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ON THI BAT DANG THUC THPT
CHUYEN NAM HOC 2020-2021

Cac thanh vien VMF

Ngay 9 thang 2 nam 2021

Tém tat noi dung
File nay chi téng hop cac bai viét trong TOPIC ON THI BAT DANG THUC
THPT CHUYEN NAM HOQC 2020-2021 ctia DIEN DAN TOAN HOC va IATEX lai céc
10i gidi cho dep mat hon. Ngoai ra minh khong thém bét bat ky thit gi khac.

Baitodn 1. Chox >y >z, a+y+z2=0va2®>+y*+22=6
a) Tinh S = (xz—y)*+(z—y)(y —2) + (y — 2)°

b) Tim gid tri lon nhat cia P = |(z —y)(y — 2)(z — 2)|

Bai toan 2. Cho a,b,c la ba s6 duong théa man ab + bc + ca = 3abc. Chiing minh:

a b c 3

+ - <
a2+bc b 4+ca cA+ab T 2

CHUNG MINH (1).
Ta c6

(a+b)>.

—~
IS
[\
_|_
=
NS
VRS
—_
_|_
|
N———
Y,

T do suy ra:

b b
a c ac + ab
< - 7 _ ____Cc _ i
Za2+bc—z (a+b)2 Z(a+b)2 Zc(a+b)2
ac + ab ac+ab 2> ab 3
<> Vo > = =

(V2ab)?

dabe  dabe 2

CHUNG MINH (2).
Tt gid thiét suy ra

1
> =3

Ap dung bat ding thic AM-GM, ta c6

a 1 3
VTS i S 2223

Xayrakhia=b=c=1
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Bai toan 3. Cho a,b,c la cdc 56 thuc duong théa man a + b+ ¢ = 3.Chiing minh rang:

A=4a®>+ b +) —(a®+b° +c*) > 9

CHUNG MINH (1).
Gidsta>b>c.

Theo UCT dé dang tim ra duge bat déng thitc phu sau

4a* —a*>3+5(a—1) < (a—1)*(2—a) >0

Ta qui vé chting minh

d(a—1’2-a)>0& > (3a—3)(2—a) >0
©R2a-b—c2-a)>0¢ ) (12-4a—-b—c)(a—b)(a—c)>0
Ma a > b > ¢ nén

12—4c—a—-b>12—-4b—-—a—c>12—4a—-b—c¢

Lai ¢c6
12—4a—b—c=B—-a—-b—0c)+(9—3a) >0

Vay theo dinh Iy 1 ctia bat dang thitc Vornicu-Schur thi bai todn da duge chiing minh.H

CHUNG MINH (2).
— 4@+ +A)(a+b+c)—3(a®+ b+ ) >27
—>a3+b3—|—c3+24ab(a+b) > (a+b+c)
o Z ab(a + b) > 6abc
(dang theo AM — GM) |

Bai todn 4. Cho z,y,z la cdc so thuc khong am théa man x2 + y* + 22 + xyz = 4. Tim
gid tri lon nhat va nhé nhat clia biéu thic

P=z+y+=z
JAN

CHUNG MINH.
Tim Max:
CHUNG MINH (1).
Khong mat tinh téng quat, gia st x, y ciing phia véi 1.
Khi do ta co:

(x—1)y—-1)>0cay>c+y—1 (1)

Theo bat déng thiic AM - GM ta cé:

4=a?+ 9>+ 22+ ayz > 20y + 2° + 2y

2
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= 4 — 2% > 2zy + 2zy2
& (2-2)2+2) 22y(2+2)
S2—z>ay (2)
T (1), (2) suy ra

2—z>x+y—1<P=x+y+2z<3.
Déang thiic xay ra khi va chi khiz =y = 2 = 1.

—

N

CHUNG MINH (2). %

batt =+v2 —=z.

' Z

Khi d6 ta co <§

P oy =2t 420 Fat? o a(yr — ) =267 — (yP 4 22). -

Ta co %
r+2%t=2+2V/2-2<3& (z—-1)72>0,

Ju—

(luon dang). E

Ta di chiing minh y + z < 2¢. O

o Néuyz—t>=0thi 2t — (> +2%)=0. Tu d6 t = y = 2 hay y + 2 = 2t. N

e Xét truong hop ngugc lai. E

oo 2t% — (y* + 2?) 482 — (y + 2)* CZ;

r= >r—-2=—"--_-""2>0 <T!

yz — t? yz — t? ~

Mit khac néu yz — t2 > 0 thi 2¢2 — (y2 + 2?) < 0. Dé thay diéu nay khong x4y ra. [

Do d6 yz —t? < 0 nén 4t2 — (y + 2)*> > 0. Do d6 2t > y + 2. T,

Suy ra

B

r+y+z<zx+2t<3.

Déng thitc xay ra khi va chi khi z =y = 2 = 1.
Vay Max P = 3 khi va chi khi x =y = 2= 1. [ |

Tim Min:
Gié st z = min{z,y, z}. Khi d6 z < 1.
Khi d6 ta c6 2zy > 22 4+ xyz nén két hop véi gia thiét ta co

Py y>derty>2=P=x+y+2>2.

Diéng thiic xay ra khi = 2;y = 0; 2 = 0 va cac hoan vi.
Vay:



G1 tthnew

IXTEX b

N

sua va

?

& Chinh

(©DIEN DAN TOAN HOC

Pma,x:gkhlx:yzzz]_

Bai todn 5. Vi x,y la hai s6 thuc duong va xy > 6.
9 4 12
9+ 22 + 4+ 92 = 6+ zy
9 4 1

9+x2+4+y2+§xy

a) Chitng minh rang:

b) Tim gid tri nhé nhat cia biéu thic: T =

Bai todn 6. Cho a,b,c la cdc s6 thuc duong. Chiing minh ring:

A=Va2 + 2+ V2 + 2+ Ve + a2 > V2(a+b+c)

CHUNG MINH (1).

a+b
V2

ﬁzmzzag:mﬁbm

2(a® +b*) > (a+b)?* < Va2 + b2 >

CHUNG MINH (2).
Ap dung bat ding thic Minkowski

> Va2 + 82> \/(a+b+c)2+(a+b+0)2=v2a+b+c)

Bai toan 7. Cho a,b,c la cic s6 thiuc duong théa man a+b+c = 1. Tim gid tri nhé nhat

clia biéu thite:
9 1

- 1 — (ab+ bc + ca) +4abc

P

CHUNG MINH.

9 1 9 1
P = — -
1—ab—bc—ac+4abc 1—ab—bc—ac+z4ab
S 9 . 9 n 9 >§
T~ 2-2(ab+bc+ac) 2—2(ab+bc+ac)  4(ab+bc+ac) — 4
1

Déng thitc xdy rakhia =b=c = 3

Bai todn 8. Cho a,b,c>0:a+b+c> 9, tim gid tri nhé nhat cia biéu thitc:

2 1 9 25
A=24]a2+ =+ S 434/ + 24+ 2
a—|—3—|—5+3 a+b+c
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CHUNG MINH.

Ta co:
(a+b+c)? 81 2(a+b+c) 27
A>2 +3 = + > 24/18Va+b+c > 6V6
- 9 a+b+c 3 Va+b+c ¢ €=
Xong. [ |

Bai toan 9. Cho a,b,c khong am va a + b+ ¢ = 1. Chiing minh rang:

Vha+4+Vhb+4+vVhe+4>7

JAN
CHUNG MINH.
Ta di ching minh: v/ba+4 > a+2 < a(a—1) <0 (ludn ding)
Suy ra:
Z\/5a+4 > Za+6:7
Dang thitc xay ra khi (a,b,c) = (1,0,0) va cic hoan vi. [
p 1 1 1
Bai toan 10. Cho x,y, z la cic so duong thoa man — + — + — = 4. Ching minh:
x Yy oz
1 1 1
+ + <
20 4+y+2 x+2y+z x4+y+ 2z
JAN
CHUNG MINH.
Ta co:
Bt D Drwrsurres
2e+y+2z 16 +x+y+z
1 1 1 1 1 1 1
< — —+—-+—-4-)=- —=1.
16Z< +x+y+z) 4Zx
Hoan tat ching minh. [ |
Bai toan 11. Cho a,b,c la cdc s6 thuc duong bat ky. Ching minh rang
a? N b? N c? 1< —|—b+)+27 (a—b)?
a c -
b+c c+a a+b_2 16 a+b+c
JAN
CHUNG MINH (1).
BDT tuong duong véi:
a b ¢ 3 27(a — b)?
>2 2\ E
brc cta avb-2 " 16(a + b+ c)?

c (a+b+c)a+b+2c) 27(a+c)b+c) 7 27(a+b+2c)?
& + > 5+
a+b (a+c)(b+c) 4(a+ b+ c)? 2 16(a+b+c)?
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Ap dung BDT AM-GM:

> 13 3(a—|—b—|—20).
a+b a+b+c

t2—3+3t>7+3t4
6 — 12 ~—2 16’

3(t —2)%[(t* — 3)(t* + 4t +9) + 4t — 5]
16(6 — t2)

BDT cubi ciing ding do v/3 < t < /6. Déng thtic xay ra chi khi a =b = c. |

> 0.

CHUNG MINH (2).
Néu ¢ # mid{a, b, c} thi (a — b)?> < > (a — b)?, tit day bat dang thiic dua vé ddi xing dé

cyc
dang.
Néu ¢ = mid{a, b, c} :
Do tinh thuan nhat, chuan héa a +b = 1. Dit 2 = ab = 0 < 2 < ¢(1 — ¢). Can chiing
minh

flz) =108 2%+(16¢° +84¢° +12¢ — 83) x+(c+1) (16¢' +8¢® —16* — 19¢ + 16) > 0.

Chia y rang

1 27
16¢' +8¢* —16¢% —19¢+ 16 = (402—1—0—3)2—1—2—8(146— 13)" + 55 >0
e Néu (16¢® + 84 ¢* +12¢ —83) > 0 thi ta c6 diéu phai chiing minh.
e Trong truong hgp ngugce lai ta c6
A, =[4c(16¢* +84¢* +12¢—83) — (de+1) (332¢% + 364 ¢+ 23)] (2¢ — 1) < 0.
Xong. |
18 4 4 12
Bai toan 12. Cho a,b,c > 0;9ab + 18ac + 3bc < = Tim min (— + 7 + —) A
a c
CHUNG MINH.
bat
1 2 3
b (., 2.2 )
(a7 7C> <5x7 5y7 52>
Ta co

18 18zy  18yz  bHdzx 18
9ab + 3bc + 18ca < — & < —& 3zx < 5.
ab + soc + 18ca < 5 95 95 55 =5 Yy +yz +ozx <

4 4 12 20 10 20
P=-t-t—="+—+—.
a b ¢ x Y z
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Ap dung bat ding thic AM - GM ta co:

5=ay 4 yz+ 322 > 59/ zy.yz.(2x)3 = 53/ a4 = 2y2? < 1,

2 1 2 1
P=10|—-+—-+—-) >50¢ > 50.
x oy oz x2yz?

Diéng thiic xay ra khi va chi khi

1 2
x—y—2—1<:>(a,b,c)—< 3).

555
Vay Pam — 50 khi (a,b,¢) = (2,22 m o

a min — 1{a,0,¢) = | =22 |-

o 555 =
Bai toan 13. Cho a,b,c la cdc so6 thiuc duong théa mén ab -+ be + ca = 3abe. Chitng minh s
rang: iea

1 1 1 3 >
+ + <=
Vad+b VB +c VA+a T V2 E
A QO
. —
i 1 =
i thiét ta c6 — + — + — = 3.
& a b c -
Ap dung C-S O
1 1 11 1 1 1. 1 1. 3 N
<Y <Y o) ==Y ) =
Dy e RO D DE W R Y Dby =
Dau bang x4y ra khia =b=c = 1. [ | 5
Bai toan 14. Cho a,b,c la cic sb thue duong thay doi tim gid tri nhé nhat cia biéu thic: QZ:
)
2 b2
P=—"_+ +— -
(a+0)?2  (b+c¢)? 4a —
A N
) an
CHUNG MINH (1).
St dung bat ding thiic phu ﬁl
1 n 1 S 1
(a+1)2 (b+1)2 ~ab+1

(Chiing minh bing cach bién doi tuong duong)

o a N b? L 1 N 1 LY 1 _I_xy+1 1>1 1 3

C(a+b)?2 (b+ce)? da (1422 (I+y)? 4 " azy+l1 4 477 4 4
b c

Véi =|-, -

i (z,y) (a,b>

Déng thitc xay ra khi a = b = c. [ |
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CHUNG MINH (2).
Ap dung BDT AM-GM
2 b2 2

v T exra?

a
>
“(a+0
Lai theo BDT Cauchy-Schwarz

PQ > [a(a +b) +b(b+c) + c(c + a)]?,

véi
Q=(a+b)*(a+c)+(b+c)(b+a)+(ct+a)(ct+b)
=a* + b+ +2(a® + b* + ) (be + ca + ab) + 3(bc + ca + ab)?
= (a® + b* + ¢ + be + ca + ab)® + dabc(a + b+ ¢)
- 4(a® 4+ b* + ¢ + be + ca + ab)?
- 3
3
P>-.
R
Déng thiic xay ra chi khia = b= c. |
CHUNG MINH (3).
3 a? b c? 3
P>—- =--R.
4 [aQ—I—ab—i—bQ+b2+bc+62+02+ca+a2] 4

Ma
2 2

R+1—Z a 4 C >Z (a+C)2 _9
B a?+ab+ b clatbtc)] T4 |a? + 02+ +be+ca+ab B

cyc

:Rz%
:>P21(dpcm). |

Bai toan 15. Cho z,y, z la cic so thuc théa man (x — y)(x — 2) = 1 va y # z. Ching
mainh.:

L S SR
(x—y)? (y—2? (-2~

A
Bai toan 16. Cho z,y,z > 0 va xy + yz + zo = 1. Tim gid tri nho nhat cia biéu thic

1 1 1

P =
4x2—yz+2+4y2—zx+2+4z2—$y+2
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CHUNG MINH.
bat (zy,yz, zz) = (a,b, c).

Ta c6 a+b+c=1. Ap dung bat didng thitc AM - GM ta co:

b b
P o . T
24%—17 9 Z4ca—b2—l—2b Z4ca—b2+2b(a+b+c)

R Brrs i R D B e e e
- L~ 4ea+2ab+2bc+ b2 T~ (a+b+c)? at+bitc

. 3
Dang thic xay ra khia =b=c¢ —gtﬁclax—y—z—%—. §
3
VayMlnP—lkhlm—y—Z—g [ | ;
. 7 N ) s ? ~ 1 ]' 1 ~, <m
Bai toan 17. Cho a,b, ¢ la cac so thuc duong thoa man + + = 2. Ching
a+1l b+1 c+1 S
minh rang:
1 n 1 i 1 > 1 E
8a2+1 8> +1 82+1~ S
o M~
CHUNG MINH. m
~
Yo X!
a+1 a+1 \%
B 1 8a2 4a? u
>1e <2& <1
Z8@2—1-1_ Z8a2+1_ 28a2+1_ &~
4a? a O
= <
Z8a2+1—za+1 =
Xét 12 <,
T < % o @-12>0 R
8a?+1 ~ a+1 -
N . 2 P 1
(hien nhién dung) Dang thiic xay ra@a:b:c:i [

Bai toan 18. Cho tam thiic P(z) = az® + bx + ¢ vdi a,b,c la cdc s6 thuc, a < b,a #
0; P(x) > 0. Tam thiic zdc dinh vdi moi x la s6 thue. Tym gid tri nho nhat cia biéu thic

D BA

T:a+b+c
b—a
A
CHUNG MINH.
T gid thiét ta c6 0 < a < b va b* — 4ac < 0. Suy ra
2
a+b+ — 2 N2
7> 4@:(2a—|—b) :3+(4a b) >3
b—a 4a(b — a) 4a(b — a)
Tu dé thu ducc 15, = 3 khi b = ¢ = 4a. [ |
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Bai todn 19. Cho z,y,z > 0,zyz > 1,2 < 1. Tvm gid tri nhé nhat

T Y 4 — 23
= + +
1+y 1+2z 3+ 3zy
JAN
CHUNG MINH.
Bai toan phu: Véi xy> 1 thi ta co
x n Y > 2\/xy
l+y 142~ Joy+1
Do do 1 1 2 2 1
x — VT
= + Ly — Y
I+y 1+2 1+4zy 3(1+zy) — Jay+1 14y
Mat khac
2,/
Ty n 1 >§
Vey+1  14zy = 2
& (Vry—12>0
(hién nhién ding)
Vameinzﬁ(:)x:y:zzl [ |
Bai toan 20. Cho z,y,z > 0 va zy + yz + zx = 3. Chiing minh rang:
S SR DR S
?2+1 2+ 1 0 2241 7 2
JAN

CHUNG MINH.
Khong mat tinh tong quat, ta gia st yz > 1.
2 1
= P> .
T yz+1 + x?+1
Bay gio ta chiing minh

2 1 3
+ > =
yz+1 2241~ 2
2 1 1

>1-—
yz+1 27— 241

z(y + 2) - z?
2yz+1) — 22 +1

y+z S 2z
yz+1 — x2+1

S (y+2)(@*+1) >2z(yz + 1)
SrB3—yz)+y+z>2x(yz+1)

10
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&3 —ayz+y+z > 2xyz + 2x

S r+y+z>3ryz.

BDT cudi ding do 3(z +y + 2z) = (x +y + 2)(yz + zx + xy) > 9zyz. Ta c6 dieu phai
chiing minh. |

Bai toan 21. Cho a,b,c la cdc so thuc duong théa man 3(a + b+ ¢) = abc. Ching minh
rang:

CHUNG MINH (1).
Ta viét bat ding thic da cho lai thanh:

Batbte) (b e a1 1 1Y
abc a? 2 ) " \a b ¢

Hay tuong duong véi

> be? [47ac* + 8 (5a + 3b) ¢ + b* (141a® + 25ab + 24%) ¢* + 20a°b°c + a®b? (74a + b)] (a

cyc
Déng thitc xay ra khi a = b = c. [ |

CHUNG MINH (2).
Ta c6 két qua nhu sau

Bé dé 1.

2 2 2
Xz z
L

2,2 .2
> r4+y+2)(z*+ y* + 2%) Vr.y. 2 > 0.
Y z x Yz + zx + 1y
Chitng minh. Bat ding thic tuong duong véi

$2 yQ 22
(zt ezt ay)(C+ T+ D) 2 @yt +y" 42

3 3 3
T z X

o L T syt e
z r oy

s o2yt Pt + et > ayz(2y + e + 2Pr).
Ap dung BDT AM-GM cho timg cap s6 bén VT ta c6 ngay dpcm.

1 1 1 . s
Tré lai bai toan. Détac:—;y:E;z:—.Tacéyz+za:+a:y:g.ApdungbOdé,tacéz
a c
oy 2P 2 2 2
VIi=—+=+—2>3a"+y " +2)(x+y+ 2)
Yy z
> (z4y+2)° > (x+y+2)2/3yz+ 20 +ay) = VP,
Diang thitc xay ra chi khi x =y = z = 3. |

11

A

THI CHUYEN 2021

2

(.7

AT DANG TH

z
A

UC

DB

WV
o



(©DIEN DAN TOAN HOC

Bai todn 22. Cho a,b,c > 0 va abc = 1. Tim gid tri nhé nhat cia:

g_ & . b n c 9
2 2 a? 2a+b+c)
A
CHUNG MINH.
oi bién (z,y,z2=—, -, —
7y’ a? b’ c
Ta c6 zyz =1
Ap dung Cauchy Schwars
2
Y 9
S = =
Z x * 2(xy +yz + x2)
9 9
- > >4/3
= 2atytet gem 2 Vet yE ) + e
E V3(xy +yz+22) /3wy +yz +xz) 9 9
e B 2 * 2 DT
= y
R Xayrakhiz=y=z2=1lhaya=b=c=1 |
=
T Bai toan 23. Cho cdc so6 duong a,b,c théa man abc > 1. Ching minh:
1 1 1 3
+ + <
= A+ +c B+ +a® S+a+b? T a?+b02 42
—
A
3
~  CHUNG MINH.
§§ Ap dung bat ding thic bunhiacopxki.Ta c6
- 11
= (@® +0° + A=+~ + ) > (a® + b +2)?
g a b
E
O & 3c(a® +b0°+F)(a+b+c) > 3(a®+0*+ ) > (a+b+c)(a® + 0>+ )
)
0 ®a5+b5+622(a2+b2+c2)(a+b+c)
3¢
Nén 5 5
c
VT < =
- Z (@ 4+ +c)(a+b+c) a®>+b02+c
Xay rakhia=0=c. [ |
Bai toan 24. Cho cdc s6 duong x,y. Tim gid tri nhé nhat ciia biéu thic:
2 2 2¢ +y)(2y + 8
p_ N L @rty@yta)
2z +yP+1-1 (r 42y +1-1 4 3z +y)
A

12
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CHUNG MINH.
bat (a,b) = 2z +y,2y + x)

B 2 2 ab 8
Ve ti-1 VPii-1 4 a+tb
Ap dung AM-GM

Wad+1=2(a+1)(a2—a+1)<a+1+a®>—a+1=d>+2

Tuong tu
2V +1<b* +2
™~
N
a+b> 2v/ab g)
4 4 ab 4 8 t?2 4 Z
p>_—4-4®_ = %, _Z <
“e TRt T T g T e 1 E
Vé6i t = vab. Ta sé chimg minh -
8 2 4 9. %
S ——>1e (t-2)2( 4t +8) >0,
2 4 t ~
ludn ding. E
. 2
Dang thitc xay rakhia=b=2hay x =y = = E O
3 =
N .o . . 2 . ‘ . m
Bai toan 25. Cho hai so thuc duong a,b théa man a + b = 3 Chiing minh rang: —
L, <
Va+2b  \2a+b =
)
oS
CHUNG MINH. -
Ap dung Cauchy va Cauchy-Schwarz c6 N<T
1 n 1 S 8 B 8 _ o ay
Va+2b Vb+2a l14+a+2b+1+b+2a 2+3(a+b) @
Xong. [
Bai toan 26. Cho z,y la hai s6 thuc duong. Ching minh rdng:
x.\/§+y.\/5_ Tty 1
T+y 2 1
JAN

13
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CHUNG MINH.

YT YT _VEVTEVY) _VERVY ety o (VT V)
4

Tty Tty - 2 2~
t 2 1-0—-12 1
>VI<-——=————-"—-<-
2 4 4 4
Véit =z +\/y u
Bai toan 27. Cho cdc s6 thuc duong a,b, c théa man a + b+ ¢ = 3. Chiing minh rang:
a® + ab? b3 + bc? e + ca?
a?+b+bv A+c+b? A4a+a T
JAN
CHUNG MINH.

3 2 3
@tab e e o e  atltl Sa 2
a?+ b+ b? a? + b+ b? 3b/a? 9 9 9 9

Tuong tu suy ra
8 2
VT2§(a—|—b—|—c)—§:2
Xayrakhia=b=c=1. [ |

Bai toadn 28. Cho a,b,c la cdc so6 duong théa mdin a+ b+ c = 2021. Tim gid trj [6n nhat
ctia biéu thic

a b c
= —~ -
a++v2021a+bc b+ v2021b+ac ¢+ v/2021c+ ab
JAN
CHUNG MINH.
Ap dung bat dang thitc Cauchy - Schwarz ta co:
a
P=
Za—l—\/a a+b+c)+be ZcH— (a+b)(c+a)
a Va
< = =1
<2 a+ v/ac+ vVba 2 > Va
2 P C o a1 2021
Dang thiic xay ra khi va chi khia=b=c= —
2021
Vay Max P =1 khi vachi khia=b=c= —— 3 |

Bai toan 29. Cho cdc so thuc duong a,b, c théa man a® + b? + ¢ = 3. Chiing minh rdng

2a? n 202 n 2¢2 S adba
a c
a+b: b+cz cHa?

14
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CHUNG MINH.

2a? 2ab?
a + b? “ a-+ b2~ a=bva

VT > 2(a+b+c)— (bva+ Vb + ae)

Ap dung bai toan phu quen thudc

3(ab® + bc* + a*c) < (a+ b+ c)(a* + b* + ¢?)

™~
30 bva) < (O Va)a+b+c)<3a+b+c)= ) ba<a+btc S\
Suy ra dpem. Dang thic x4y ra khia =b = c. m
Bai toan 30. Cho a,b,c la cic so thuc duong thay doi théa man a +b+c = 1. Tim gid <§
tri nhé nhat cia biéu thite: >ﬂ
b+ bc+ ca -
= 4@+ +A) + —
@ (a”+ +c>+a2b+b2c+02a %
B
CHUNG MINH. E
Ap dung bd dé

2 2 2 2,12, 2 2,22, 2 O
3(a*b+bc+ac’) < (a+b+c)(a”+b°+c)=a"+b"+c N
Ta co m
3(1—t) ~
Q> 14t + = —, .
Vi t = a® 4+ b* + 2 Z

21 3 t 3 _ 23 &
Q> —+—+--s2>2% <
2 2t 2 2 3 Q

\ . 1 1

Xayrakhlt:§hayx:y:z:§ "
\<ﬂ:

Bai toan 31. Cho a,b,c la ba so duong bat ki théa man a® +b> + c* = 1. Tim gid tri nhé

nhét ctia biéu thitc:
a b c

DB

P =
b2 + 2 + 2+ a? + a? + b?
A

CHUNG MINH.
Stt dung phuong phép tiép tuyén:

a ___a 3.3 2

>+c¢2 1—a?— 2

Chitng minh bat déng thtic nay bing cach bién déi tuong duong. |

15
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Bai toan 32. Cho z,y, 2 la cdc s6 thuc duong théa man x >y > z vax+y+z=3. Tim
gid tri nhé nhat cia biéu thic:

r oz
B=—-+-+3y
<y

Bai toan 33. Cho hai so thuc a,b déu lon hon 1. Chiing minh rang:

6 11
+V3ab+4 > —
avb—14+bva—1 -2

CHUNG MINH.

b
b =1 = vavab—a <au-cu

4(3ab+ 4)

4+/3ab + 4
42
S 6  8(3ab+4) - 11 o 15ab(ab — 4)

—>VTZ£+v3ab+ =E+
ab ab

~ab  204+3ab T 2 2abb(20 + 3ab) —

Bai toan 34. Cho z,y,z > 0. CMR:

* + y + z < 1.

(y+2)2r+y+2) (z+2)(2y + 2+ ) (z+y)2z+ 7 +y)
x—l—\/ 5 y—l—\/ 5 z—l—\/

CHUNG MINH (1).
Chu ¥ rang theo AM-GM ta c6

2(+2)2x+ 2z +vy)
3(y+2)+2z

\/%(y—i—z)@x—l—y—i-z)?

Ta quy vé chitng minh bat dang thitc manh hon

Z r(3y+3z+2x) o
2024+ Tay+Tzx+2y2+4yz+222

cyc

Nhung diéu nay hién nhién ding vi ta c6

x(By+3z+2x) 1 14224+ 21ay + 21 zo +4yz
202+ Tay+Tzx+2y2+4yz+222 2 Ta2+23ay+ 2320+ Ty? +23yz + 7 22

<:)3[(x—y)22(2x+32)—|—(x—z)Qy(Zx—i—?)y)—|—(y—|—z—2x)2yz}
trty—22) yz+ (2 +z—2y)°y2 >0

va
12 1422 +21ay +21 22 +4yz B
2 - Ta2+23xy + 2320 +Ty2 +23yz + 722

Déng thitc xay ra khi z =y = z. [ |

16
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CHUNG MINH (Q)E.
Dat = a, va tuong tu.
\/(y+Z)(2x+y+Z)
x + 5
Gia st ton tai x,y,2 > 0 sao choa+b+c> 1. Khi d6

T a
>
2 a+b+c
H\/(wz)( T+y+2)

2
e a
>
\/(y+2)(2x+y+2:) b+c
2

x? a?

< (x+y+2)?—a? ~ 2(b+c)?

=

x? a?

& >
(x+y+2)?  a®+20b+c)?

EN 2021

A~

T a

< > .
r+y+z  Ja®?+2(b+ c)?

Lap hai BDT tuong tu roi cong theo vé, ta c6

a b c
+ +
a?+2(b+ c)? b2 + 2(c+ a)? 2+ 2(a+b)?
Mat khac, theo BDT Cauchy-Schwarz

UC THI CHUY

/

P> (a+b+c)?
T ay/a® +2(b+¢)? + b0 + 2(c+ a)? + e/ + 2(a + b)?
- (a+b+c)?
~ V(a+b+c){ala® +2(b+ )2 + b2 + 2(c + a)?] + c[c? + 2(a + b)?]

> 1.
T

Mau thuan nhan duge cho ta diéu phai chiing minh. Dang thiic x4y ra chi khiz = y = 2.1

4
~

AT DANG TH

Bai toan 35. Cho a,b,c la ba s6 thuc théa man ¢ > b > a > 0. Chiing minh rang:

(a + 3b)(b+ 4c)(c + 2a) > 60abc

B

>

CHUNG MINH (1).

Ta cb
1 3 1 4 1 2

a+3b> 4a1b1;b+4c > 5bgcg;c+ 2a > 3c§a§
Nhan lai ta duge

11 19 17

(a4 3b)(b+ 4c)(c+ 2a) > 60a12520¢15 > 60abe

17
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CHUNG MINH (%).
bat —=x>1,-=y>1.
.4, b
Bat dang thiic can ching minh tuong duong:

(14 3z)(1 + 4y) (1 + %) > 60

2
& (14 3z + 4y + 122y) (1+—> > 60
Yy

2 6 8
& 3 +4y + 122y + — + — 4+ — > 35.

Ap dung bat ding thic AM - GM:

3 4 10 10 2

g 3r+—>6;4y+ - > 8 100y + — + — > 30; 2zy + — > 4.

= x y Ty xy

-
- Mat khac ta cling co:

= -5 -8

- — 25— =8

. x
’\'O 2z 2z z 2 y

Cong ve v6i ve clia cac bat dang thic trén ta ¢6 dpem. [ |

Bai toan 36. Chiing minh rang vdi moi s6 thuc a,b,c duong ta co:

IXTEX b

1 1 1 <a8+b8+08

3 a' b + ¢~ @A
P
> A
@ e z -, . N Z . L ? ~ N
~— Bai toan 37. Ching minh rang vdi moi so thuc a,b,c théa man a +b+c =1 thi:
N
— 1 1 1 1
— + + =
N ab+2c2+2¢c  be+2a2+2a  ca+202+2b  ab+ be+ ca
= A
@,
.‘ . 7 7 AL 2 ~ 270’2 2 2 -z . P2
Bai toan 38. Cho cac so thuc a,b, ¢ théa man +4b° + ¢ =1 —2bc. Tim gia tri lon

nhdt va nhé nhat cia biu thic:
P=3a+2b+c
CHUNG MINH.
Dat (3a,2b,¢) = (z,v, 2).
.2 3 x 3 2 2 2
Gia thiet tuong duong véi: 5% 4y + 22 +yz=1.
Xét hiéu

3 1
y2+yz+z2—1(y+2)2=1(y—2)2 > 0Vy, 2

18
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3 3 3
:>1:§x2+y2+22+yzz§x2+1(y+2)2:>2932+(y+2)2§§

W

Xét hiéu

2 1
202+ (y+2)° — (v +y+2)* = §(2x—y—z)2 >0= (r+y+2)0?<2=>-V2<P<V2

3

Vﬁy Pmin = _\/57 Pmax = \/§
Bai toan 39. Cho a,b,c > 0. Tim gid tri nhé nhat cia:

~ 3a’ 430"+ 42
 (a+b+c)

CHUNG MINH.
Ap dung Holder va AM-GM

_Bat+ 30+ P42 da’ AP+

(a+b+c¢)®  — (a+b+c)3
(4a3+4b3+c3)(1+1+1)(1+1+1) 3
_ 2 2" ot t ) lawbto’ 1
4(a+b+c)? “d(a+b+ce) 4

Xayrakhia=b=1,c=2.

Bai toan 40. Cho ba s6 thuc duong x,y, z théa man x + vy + z = 2. Chiing minh:

x? 222 3
e - RN
Y z x 2
CHUNG MINH.
Can chitng minh bo dé
x? 222 3yt 4 1 1
SE A — ( . )<:>Z(x—y)2(———)20,
Y z T rT+y+=z Yy rTt+yt+z

luon duang.
Ap dung b6 dé ta duoc

— >

Y r+y+z 2

Z IQ 3(,1’2 + y2 + 22) - 3(1’2 + y2 + 22)

Xong.

Bai toan 41. Cho hai s6 thuc a,b # 0 théa man a(ab+ 1) = a?b® — ab + 1. Ching minh

rang:

a*b® +1 < 16a°

19
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CHUNG MINH.
VP>0— VT >0xay rakhia<0ab+1<0hoaca>0ab+1>0

Ta chi xét truong hop a > 0;ab+ 1 > 0 (cai con lai thi tuong ty)
a*b® +1 < 16a* < (ab+ 1)(a** — ab+ 1) < 166
& alab+1)> < 166> — ab+ 1 < 4a

Ma ta co

alab+1) = a*b* —ab+ 1 = 4a(ab+ 1) = (ab+ 1)* + 3(ab — 1)*> > (ab+ 1)?

= 4a > ab+ 1.

Xong. |
> Bai toan 42. Cho a,b,c la cdc s6 thuc duong théa man ab + be + ac + abe < 4. Chiing
2 minh rang:

-
i a®+ b+ +a+b+c>2(ab+ be + ca)
- A
)
-2 CHUNG MINH.
Bat dang thitc phu: a® + % + ¢ + 2abe + 1 > 2(ab + be + ca).
é Day 14 mot bat dang thic c6 nhiéu tng dung.
=
/S Chiing minh. Gia st a, b cung phia véi 1.
>
S
7 =(a—-1)0b-1)>0&a>a+b—1%< abc > ac+ bc — c.
(—‘ , 2 X P . .
E Do dé6 ta chi can chiing minh:
= A+ b0+ —2c+1>2abs (a—b)2+(c—1)2>0
O
.‘ (ludén dung)
Trd lai bai toan, ta chi can chting minh:
a+b+c>2abcH+1.

Mzt khac bang phuong phap phan chitng dé dang chiing minh duge VT > 3 > V P.

Vay ta c6 dpem. [

Bai toan 43. Cho cdc so duong a,b,c. Ching minh rang

a b ct
>1
b3(c+ 2a) * c3(a + 2b) * a3(b+2c) —
A

20
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CHUNG MINH.
Ta co

a4 a’ .,
bl 2
oy /(Zb)>(2a)>32ab:
bc—l—2a 3Zab 3Zab 3Zab
Xong. [
Bai toan 44. Cho x,y, 2 la cdc s6 thuc duong théa man x +vy -+ z+xyz = 4. Chitng minh:

<1+xy+g> <1+yz+i> (1—|—zx+£) > 27
z x Y

~

CHUNG MINH. %

batp=os+y+z2z g=2y+yz+axz,r=u1ayz AN

BDT < (z 4y +ayz)(x + y + xyz)(x + z + xyz) > 2Tzyz <§

S d-—z)d—y)(4—2) > 27Txyz S

Tiép tuc bién déi E

3p+q>12=3p+3r O

hay can ching minh g > 3r E

d=c+y+z+ayz > 3FJryz+ryz = xyz <1 t~

q=xy+yz+xz>3vx2y?22 > 3wyz = 3r N

Hoan tat chiimg minh. DAu bang xdy rakhix =y =2 =1 | E
Bai toan 45. Cho z,y, z la cdc s6 thuc duong théa man xy +yz + zx + 2xyz = 1. Chiing

minh rang: ©

2 2 2

vy + y=z + ° 7 > 2xyz N Z

r+1 y+1 2z+1 <

CHUNG MINH. 111 =

Ddi bién (a,b,c) = (—, -, —) . ~

xy z N

T gid thiét bién doi dai s6 dugc

1 1 1

DB

1>— = b >6
ar1 bl erl Tatbrers tTUTes
Bat ding thtc can chitng minh tuong duong
c n b n c o
a+1 a+1 b+17"
2 2
c b L_C s 3(a+b+c) 3t 3t -

> -
a+1+a—|—1 b+1 7~ 3(ab+bc+ac)+3(a+b+c) — t2+3t t+3
Dung v6it =a+ b+ c > 6.

Xayrakhia=b=c=2hayr=y=2=— |
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Bai todn 46 (**). Cho a,b,c la cdc so thuc duong théa man x +y + 2z = 1. Chiing minh
rang:
4 4 4
x y z >

1
3 2 s T3 2 > T3 2 2 =
>ty +z Y+t +x 22+t +y 7

CHUNG MINH.
Ap dung BDT C-S va BDT AM-GM:

2,2 1 2)2 2
VTng_i_ 3:?:2:__322;22_3 2+22):7 1t
y Y —t — = + 3abc
2 2
t? 18¢2 1 Bt—=1)6t—1) _ 1
N 7(9t — 1) 7
2 2 9
N ) 1
Day chinh la diéu phai chiitng minh. Dang thiic xay ra chi khia =b=c = 3 |
a>b>c

Bai toan 47. Cho a,b,c € R théa man dong thoi cdic dieu kién: a+b+c=0
@+ +c=6
Tum gid tri l6n nhat, nhd nhat cia biéu thic P = a + b. A

CHUNG MINH.
Tim Max Tt gia thiét c6 thé dé dang bién ddi duge

a+b=—c
ab=c*-3
Theo dinh ly Viete thi a, b la nghiém ctia phuong trinh

X +eX+-3=0
Ta c6
A=34—-c)>0=-2<c<2=P<2
Vay Max P=2khia=0b=1,c= -2 |
Bai toan 48. Cho a, b, c la cdc s6 thuc duong nhé théa man a + b+ c = 1. Chitng minh

rang
6(a® +b* +c*) + 1> 5(a® + b* + ¢?)

A
CHUNG MINH.
Theo phuong phap UCT dé dang tim ra duge bai toan phu sau
3 1 p , —4 2

6a +§ > 5a +?(3a—1)<:>(3a—1) (6a—1) >0
Bai toan quy vé cm

Y (Ba—1)*(6a—1) >0« Y 18ala—b)(a—c) >0
Gia st a > b > ¢ nén bdt dung theo dinh 1i 1 ctia Vornicu Schur hay chinh la Schur.
Xong. |

22



Bai toan 49. Cho 3 so thuc duong a,b,c ching minh ring

a*b b3e ca a’be b%ca

(©DIEN DAN TOAN HOC

c2ab

>
3a+b+3b+c+30+a_ 2a+b—|—c+2b+c+a+

CHUNG MINH.
Chia ca 2 vé cho abc nén bat ding thiic tuong duong

a? S a
ZSac+b0_22a+b+c

. , 3
Y tudng tiep theo la dung 1 lam trung gian

2c+a-+b

2 2 2
VT:Z a - (a+b+c) >3(a+b+c) 3

3ac+bc ~ 4(ab+bc+ac) T 4(a+b+c)2 4

3a

a
VP = —_— =
Z2a+b+c Z3a+(a+b+c)+(a+b+c)+

S%(Z Za+b+c>_z§1

Déng thiic xay ra khia=b=c

Bai toan 50. Cho a,b,c la cic s nguyén duong théa man a(b? + ¢*) = 2b*c. Chiing minh

ring:

2b < ava+c

Bai toan 51. Cho a,b,c la do dai 3 canh cia mot tam gidc vuong (c>a,b). Ching minh

rang:

B
3 <2 2
<c(c—b)(c—a)_ V2

CHUNG MINH.

b )
Dat (g, —) = (z,y). Tu gia thiét ta c6 22 + y* = 1.
c’c

Foad - 1—ad—yf

clc—a)(c—b) azy—(r+y)+1
t? —1

Datx+y:tthixy:T.

Tacét A=

Khido A= ——— =t+2.

1do (t— 1>2 +
Dé dang ching minh duge 1 <t < V2.
T do ta c6 dpem.

Bai toan 52. Cho 3 s6 thuc a,b,c théa man a + b+ ¢ = 3. Chiing minh rdng

(ab+ bc+ ca)* + 9 > 18abe

23
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CHUNG MINH (1).
Xét truong hop abe < 0 thi bat déng thic luon ding do VP > 0> VT.
Xét truong hop abe > 0.

e Néu a,b,c > 0 thi 4p dung bat dang thic (z + y + 2)? > 3(zy + yz + zx) vA bat
déng thitc AM - GM ta cé:

VT = (ab+ bc + ca)* + 9 > 3abc(ab + be + ca) + 9 > 9abe + 9abe = 18abc = V P.

e Néu trong ba s6 a, b, ¢ ¢6 hai s6 am, mot s6 duong: Gia st a > 0;b < 0;¢ < 0.

Diat b = —2;¢ = —y. Khi d6 ta ¢c6 a = 3 + o + y. Bat dang thiic can ching minh
tuong duong;:

[ty — 3+ x+y)(x +?j)]2 +9> 183+ x + y)zry.(x)

bat z +y =p; 2y = q.

=

D)}

-

= () & (P +3p—q)° +9 > 18(3+p)g

+

"O S pt 46+ 9P+ % — 2%+ 9 — 5dg — 24pg > 0

e pt+6p> + 997 + (¢ — 1) — q(2p* 4 24p + 52) + 8 > 0.

2
Mat khac ta co: ¢ < p_.

IXTEX b

pas) 4
> Do do:
e Pt 6p° +9p% + (g —1)% — q(2p* + 24p + 52) + 8
Af 2 _9)2 92)2
_ 4 2
f_1 Z 2 N
?E Bat dang thiic ban dau dugce chiing minh.
6“ Déng thiic xay ra khi va chi khia=b =c=1hodca =5;b = ¢ = -1 va cac hoan vi.l
.. CHUNG MINH (2).

Dita=x+1,b=y+1,c=z+1thi z+y+ 2z =0. Ta can ching minh:

9+ (zy+rz+yz+20+2y+22+3)2 > 18+ Dy + 1)(z + 1) (1)

Do x4y + 2z =0 ta c6 thé gia sit z > 0 thi # + y < 0. Thay thé z = —(x + y), bat dang
thic (1) tuong duong véi

(22 + 2y +97)" +122° + 122y + 1297 + 18ay (z+y) > 0

Mat khac, c¢6
3

x2—|—xy+y2>1(x+y)2 Va,ye R
Do do6
Vs 2D o L) = 2@ sy a7 20
Xong. |
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CHUNG MINH (3).
Viét BDT dudi dang thuan nhét

(a4 b+ c)* +9(be + ca + ab)* > 54abc(a + b+ c).
Ta c6 BDT hién nhién 1a

X2+ Y24+ 22> YZ+ZX + XY, (¥)

Trong (*) cho
X =a%—4be,Y =b* —4ca, Z = ¢ — 4ab

roi it gon ta c6 ngay dpem.
Bai toan 53. Let a,b,c be positive and a + b + ¢ = 3. Chitng minh rding

a b c 3 3 3
b—2+§+52a +b 4+ c”.

Bai toan 54. Cho xz > 2 va y > 0 théa man y*/x —2 + o —2 = y. Tim gid tri lon

nhat cia 1+ x + 22

Bai toan 55. Cho cdc so thuc duong a,b,c théa méan ab+ be + ca = 1. Chitng minh rdng

S8abc
2 2 2
0+ =2
a4 T Dbt o(cta) -

CHUNG MINH (1).
Khong mat tinh tong quat, gia sit a = min{a, b, c}.
Ta viét lai bat déng thitc can chitng minh:

a’+ 0%+ N 8abc S
ab+bc+ca  (a+Db)(b+c)c+a) ~

Dit vé trai ctia bat dang thiic trén 1a M.

Ta c6 bat déng thitc quen thudc

a® + >+ % > ab+ be + ca.

r+m xr . )
< —véiz,y,m>0;x >y ta co:
y+m —y

M>a2+b2—|—c2+a2+ 8abc
“ab+bct+ca+a®  (a+b)(b+c)(c+a)
20840+ 8abc
@bt  @rhorolta)

(2a% +b* + ) (b + ¢) + 8abc
(a+b)(b+c)(c+a)

Ap dung béat ding thic

25

[ |
—
N
-
@\
.
=]

A
-
T

A
T
-
QO
-

>

4
~

AT DANG TH

B



& Chinh sia va BTEX bdi tthnew

(©DIEN DAN TOAN HOC

Ta ching minh
(2a2 4+ b% + ) (b + ¢) + 8abc

> 2(%
(a+b)(b+c)(c+a) = 2(x)
bing bién doéi tuong duong.
That vay, (x) < (b+ ¢ —2a)(b—c)? > 0 (luon dang).
Vay ta c6 dpem. [

CHUNG MINH (2).
Ta ching minh bo dé sau:
Bé& dé. Véi moi s6 thuc duong a,b, ¢, x,y, 2, ta cb

z(b+¢) +y(c+a)+ z(a+b) > 2/ (be + ca + ab)(yz + 2z + zy).
Chiing minh. Theo BDT C-S:

VI +ax+by+cz=(a+b+c)(x+y+2)
= /[a2 + 12 + 2 + 2(bc + ca + ab)][z? + y2 + 22 + 2(yz + 2z + xy)] > ax+ by +cz +VP.
Tré lai bai toan. Chon

a b c
) = ) Z =
Y c+a a+b
ta c6 ngay két qua. [ |

CHUNG MINH (3).
BDT tuong duong véi

S=X(a—b)a—c)+Y(b—c)(b—a)+ Z(c—a)(c—b) > 0,trong do
a? b? c?

(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)
Khong mat tinh téng quat, ta gia st a > b > ¢. Khi d6 dé thay X >Y > Z > 0. Suy ra

S=X(@a—b?+(X-Y)a—-b)(b—c)+Z(a—c)(b—c)>0
Day chinh la dpcm. |
Bai toan 56. Cho a,b,c > 0. Chiing minh ring

1 1 1 3
+ + >
a(b+1)  blc+1)  cla+1) = abe(1 + vabe)
A
CHUNG MINH.
Nhan VT véi abe + 1 ta duge
a(b+1) a+1
T(abc+ 1) = —
VT(abe+1) Z a+1 JFZa(b—f—l) 3
1 3 [\3/ (abc)? — v abe + 1]
> 3Vabe + 3¢ — — 3= =VP
- Z abe + abe Vabe
Xong. |
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Bai todn 57. Cho a,b,c la cic s6 duong théa man abc = a + b+ c+ 2. Ching minh rang:

YVa+Vo+ c> 332

CHUNG MINH. 1 1
T gid thiét ta co: =
gia thiéet ta co a—|—1+b—|—1+c+1

Do d6 ta c6 thé dat (a,b,c) = (y—i-z’z—i—x’x—i-y)'
x Y z

1.

BDT can chting minh trd thanh:

3 y+z+x3/2+x+x‘°/w+y > 393,
T Y z

Goi VT ciia bat déng thic tren 1a A.

(m—l—n)?"

V6i m,n > 0 ta c6 bat dang thitc: m® + n3 > 1

Do d6 véi m = /x;n = {/y ta c6

r+y >

4

Thiét 1ap cac bdt tuong tu ta c6
V2 (VT :
A Z 7 (Z T) ZNesbitt 3\/§

Xong.

Bai toan 58. Cho ba s6 thuc duong a,b,c théa mdan a + b+ c = 1. Chitng minh rding

WS g P9

ab n be o ca <3\/§
VA=cPl+e) JU—aPd+a) JA-bPA+0) ~ 8
CHUNG MINH.
Ap dung AM-GM
- ab «4/a4b4
VT_Z\/(a+b)3(a+c+b+c)§Z4€/(a+0)(b+0)a3b3
NI ab 11 V2 a b
:ZEA (a+c)(b+c).§‘§§ E(Za—kc—i_zb—l—c—i_?))

Déng thitc xdy rakhia =b=c =
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Bai toan 59. Cho ba so thuc duong a,b,c théa man a + b+ ¢ < 1. Ching minh rang

1 . 1 n 1 n 1 >§
a?+ 0+ abla+b) be(b+c¢)  calct+a) T 2

CHUNG MINH.
Y tudng bai nay la chi ra
Vé trai > L + A + 5
¢ trai >
1(a+b)2+c2 (a—l—b)3 cla+0b)(a+ b+ 2c)
2

Cubi cung 1a duing danh gia a + b < 1 — ¢ va di chiing minh

(29¢” — 58c* + 6¢% + 58¢% — 43¢ + 16) (3¢ — 1)* > 0

va diéu nay 1a hién nhien.
Ps: Minh chua tim duge cach chiing minh nao hay cho (3), cac ban thong cam. [

Bai toan 60. Cho cdc s6 thuc duong x,y, z théa man x + vy + z = 3. Chiing minh rang:

>4
4 —yz 4—xz 4 —yx = e
A
CHUNG MINH.
Ap dung AM-GM cho 4 s6 trén ti sau d6 chia ca 2 vé cho 4zyz.
Dat (\/7y, \/Uz, Vxz) — (a,b,c). Bat ding thic tuong duong
1
>1
Z4@—(13 -
Ma sau khi dat ta co a+b+c§3vaa,b,c§\/§
Bién doi vé trai
1 1 4
Z4a—a3 _Za(2—a)(2+a) _24(1(2—&)(2—1-&)
4 1 9
_Z (a+2—a)?(a+2) Za+2 “a+b+c+6 "
Xayrakhia=b=c=1lvar=y=2=1 |

Bai todn 61. Cho a,b,c la cdc s6 thuc duong théa man a® + b + ¢ < 3b. Ching minh
rang

1 . 4 . 8 > 1
(a+1)2  (b+2)? (c+3)?2

CHUNG MINH.

Ta c6
a4+ b+t —2a—4b—2c+6=(a—1)2+(b—2)*+ (c—1)

20:>Za222a—|—4b—|—20+6<:>3b22a—|—4b—|—20—|—6
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Bai toan phu
1 1 8

— 4= >
w2 y? T (r4y)?
& (2 + ) (z +y)? > 8%y

(Cauchy)
Tré lai bai toan, ap dung bat déng thic phu

n 8 S 162
(c+3)?2 = (2a+ b+ 2c+ 10)?

= VT >

2 192
(a—|—2—|— )

Mat khac
3b>4b+2a+2c+6=2a+b+2c+10 <16

= VT >1

EN 2021

A~

Xong.

Bai toan 62. Cho a, b,c > 0 théa man Va2 +b2 + Vb2 +c2++/c2+a2 =k (kla 1 so
thuc duong khong doi). Tum gid tri nhé nhat ciia:

CL2 b2 C2

P =
b—l—c+c—|—a+a+b

>
UC THI CHUY

CHUNG MINH.
Rat quen thuoc, ta dat Va2 + b2 = 2,V/b2 + 2 = y,v/c2 +a? = z thi z,y, 2 1a do dai ba

canh tam giac va z +y + z = k.

>

a® a’ 1 x2 4+ 22 —y?
VT > =
_Zb+c_zw/2(b2+02) 2\/52 Y

1 z? + 22 1 kv/2
:2\&(2 —k>2m[2(x+y+z)—k]:T

Y

Xong.

4
~

AT DANG TH

Bai toan 63. Cho a,b,c > 0 théa man abc = 1. Chiing minh rang:

B

1
<1
Z\/cﬁ’—az—l—3ab~|—6 -

CHUNG MINH.

. 1
Do abc = 1 nén ta c6 tong >

abtatl
Xét hiéu
a®—a*—3a+3=(a—1)%a*+2a*+3a+3)>0

=a’—a®>+3> 3a.

Thiét lap cac bat ding thic tuong tu ta co:
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1 1
> <>
Vva® — a2+ 3ab+6 V3ab+3a + 3
3 1 1
< _ — e —) = 1.
—AM=GM 22(3ab+3a+3+9)

Xong [

Bai toan 64. Cho cdc s6 thuc duong x,y, z théa man x*+y*+ 22 +4xyz = 2(xy+yz+27).
Tum gid tri lon nhat clia biéu thic

P=xz(l—y)(1-2)

A
CHUNG MINH.
T gid thiét
sytz—2)l=4z(-2)=1-2>0=>1>z
Tuwong tu 1 > v, 2.
Tu A )
1-— -1
(y+z—2)? =4yz(1 —2) < (-zty+?) sr—y—z< —
27 4
(x—y—2+2)3 27
P < < —
- 27 =64
3 1
X3 khix=-y=2=- [ |
dyrakhiz=-y=2=7
Bai toan 65. Cho a,b,c > 0 va khong dong thoi bang 0 théa man ab+bc+ca = 1. Chiing
minh rang:
1 n 1 + 1 S 5)
a+b b+c cH+a 2
A
CHUNG MINH.
Viét lai bat dang thic dudi dang thuan nhat
(ab+ bc+ ca) 1+ ! + ! 2>25
a ¢+ ca > —
a+b b+c cHa 4
Hay la
1 (AR+7)(4Rr+r?+ s%) _ %
16 rR?s? ~ 4
Dé thay rang khi s gidm thi VT = f(s) gidm. Do d6
1 r(65R—24Rr+4r2) 25 _ 25
> 7 (V16R —52):—- el i
f9) 2 f (VIR =5r) = 4 R(I6E—5r) 474
Xong. |
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Bai toan 66. Cho cdc so x,y,z théa min 0 < x <y < z. Tim gid tri nhd nhdt cia biéu

thic
P 32 N yt 23 + 1523
y(zz+y?)  22(rz+y?) 2z
A
CHUNG MINH.
a’ b3 15a3b® + 1
T —
v a+b * a+b + ab?
Véia="vab="2 Ap dung bat ding thic AM-GM E
y 2
, ) 1 1 1 =
VT =a*—ab+ b+ 15ab+ —— > 16ab+ —— = 8ab+ 8ab+ —— > 12
a?b? a?b? ab? -
1
Xay rakhi a =b= — hay y = V2 vd 2 = yv/2 m
V2 o
Bai todn 67. Cho cdc so thuc duong a,b,c. Ching minh ring E
° + ° + ° ta e ooy 5 8 Ei
a c
(a+0)2+4abc ~ (b+c)? +4abc ~ (c+ a)? + 4abe Ta+3 b+3 c+3 T
A
CHUNG MINH. \%
Ap dung bat dang thitc AM-GM ta c6 =
8 N a® + b -
(a+0)? + 4abc 2 @)
8 a® + b? <.
> + <L,
2(a? + b%) + 2¢(a® 4 b?) 2 =
4 a? + b
- +
(@®>+ b)) (c+1) 2 \<§
> 8 > 8 CQ
T 2V2ye+1 T e+3 ‘9
Bai todn 68. Cho cdc so a,b,c duong cé tich abc = 1. Chitng minh rang:
1 n 1 n 1 < 1 n 1 n 1
l1+a+b 14+b+c 14c+a ™ 2+4+a 2+4b 2+c
A

Bai toan 69. Cho x,y, 2 la cdc so thuc khong am théa man x+y+2z = 3 va vy +yz+zx #
0. Chitng minh rang

Tl oyl e+l 25
y+1 z+1 o+17 33d(xy +yz+21)
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CHUNG MINH.
Ap dung bat dang thitc AM-GM

3922 (wy+yzt+az) <aytyzrtaz+4< (@ +1)(y+1)(z+1)
Ap dung r6i qui ddng va thu gon thi cAn cm

i+ ay? +yt <4

Gid y = mid{z,y, z}. Ta c6
2y —x)(y —2) <0,

2’z + zy? < ayz + 2’y
Suy ra

Pzt ry <yt taz+ ) <yB -y’ =4—-(y—-1)4-y) <4

X&y ra khi (z,y,2) = (0,1, 2).
Bai toan 70. Cho a,b,c >0 théa a+b+c=3. Tim GTLN cia:

S = (a*® — ab+ b*)(b* — be + *)(c* — ca + a?)

CHUNG MINH.
Khong mat tinh tong quat, gia st a > b > ¢ > 0.

Khi dé
clc—b)<0& b —be+c? <V
clc—a)<0& ? —ca+a®<a?

Do vay can chiing minh
a’b*(a® —ab+ b*) < 12

That vay, theo AM-GM:

s s 2 _ 2
%‘3;‘6)_3;"6‘(@2_&()_’_132)<%‘ 5 Tt —ab+d?) :4(a+b)6<4(a—|—b+0)6:12
9 2 2 =9 3 E 35 '
Xong. |

Bai toan 71. Cho a,b,c > 0. Chiing minh rang:

a> b
?+—+—+a+b+cz2\/(a2+b2+c2)(
c  a

24_9_}_6)
b ¢

a
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CHUNG MINH.
Khong mat tinh téng quat, gia st b nam giita a va c.

Ap dung BDT AM-GM

2 b2 2 b 2 bQ 2 b
vP< Il e 2 s Y i S X
b b ¢ a b c b a
Do d6 ta can chiing minh
2 2 be
—tcz 0+ —,
a b a
hay
c(a—b)(b—c)zo ~
ab %
BDT cubi hién nhién ding. Ta c¢6 dpem. Dang thiic x4y ra chi khi a = b = c. B o
Bai toan 72. Cho a,b,c > 0 Chiing minh rang: Z
<
be ac ab 3 E
——t et 2 =
a(3b+ a) b(3c+ b) c(Ba+c) ~ 2 -
x
Bai toan 73. Cho a,b,c la cdc so thuc duong théa man a < 1,b < 2 va a+b+c = 6.
Chaing minh rang E
(a+1)(b+1)(c+ 1) > 4abc =~
A O
\b
CHUNG MINH (1). m
batx=1—-a,y=2-b=c=34+2+y,0<2<1;0<y <2 BDT tr6 thanh: ~
—(3x + 3y + 1)y + 52 + 2y + 10z + 2y > 0. @)
Ta co 5 4 &)Z
VT > 152% + 3y* — 102y = §(:ax —y)? + ng > 0. Eé
D6 13 dpem. Dang thite xay ra chi khia =1,b=2,¢c = 3. [ -
CHUNG MINH (2). N<g
BDT tuong duong: AQ
ab(l—3¢)+ (c+1)(7T—¢) >0
Tu gid thiét suy ra ¢ > 3.
1 1 1 (7 - ¢)?
b=-2ab< -(2a+b)*< (1 b)* =
a 2a_8(a+)_8(+a+) 3
Nén ta can ching minh
1
(c+1)(7T—c)+ §(7— c)*(1=3c) >0< (T—c)(c—3)(3c—5) >0
ding v6i 3 < c <6
Diang thitc xay ra khia=1,b=2,¢c = 3. |
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Bai toan 74. Cho cdc s6 thuc a,b,c. Chiing minh ring:

(a® + b* + *)? > 3(a®b + b’c + c*a)

G1 tthnew

IXTEX b

N

sua va

?

& Chinh

A
CHUNG MINH (1).
Trong BDT X24+Y2+22>YZ+ZX+XY tacho X = a?—ab+bc,Y = b?>—bc+ca; Z =
c® — ca + ab sé thu duge dpem. [ |

CHUNG MINH (2).
bat b=a+ z;c = a+y. BDT tuong duong vé6i
(2% — 2y +yH)a® + (2° — 52’y + 4oy® + v*)a + (2* — 3%y + 22%y* +¢*) > 0.

BDT nay ding vi
A, = —3(2® — 2%y — 227 +4°)* < 0.

Tt d6 suy ra dpem.

Baitoan 75. Chorz+y+2=3;0<ux;y;2 < 2. T'm GTNN;GTLN cua :

A=at oyt + 2+ 1201 —2)(1 — ) (1 — 2)

Bai todn 76. Cho cdc so thuc duong x,vy,z c6 tich bang 8. Tim gid tri nhé nhat

1.8 6
(+1)°  (y+27°  (2+4)°

CHUNG MINH.
Y tudng. Ta c6 thé dua vé ddi xing

L B
(x+1)7  (y+2)*  (z+4)°
1 1 1

@t 1P "o ) (et 1p
Véi (a,b,c) = (a:, %, Z) ta ¢6 abc = 1.
Dit \/a = t.
B deé
1 3

2 4 3 2
Er1P = 8@+ 6+1) & (t—1)%(5¢" + 10£° + 6> + 10t + 5) > 0

luon ding véi ¢t > 0

Stt dung tuong tu va dua vé bdt Vasc
3
NénMinS:gXéyrakhia:b:c:lhayx=1y=2z:4
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Bai todn 77. Cho cdc s6 thuc duong a, b, ¢ théa man b* > ca va ¢ > ab. Tivm gid tri nho

nhat cia biéu thic:
a b 3c

a+b+b+c+c+a

CHUNG MINH.

b
Dat — = x; - Y.

a b
Theo bai ra ta c6 z > y;zy? > 1.
Ta chiing minh zy > 1.
Néuy >1thix > 1. Do d6 xy > 1.
Néu y < 1 thi zy > xy? > 1.
Do xy > 1 nén ta co:

1 1 2 t—1)(t*+6t+1
p_ N +3xy > +3xy :( )( —i—6—|—)+§2
1+ 14y ay+1 - 1+ 2y 2y+1 26+ 1)(t2+ 1) 2
(V61 t = \/xYy).
)
Vay Pmin:§ khi va chi khi a =b=c.

Bai toan 78. Cho a,b,c € [1,2]. Chitng minh rang a® + b* + ¢ < 5abc.

Bai toan 79. Cho abc = 1 va a® > 36. Ching minh
2

%+b2+cz>ab+bc+ac

CHUNG MINH.

Ta co:
a’ a? a’
— 4+ —ab—bc—ca=|—+ (b+c)* —alb+c)| + — — 3bc
3 4 12
a 2 a>—36 _ a®—36
(Y ) > .
<2 )t e < 124
Xong.

Bai toan 80. Cho 3 so thuc a,b,c théa man: a® + b + ¢ = 2. Chiing minh:
(a® — be)(b? — ac)(c® — ab) < 1.

. 2 .
Bai toan 81. Cho cdc so thuc khong am a, b, c va 3 < k < 2. Chitng minh rang

6
(a2 - kab+62) (b2 - kbc+(:2) (02 — kca+a2) < ;7 . %

Bai toan 82. Cho a,b,c la cdc s6 thuc duong. Chitng minh ring :

be(b+c¢) ab(b+a) cala+c)

>a+b+c
a? + be 2+ ab b2 +ac —
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