7: Cho mot sb chinh phuong c6 4 chit s6. Néu thém 3 vao mdi chir sé d6 ta ciing duoc
mot s6 chinh phuong. Tim s6 chinh phuong ban dau.

(Két qua: 1156)

Bai 8: Tim s6 ¢6 2 chit s6 ma binh phuong cta s6 ay bang 14p phuong cta tong cac chit s6
cua no.

Goi sd phai tim 14 ab véia,be N,1<a<9;0<b<9

Theo gia thiét ta c6: ab = (a + b)?

< (10a +b)? = (a+ b)®

— ab 1a mot 1ap phuong va a + b 1a mot sé chinh phuong

Pitab =t3(te N),a+b=12(1 ¢ N)

Vil0 < ab <99 = ab =27 hodc ab =64

Néu ab = 27 = a+ b =9 14 s6 chinh phuong

Néu ab =64 = a+b =10 khong la s6 chinh phuong = loai

Vay so can tim 13 ab =27

Bai 9 : Tim 3 sd 1é lién tiép ma tong binh phuong 1a mdt s6 c¢6 4 chit s6 gidng nhau.
Goi3sdlélientiépddla2n- 1;2n+1;2n+3(ne N)
Tacé:A=(2n—-1)2+(2n+1)>+ (2n +3)>=12n+ 12n + 11

Theo d¢ bai ta dat 12n®+ 12n + 11 = aaaa = 1111 .avéialéval <a<9

= 12n(n +1) =11(101a-1)

= 10la-1:3=2a-1:3

Vil<a<9nénl <2a-1<17val2a—11énén2a—1 {3915}

= ae{2;5,8}

Vialé = a=5=>n=21

3 80 can tim 1a: 41; 43; 45

Bai 10 : Tim s ¢6 2 chir s6 sao cho tich cua s6 d6 véi tong cac chit sd cia nd bang tong
1ap phuong céc chit s6 cua sb do.

ab (a+b)=a’+bd

< 10a+b=a?-ab+b?>=(a+b)>-3ab

< 3a@B+h)=(@+b)(a+b-1)

a+bvaa+b-1nguyén td cing nhau do d6



{a+b=3a hoac
atb-1=3+D
= a=4,b=8 hoac

Vay ab =48 hoidc ab = 37

{a+b—1=3a
a+h=3+Db
a=3,b=7
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