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1. Dé thi .

Bai 1 (5.0 diém). THU VIEN TOAN
a) Giai phuong trinh x2 — x + 8 = 44/x + 3.

. . N e , 2 b2 2 IRV DE TUA A
b) Ching minh rang biéu thic K = (a—bL;(a—c) + o= T (c—ag(c—b) c0 gia tri la sO nguyén,

trong d6 a, b, ¢ 1a ba sb thuc d6i mot phan biét.

Bai 2 (5.0 diém).

a) Cho ba sd nguyén a, b, ¢ thdbamén a + b + ¢ va ab — bc — ca cing chia hét cho 3. Chiing minh
riang ab — bc — ca chia hét cho 9.
b) Cho da thiic P(x) = x>+ ax + b c6 mdt nghiém 1a 1 4 +/3 (a, b 1a cic s6 hitu ti). Chiing minh
rang da thiic P (x) chia hét cho da thifc x? — 2x — 2.
Bai 3 (2.0 diém). Cho cic sb thuc khong am a, b, ¢ thay d6i thda man a2 + b + ¢ = 1. Tim gid
tri 16n nhét va gia tri nhé nhit cda biéu thic Q = va +b + /b +c + /c +a.
Bai 4 (6.0 diém). Cho dudng tron (I) ndi tiép tam gidc nhon ABC (AB < AC). Pudng tron (1)
tiép xtic véi cac canh BC, CA 1an lugt tai cic diém D, E. Qua diém B, ké dudng thang vudng géc
v6i duong thang BI, cat dudng thang A7 tai diém J. Goi P 1a hinh chiéu vudng géc ctia diém J trén
dudng thang BC.

a) Chiing minh ring BD = CP.

b) Goi N la giao diém ciia hai dudng thang AJ va BC. Chiing minh ring ﬁ + AI—J = ﬁ.
c) Goi Q la giao diém ctia hai dudng thang JP va DE. Goi K la trung diém ctia P Q. Ching minh
rang dudng thang BK vudng géc véi dudng thang A P.

Bai 5 (2.0 diém).

a) Tim tit ca cdc s6 nguyén duong x, y, z théa man 3* +2¥ = 1 + 27,

b) Cho mdt hinh chit nhat c6 dién tich bing 1. Nim diém phan biét dudgc dit tiy y vao hinh chi
nhat sao cho khong cé ba diém nao thang hang (mbi diém trong nim diém d6 c6 thé dugc dit
trén canh hodc dit nam trong hinh chit nhat).

i) Ching minh ring moi tam gidc tao bdi ba diém trong nim diém di cho déu c6 dién tich
khong vugt qua %

ii) V6i mdi cach dit ndm di€ém vao hinh chit nhat nhu trén, goi n 1a s6 tam giac c6 ba dinh
1a ba diém nam trong nim diém d6 va c6 dién tich khong vudt qud }. Tim gid tri nho
nhét cla n.
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2. Lai giai va binh luan cac bai toan
Bai 1 (5.0 diém).
a) Giai phuong trinh x? — x + 8 = 44/x + 3.

2 b2

b) Chiing minh ring biéu thic K = aheo T =5
trong d6 a, b, ¢ 1a ba sb thuc d6i mot phan biét.

+ = agzc_b) c6 gid tri 1a s6 nguyén,

Loi giai. a) Picu kién: x > —3. Phuong trinh da cho c6 thé dugc viét lai thanh
(x2—2x +1) + (x+3_4m+4) — 0,
hay
(x—1)% + («/ﬁ—z)2 —0. 1)

Vi (x—1)2 > 0va (vx +3—2)" > 0nén (1) xy rakhi va chi khi (x —1)2 = (vx +3—2)" =0,
tic x = 1 (thda man). Vay phuong trinh c6 nghiém duy nhét x = 1.

b) Ta co
K- a*(b—c)+b*(c—a)+c*(a—b) a*(b—c)+b*(c—b+b—a)+c*(a—Db)
(@a—b)(b—c)a—c) (a—=>b)(b—c)a—rc)
_@=-b)b-c)-b*—c*a-b) (a—b)b—-c)a+b—-b—c) .
(a—Db)(b—c)a—rc) (@a—b)(b—c)a—-c) '
Do dé, biéu thiic K ludn nhan gid tri nguyén la 1. [

Bai 2 (5.0 diém).

a) Cho ba sé nguyén a, b, ¢ thbaman a + b + ¢ va ab — bc — ca cung chia hét cho 3. Chiing
minh ring ab — bc — ca chia hét cho 9.

b) Cho da thic P(x) = x3 + ax + b c6 mot nghiém 1a 1 + V3 (a, b 1a cic s6 hitu ti). Chiing
minh ring da thiic P(x) chia hét cho da thic x? — 2x — 2.

Ldi giai. a) Tur gia thiét ta c6 (a +b)(a + b + ¢) + (ab — bc — ca) chia hét cho 3, hay a? + b% + 3ab
chia hét cho 3. Tir d6 suy ra a® + b? cling chia hét cho 3.

V6i moi s6 nguyén x, ta cé x chia 3 du 0, 1 hoiic 2 nén x2 chia 3 du 0 hoic 1. Suy ra a? va b? khi chia
cho 3 ¢6 s6 du' 12 0 hodc 1. Nhu vy, d€ a? + b? chia hét cho 3, ta phdi c6 a® va b? cliing chia hét cho
3, tifc @ va b cling chia hét cho 3. Mit khéc, do @ + b + ¢ chia hét cho 3 nén ¢ ciing chia hét cho 3. Tit
day, dé thiy ab — bc — ca chia hét cho 9. Ta c6 diéu phai chiing minh.

b) Tir gi thiét, ta c6 P (1 + ﬁ) — 0, hay

(a + 6)v3 = —(a + b + 10).

Néua +6 # 0, tacé /3 = —‘”;bT?O 1a mot s6 hitu ti, mau thuin vi +/3 12 mot sb vo ti. Do d6

a=—6.Tudosuyraa +b + 10 =0, tiic b = —4. Vay
P(x) =x3—6x—4=(x*-2x-2)(x +2).
R6 rang P(x) chia hét cho da thic x? — 2x — 2. O
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Bai 3 (2.0 diém). Cho céc sb thuc khong am a, b, ¢ thay d6i théa man a2 + b2 + ¢ = 1. Tim
gia tri 16n nhat va gid tri nhé nhit ctia biéu thic O = Va + b + /b + ¢ + /¢ + a.

Lo&i giai. Gia tri 16n nhit cha biéu thiic Q. Véi moi sé thuc x, y va z, ta ¢6
x=y)2+ (O -22*+@E-x)2=>0.
Tudosuyra2(xy + yz + zx) < 2(x? + y? + z2), hay
(x +y+2)> <3(x*+y2+2%.

St dung két qua nay, ta dudc

22
0% = [(\/a—i-b—i-\/b—l—c—l-«/c-i—a) ] <[Ba+b+b+c+c+a)
=36(a + b +c)*> <36-3(a*+ b* + c?) = 108.

Suy ra Q < ¥/108. Mit khéc, dé thiy diu dang thic xay rakhi vachikhia = b = ¢ = g Viy gia
tri 16n nhit ctia biéu thiic Q 1a +/108.

Gia tri nho nhit cha biéu thirc Q. Tir gia thiét, ta c6 a2, b2, ¢2 < 1.Suyra0 <a, b, ¢ < 1.
Tudiy,tacéa > a’>vab > b2 Tudba+b >a>+b> Ma0 <a?>+b*>=1-c? <1nén

a? + b? > (a* + b*)%. Tém lai, ta c6
Va+b> Va2 +b2> @@+ b2)? =a*+ b2

Chiing minh tuong tu, ta cling co

Vbtezb?+32 Jetazl+al
Tt cac két qua trén, ta suy ra

O>a’>+b>+b>+c*+c*+a*=2.
Déu dang thiic xay ra chang han khia = 1 va b = ¢ = 0. VAy gid tri nhd nhit cia Q 1a 2. O
Binh luan. D& chitng minh Q > 2, ta con c6 hai c4ch tiép can khéc nhu sau.
Cach 1. Khong mét tinh tong quat, gid st @ > b > c. St dung bét dang thiic AM-GM, ta c6

\/m—l—«/mz2‘{/(a+b)(a+c) =2vV/a?+ ab + ac + be
22{‘/a2+b2+02+bc =ZME2.

Laico v/b+c¢>0nén Q > 2.

Cach 2. Tuong tu nhu trong 16i giai da trinh bay 6 trén, tac6 0 < a, b, ¢ < 1néna > a? b > b? va
¢ > c¢?. Tuiday, véichiy (a +b)(a+c)>a? (b+c)b+a)>b*>va(c+a)(c+b)>c?tacd

0% = (Va+b+ mwm)z
=2(a-|—b+c)+2[\/(a+b)(a-|—c)+\/(b—l—c)(b—i-a)-l—\/(c-l-a)(c—i—b)]
>2(a+b+c)+2@+b+c)=4a+b+c)>4@*+b*+c*) =4

Suyra Q > 2.
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Bai 4 (6.0 dié7m). Cho dudng tron (/) noi tiép tam gidc nhon ABC (AB < AC). Pudng tron
(I) tiép xiic véi cac canh BC, CA lan ludt tai cac diém D, E. Qua diém B, ké dudng thang vudng
gbe v6i dudng thang B, cat dudng thang A7 tai diém J. Goi P la hinh chiéu vudng géc clia diém
J trén duong thang BC.

a) Ching minh ring BD = CP.

b) Goi N la giao diém cta hai dudng thing AJ va BC. Chiing minh rang 7 + 5 = 2.

c) Goi Q la giao diém ctia hai dudng thang JP va DE. Goi K 1a trung diém ctia PQ. Ching
minh rang dudng thang BK vudng géc v6i dudng thang A P.

Loi giai. Tham khdo & Facebook thay Nguyén Lé Phudc:
https://www.facebook.com/nguyen.lephuoc.1l/posts/4238214622860346.
[

Bai 5 (2.0 diém).
a) Tim tit ca cdc sd nguyén duong x, y, z théa man 3* +2¥ = 1 + 27,

b) Cho mot hinh chif nhét c6 dién tich bang 1. Nim diém phén biét dugc dit tiiy y vao hinh chit
nhat sao cho khdng c6 ba diém nao thang hang (mdi di€ém trong nidm diém do c6 thé dugc
dat trén canh hodc dat nam trong hinh chtt nhat).

i) Chiing minh ring moi tam gidc tao bsi ba diém trong nim diém di cho déu c6 dién
tich khong vuot qué 3.

ii) V6i mbi cach dit nim diém vao hinh chit nhat nhu trén, goi n 1a s tam gidc c¢6 ba
dinh 12 ba diém ndm trong nam di€m d6 va c6 dién tich khong vuot qua 5. Tim gid
tri nho nhit cta n.

Lai giai. a) Xét cac truong hgp sau.

Trudng hgp 1: y = 1. Trong trudng hgp nay, ta co
22 — 1 =3".

Suyra2? =1 (mod 3). Néuz1asd1é, tilc z = 2k +1 véi k tu nhién, thitacd 27 = 22K+ = 2.4k =2
(mod 3), mau thuin. Do d6 z 12 s6 chén, tic z = 2k véi k nguyén duong. Khi d6, ta c6

3 =2 _1=02F-1D2F+1).

Suy ra 2¥ — 1 va 2% 4+ 1 déu la ldy thira cia 2. Ma hai s6 nay khong cung chia hét cho 3 (do
(2¥ + 1) — (2¥ — 1) = 2 khong chia hét cho 3) nén trong hai s6 phai c6 mot sb bang 1. Lai c¢6
2k —1 <2k +1nén2k — 1 = 1, tiic k = 1. Mot cach tuong tng, ta tinh dudc z = 2 va x = 1. Thix
lai, ta thay théa man.

Trudng hop 2: y > 2. Vi3* > 1 nén tu phuong trinh da cho, ta c6 2% > 2¥, tiic z > y. Suy ra 2” va
27 cling chia hét cho 4. T dé ta c6 3* = 1 (mod 4). Néu x 12 s 18, tiic x = 24 + 1 v6i £ tu nhién, thi
3% = 32641 = 3.9t = 3 (mod 4), mau thudn. Do d6 x 1a sb chén, tic x = 24 véi £ nguyén ducng.


https://www.facebook.com/nguyen.lephuoc.1/posts/4238214622860346
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o Giasli y > 4. Khi d6, ta c6 2” va 27 cung chia hét cho 16 nén 3 = 1 (mod 1)6. Néu £ 1a s6 18,
tiic £ = 2¢ + 1 vdi ¢ tu nhién, thi 3¥ = 3*%2 = 9. 81’ = 9 (mod 16), mau thuin. Do d6 £ 1a
s6 chén, tiic £ = 2t v6i t nguyén duong. Suy ra 3° = 3* =81’ = 1 (mod 5). Tir d6 2% — 27
chia hét cho 5, hay 2?7 = 1 (mod 5).

Néuz—ylas6lé tiicz —y = 2u + 1 v6i u tu nhién, thi 277 = 2.4% = +2 (mod 5),
mau thuin. Do d6 z — y 1a sb chin, tic z — y = 2u v6i u nguyén duong. Khi do, ta ¢6
27 —2Y = 2Y(4* — 1) chia hét cho 3. Lai c6 3* chia hét cho 3 nén 1 chia hét cho 3, mau thun.

o Nhu vay, ta phdi c6 y < 3. Néu y = 2 thi ta c6 3* + 3 = 27, suy ra 27 chia hét cho 3, mau
thuan. Do d6 y = 3. Khi dé, ta c6
27 -3t =7,

Tir day, ta c6 27 = 1 (mod 3). Chiing minh tuong tu trudng hdp 1, ta suy ra z 14 sd chén, tic
z = 2m v6i m nguyén duong. Khi do ta c6

" -390 +3H =7.

Vi2m -3t <2m 430 va2m 438 > 0nén2” -3t =1va2" +3t =7 Tudém = 2 va
¢ =1,haytacoéz =4 vax = 2. Thulai, ta thﬁy thda man.
Vay ¢6 hai bo s6 (x, y, z) théa man yéu cau la (1, 1, 2) va (2, 3, 4).

b) i) Trudc hét, ta ching minh két qué sau: Cho hinh chit nhdt ABCD c6 dién tich S. Xét ba diém E,
F., G khong thing hang thudc mién mgit phdng gidi han bdi hinh chit nhdt ABCD. Khi dé Sgrg < 1 S.

A M B

D N C

Qua ba diém E, F, G ké cac dudng thang vudng géc v6i dudng thang A B. Trong cac dudng thang
nay, c6 mot dudng thang nam giita hodc trung véi mot trong hai dudng thang kia. Khong mit tinh tdng
quat, gia st d6 1a dudng thang d qua diém F. Khi d6, dudng thang d sé cat doan EG tai diém P nao
d6. Goi M, N theo thi tu 1a giao diém clia dudng thang d va hai dudng thang A B, CD. Khi d6, ta c6

1 1
SeErGc = Sepr + SepF < SEMN + Seun = > ~d(E, MN)-MN + 5 -d(G, MN) - MN
1 1 1 1
< E-d(A, MN)-MN+§-d(B, MN)-MN = E-AB-MN = ES’
trong d6 d(X, Z T) dudc ky hiéu 1a khoang cach tit diém X dén dudng thiang Z T.
Tir két qua vira chiing minh trén, ta dé dang suy ra diéu phai chiing minh.

ii) Trude hét, ta sé ching minh n > 2. That vay, gia st n < 1. Goi hinh chit nhat da cho 1a hinh chit
nhat ABCD. Chia hinh chit nhat ABCD thanh bdn hinh chit nhat nhé bing nhau AMRQ, BMRP,
CPRN, DQRN nhu hinh vé bén dudi.

Xét hai hinh chit nhat AMND vd BMNC. Ta thiy mdi diém trong nim diém da cho sé thuoc mot
trong hai mién mit phang gidi han bdi hai hinh chit nhat nay. Do d6, c6 ba diém thudc cing mot
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hinh chit nhat. Khong mat tinh tdng quat, gia st ba diém d6 1a H, K, S va chiing cung thudc hinh
chtt nhat AMND.

Xét hai hinh chit nhat AMRQ va DORN. Ta thiy mbi diém trong ba diém H, K, S sé thudc mot
trong hai mién mit phang gi6i han bdi hai hinh chit nhat nay. Do d6, c6 hai diém thudc ciing mot
hinh chii nhat. Khong mét tinh tdng quat, gia st hai diém d6 1a H, K va chiing ciing thudc hinh

chit nhat AMRQ.
<\
K
Y i§ P

D N (o

Ap dung két qua da chiing minh & phan i), ta c6

1 1

Suks < =S =-.
HKS = ) AMND 4

Goi hai diém con lai trong nim diém 13 V va W. Néu c6 mdt diém nao d6 trong hai diém nay thudc
da giac ABPRND, ching han 1a V thi bang cach st dung két qua di ching minh & phan i), ta
cing c6 Sy < i. Suy ra n > 2, mau thuin. Do d6, ca hai di€ém V va W phai nam trong hinh
chtt nhat CPRN.

Néu S thudc mot trong hai hinh chit nhat DORN hoic BMRP thi bang cich sit dung két qua da
chiing minh 6 phan i), ta ¢6 Ssyw < . mau thudn. Do d6 S nam trong hinh chi nhat AMRQ.

Goi S; 1a dién tich ca tif gidc (khong nhat thiét 16i) tao bdi ba diém H, K, S va V. Khi do, rd rang

1 1 1 1 1
S1 < Svmao = Samro + Svor + Svmr < 1 + Snor + SPmr = 2 + sTs=73

Mit khéc, trong ba tia VH, VK, VS ludn c6 mot tia nam gitta hai tia con lai, chang han 1a VK. Do d6
S1 = Sykn + Svks = 2min{SyknH., Svks}

Két hop véi két qua trén, ta suy ra min{Syxn, Syks} < i. Tir d6, két hop v6i gxs < %, tacon > 2,
mau thuan. Vay ta phéi con > 2.

Mat khac, ta c6 n = 2 dugc thoa man trong trudng hgp sau.

/

o, O

Viy gi4 tri nho nhit cta n 13 2. ]
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Binh luadn. Bai 5a) 1a mot sy tuong tu héa clia bai s6 hoc trong dé chon doi tuyén Viét Nam du thi
IMO 2019: Tim tdt cd cdc s6 nguyén duong x, y, z théa man

TF4+2Y =14 2%,

Trudng hop dic biét ciia bai toan ciing da dudc st dung lam dé chon ddi tuyén Pai hoc Vinh tham du
ky thi hoc sinh gidi cap Qudc gia 2019: Tim tdt cd cdc sé nguyén duong x, v, z théa mdn

14+2%=3"42-4%,
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