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CHUYEN PE BOI DUONG TOANS ..

CHUYEN DE 1 - PHAN TiCH PA THUC THANH NHAN TU
A. MUC TIEU:
* Heé thdng lai cac dang toan va cac phuong phap phan tich da thirc thanh nhan tir
* Giai mot sb bai tap vé phan tich da thirc thanh nhan tir
* Nang cao trinh d6 va k¥ ning vé phan tich da thirc thanh nhan tir
B. CAC PHUONG PHAP VA BAI TAP
I. TACH MQT HANG TU THANH NHIEU HANG TU:
Pinh li bd sung:
+ Pa thirc f(x) c6 nghiém hiru ti thi c6 dang p/q trong d6 p 1a udc cia hé so tu do, q 1a udc
duong cta hé s6 cao nhat
+ Néu f(x) c6 tong cac hé sd bang 0 thi f(x) c6 mot nhan tir 1a x — 1
+ Néu f(x) c6 tong cac hé s6 clia cac hang tir bac chin bang tong cac hé sd cta cac hang tir
bac 1€ thi f(x) c6 mot nhan trla x + 1

)

+ Néu a 1a nghiém nguyén cia f(x) va f(1); f(- 1) khac 0 thi - va 1 déu 1a sd nguyén.

a+1l

Pé nhanh chéng loai trir nghiém 1a uéc cia hé s6 tu do

1.Vidu1:3x* - 8x + 4

Cach 1: Tach hang tir thir 2

3 —8x+4= 3x°—6x —2X +4=3x(Xx—2)—2(x—2) = (x—2)(3x — 2)

Céch 2: Tach hang tir thtr nhét:

38X +4= (4X°—8X +4) -X*=(2x-2° = x*=(2x -2+ X)(2X — 2 - X)
=(X-2)(3x—2)

Vidu2: x*-x°-4

Ta nhan thay nghiém cta f(x) néu c6 thi x = +1;+2;+4, chi ¢6 f(2) = 0 nén x = 2 1a nghiém
cta f(x) nén f(x) c6 mot nhan tir 1a x — 2. Do d6 ta tach f(x) thanh cac nhom co6 xuat hién
mot nhan tirla x — 2

Cach 1:

X2 — X2 —4 = (x*—2x7)+(x* = 2x) +(2x—4) =x* (x=2) + X(x=2) + 2(x=2) = (x=2)(x*+x+2)
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CHUYEN PE BOIDUONG TOANS
Céch 2: x3—x2—4:x3—8—x2+4:(x3—8)—(x2—4):(x—2)(x2+2x+4)—(x—2)(x+2)
= (x—Z)[(xz+2x+4)—(x+2)}=(x—2)(x2+x+2)

Vidu3:f(x)= 33— 7x*+17x-5
Nhan xét: +1,+5 khong la nghiém cua f(x), nhu vay f(x) khong c6 nghiém nguyén. Nén

f(x) néu c6 nghiém thi 12 nghiém hiru ti
Ta nhan thiy x = % la nghiém cua f(x) do d6 f(x) c6 mdt nhan tir 1a 3x — 1. Nén

f(x) = 3%’ — 7x° + 17X — 5 = 3%’ —x* 6" + 2x +15x—5=(3x* — x* ) - (6x* — 2x )+ (15x ~5)
= x*(3x—1) —2x(3x—1) +5(3x —1) = (3x —1)(x* —2x +5)
Vi x* —2x+5=(x*-2x+1)+4=(x-1)*+4>0 v&i moi x nén khong phan tich dugc thanh
nhan tur nira
Vidu4: x3+5x* + 8x +4
Nhan xét: Tong cac hé sb clia cac hang tir bic chan bang tong cac hé sd cua cac hang tir
bac 1é nén da thirc cO mét nhan trlax + 1
X5+ 8X +4=(C+X2) + (4% +4x) + (dx + 4) = X*(X + 1) + 4x(x + 1) + 4(x + 1)
= (X + 1) + 4x + 4) = (x + 1)(x + 2)?
Vidu5: f(x) = x°—2x" +3x° —4x* + 2
Tong cac hé s bang 0 thi nén da thirc c6 mot nhan tir 1a x — 1, chia f(x) cho (x — 1) ta co:
X243 A+ 2= (x= )X - X} +2x* -2x -2)
Vix*-x®+2x% -2x -2 khong c6 nghiém nguyén ciing khong c6 nghiém hitu ti nén
khong phan tich dugc nita
Vi du 6: x* + 1997x% + 1996x + 1997 = (x* + x* + 1) + (1996x° + 1996x + 1996)
= (C+X +1)C-x +1)+1996(x° +x +1)
= (+x +1)(X*-x +1+1996) = (x* +x +1)(x* - x +1997)
Vidu 7: X* - x -2001.2002 = x* - x - 2001.(2001 + 1)
=x%- x—2001% - 2001 = (x* — 2001%) — (x + 2001) = (x + 2001)(x — 2002)
II. THEM , BOT CUNG MOQT HANG TU:
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1. Thém, bét cing mét sé hang tir dé xuét hién hiéu hai binh phwong:
Vidu 1: 4x* + 81 = 4x* + 36x% + 81 - 36x* = (2xX° + 9)* — 36X

= (2% + 9)° — (6x)* = (2X° + 9 + 6X)(2X* + 9 — 6X)

= (2% + 6x + 9 )(2x* — 6x + 9)

Vidu2:x®2+98x* +1=(x®+2x*+1) +96x*

= (x* + 1) + 16x3(x* + 1) + 64x" - 16x°(x* + 1) + 32x*

= (x*+1+8x9)% —16X°(x* +1—2x%) = (x* + 8x% + 1)? - 16x*(x* — 1)?

= (x*+8x% +1)% - (4x®—4x)?

= (X" + 43+ 8x% —4x + 1)(x* - 43 + 8x +4x + 1)

2. Thém, bét ciing mét s6 hang tir dé xuat hién nhan tir chung
Vidul: X +x2+1=(xX"=X) +(*+x+1)= x(x*- 1)+ (C+x+1)
XOC -1+ +0C+x+1)=x(Xx—1)0C+x+1) ¢ +1)+ (¢ +x+1)
CC+X+DXX—1)C+1) +1] =+ x+1)(X°— x* + x* -x + 1)
Vidu2: X' +xX°+1=(xX"=x)+(°=x*) + (x* +x +1)

=xOC -1+ 1) + X3 -1) + (¢ +x +1)

=0+ X+ DX =D +X) + X (X =D +x+ 1)+ (& +x+1)

=0C +X+HD[C X+ X=X+ (C=x)+1] = +x+ D)X+ xP—x+1)

Ghi nho:

3m+1 3n+2

Céc da thtrc ¢6 dang x +" 2 Tnhu x X+ L X X+ XL
X5+X+1;X8+x+1;...déuc()nhéntﬂrchunglé X2+ x+1
III. PAT BIEN PHU:
Vidul: x(x+4)(x+6)(x+10)+ 128 =[x(x + 10)][(x + 4)(x + 6)] + 128
= (X* +10x) + (X* + 10x + 24) + 128

bat x> +10x +12 = y, da thurc c6 dang

(y—12)(y + 12) + 128 = y* — 144 + 128 = y* — 16 = (y + 4)(y — 4)
= (X*+10x+8)(x* +10x +16) = (x +2)(x +8)(x*+10x +8)
Vidu2: A=x"+6xC+7x*—6x + 1

Gia st x = 0 taviét
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6, 1

XP 63+ T —Bx+1= X2 (X +BXx+T— 2+ 2)=X2[(X2+1—2)+6(X'i)+7]
X X X

X
Pit x - % =y thi x*+ % =y*+2, do d6
A=xXA(y*+2+6y+7)=x(y +3)° = (xy + 3x)* = [X(X - %)2 +3x]° = (X* + 3x — 1)
Cha y: Vi du trén co thé giai bang cach ap dung hang dang thtrc nhu sau:
A=x'+6xC+7x%—bBx+1=x"+(6x3—2x°) + (9x*—6x + 1)

= x*+2¢°(Bx - 1) + 3x—1)* = (X +3x—1)°
Vidu3: A= (X*+y*+25)(x+y+2)* +(xy+ yz+zx)’
= [(x2 +y?+2%)+2(xy + yz+zx)}(x2 +y%+2%)+ (xy + yz+2X)°
bat x’+y*+z° =a,Xy+yz+zx=bhtaco
A= a@@+2b)+b*=a’+2ab+b”* =(a+h)’® = (X+y*+2° + Xy +yz + zx)?
Vidud: B=2(x"+y" +z) - (X +y* +2°)* = 2(X* + Y* + 2°)(x + y + 2)* + (x + y + 2)*
Pit x*+y'+z'=a, xX*+y* +Z°=b,x+y+z=ctaco:
B =2a—b?—2bc® +c*=2a—2b* +b?-2bc® +c* = 2(a— b + (b —?)?
Talai co: a—b® = - 2(x%y? +y°z® +22x%) vd b —¢* = - 2(xy + yz + zx) Do do;
B = - 4(x°y? + y?22 + 2°X%) + 4 (Xy + yz + 2X)*

= AXPY® —AYP77 — 47X+ AXPYP +AYP 77 + A7PXP +8X°yz +8Xy°Z +8xyz® =8xXyz(X+ Y + 2)
Vidu 5: (a+b+c)®-4(a’+b*+c*)-12abc

Pita+b=m,a—b=n thidab=m’—n’

2%+ = (a+ b)[(a—b) + ab] = m(n? + ”‘: "), Ta co:

m® + 3mn?

C=(m+c)’-4. 4c® —3c(m? - n%) = 3( - ¢ +mc® — mn? + cn?)

=3[c* (m-c)-n*(m-c)]=3(m-c)(c-n)(c+n)=3@+b-c)c+a-b)(c-a+h)
III. PHUONG PHAP HE SO BAT PINH:
Vidul: x*-6x3+12x%- 14x + 3
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Nhén xét: cac s +1, +3 khong 13 nghiém cua da thirc, da thirc khong c6 nghiém nguyén
cung khong c6 nghiém hiru ti

Nhu vay néu da thirc phan tich dugc thanh nhan tir thi phai ¢ dang

0 +ax+b)(x*+cx+d)=x*+ (@+c)x* + (ac + b + d)x* + (ad + bc)x + bd

a+c=-6
ac+b+d =12
ad +bc=-14
bd =3

ddng nhét da thirc nay véi da thirc da cho ta c6:

Xétbd=3v6i b,d e Z,b e {+1,+3} v6ib =3 thi d = 1 h¢ diéu kién trén trd thanh

a+c=-6

ac=-8 2c=-8 c=-4
j— =

a+3c=-14 ac=8 a=-2

bd =3

Vay: x*-6x°+12x% - 14x + 3= (x*-2x + 3)(X* - 4x + 1)
Vidu2: 2x*-3x3-7x*+6x + 8
Nhan xét: da thirc ¢6 1 nghiém 13 x = 2 nén c6 thira s6 12 x - 2 do d6 ta co:

2x* -3 - TX% + 6x + 8 = (x - 2)(2x° + ax? + bx + ¢)

a-4=-3

b-2a=-7 a=1
= 2xX*+(@-4)x+ (b-2a)x°+ (c-2b)x-2¢ = o op_g =1P="5

-2c=8 c=

Suy ra: 2x*-3x%-7x° +6x + 8 = (x - 2)(2x° + X* - 5x - 4)

Talai co 2x + x% - 5X - 4 1a da thuc ¢ téng hé sb cua cac hang tir bac 1¢ va bac chan bé'mg
nahunén c6 1 nhan tir1a x + 1 nén 2x°+ x*-5x -4 = (X + 1)(2x° - X - 4)

Vay: 2x* -3 - 7IX° + 6x + 8= (X - 2)(x + 1)(2X* - X - 4)

Vi du 3:

12X + 5x - 12y* + 12y - 10xy - 3= (ax + by + 3)(cx + dy - 1)

= acx’ + (3¢ - a)x + bdy® + (3d - b)y + (bc + ad)xy — 3
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ac=12 s
a=
bc+ad =-10
c=3
=<13c—a=5 = be 6
bd =-12 d:2
3d-b=12 Bl

= 12x° +5x - 12y* + 12y - 10xy - 3= (4 X - 6y + 3)(3x + 2y - 1)
Phan tich cac da thurc sau thanh nhan tir:
1) x*-7x +6
2) x> - 9% + 6x + 16
3) x* - 6x*-x + 30
4) 2x* - x* +5x + 3
5) 27x3- 27x%* + 18x - 4
6) X° +2xy + Y -X-y-12
7) (X +2)(x +3)(x + 4)(x + 5) - 24
8) 4x*-32x* + 1

9) 3(x* + x* + 1) - (x* + x + 1)°

10) 64x* +y*

11) a® +a* + a’h® + b* - b°

12) 3+ 3xy +y*-1

13) 4x* + 43 + 5% + 2x + 1

14) X +x+1

15) x® +3x* + 4

16) 3x° + 22xy + 11x + 37y + 7y*+10
17) x* - 8x + 63
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CHUYEN PE 2: HOAN VI, TO HQP
A.MUC TIEU:
* Budc dau HS hiéu vé chinh hop, hoan vi va t6 hop
* Van dung kién thirc vao mot ss6 bai toan cu thé va thuc té
* Tao hting tht va nang cao k¥ nang giai toan cho HS
B. KIEN THUC:
I. Chinh hgp:
1. dinh nghia: Cho mét tap hop X gom n phan tir. Mdi cach sap xép k phan tir ctia tap hop
X (1 < k < n) theo mot thtr ty nhét dinh goi 14 mot chinh hop chép k cta n phan tir ay
S tat ca cac chinh hop chéap k ctia n phan tir duge ki hiéu A:

2. Tinh s6 chinh chap k cta n phan tur

Al=nn-1)(n-2)...[n-(k-1)]

I1. Hoan vi:
1. Binh nghia: Cho mdt tap hop X gém n phan tir. Mdi cach sip xép n phan tir cia tap hop
X theo mot thir ty nhat dinh goi 12 mot hoan vi ctia n phan tir Ay

SO tat ca cac hoan vi cua n phan tir dugc ki hi¢u Py,

2. Tinh s6 hoan vi ctia n phan tir
P.= Al =n(n-1)(n-2)...2.1=n!

(n!: n giai thira)

I11. To hop:

1. Pinh nghia: Cho mt tdp hop X gom n phan tir. Mdi tap con ciia X gém k phan tir
trong n phan tir ctia tp hop X (0 < k < n) goi 1a mot t6 hop chap k cia n phan tir Ay
S6 tat c4 céc t6 hop chap k cua n phan tir duge ki hicu C*

2. Tinh s6 t6 hop chap k cua n phan tr

«_ an iy nn-1)(n-2)..n- (K- 1)]
Ci= Al :ki= .
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C. Vidu:

1. Vidu 1:

Cho 5 chitsé: 1,2,3,4,5

a) c¢6 bao nhiéu s6 tu nhién c6 ba chit s6, cac chit s6 khac nhau, 1ap boi ba trong céac chir

s6 trén

b) C6 bao nhiéu s6 tu nhién co 5 chit sd, cic chit s6 khac nhau, 1ap bdi ca 5 chir s6 trén

¢)C6 bao nhiéu cach chon ra ba chit s6 trong 5 chir s6 trén

Giat:

a) s6 tu nhién c¢6 ba chit s6, cac chit s6 khac nhau, 1ap béi ba trong cac chir sb trén 1a

chinh hop chap 3 cua 5 phﬁn tu: A: =5.(5-1).5-2)=5.4.3= 60 $b

b) s6 tu nhién ¢6 5 chit sd, cac chit sd khac nhau, lap bdi ca 5 chir sb trén 14 hoan vi cua 5

phan ttr (chinh hop chap 5 ctia 5 phan tir):
Al=5(5-1).05-2).5-3).(5-4)=5.4.3.2.1=120s

¢) cach chon ra ba chir s6 trong 5 chit s6 trén 13 t6 hop chap 3 cia 5 phan tir:

C3:5.(5-1).(5-2)_ 5.4.3 60,0 nhém
5 3! 3.(3-1)(3-2 6

2. Vidu2:
Cho 5 chirs6 1, 2, 3, 4, 5. Dung 5 chir sb nay:

a) Lap duogc bao nhiéu s6 tu nhién ¢ 4 chit sb trong d6 khong cé chir s6 ndo 1ip lai? Tinh
tong cac s6 1ap duoc

b) 1ap dugc bao nhiéu sb chin c6 5 chit s6 khac nhau?

¢) Lap duoc bao nhiéu sb tu nhién c6 5 chit sb, trong d6 hai chit s ké nhau phai khac
nhau

d) Lap duoc bao nhiéu s6 tu nhién c6 4 chir s0, cac chir s6 khac nhau, trong do c6 hai chir
s6 1&, hai chir sd chin

Giai
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a) s6 ty nhién ¢6 4 chit sd, cac chit sd khac nhau, lap béi 4 trong céac chir s6 trén 1a chinh
hop chdp 4 cta 5phan ti: A =5.(5-1).(5-2).(5-3)=5.4.3.2 = 120
Trong mdi hang (Nghin, trim, chuc, don vi), mdi chir s6 cO mit: 120 : 5 =24 lan
Téng céc chit s6 & mdi hang: (1 +2 +3 +4 +5). 24 =15 .24 =360
Tong céc s6 dugce lap: 360 + 3600 + 36000 + 360000 = 399960
b) chit sb tan cing ¢ 2 cach chon (1a 2 hoic 4)
bon chit sb trude 14 hoan vi cia cia 4 chir s6 con lai vaco P, = 41=4 .3 .2 =24 cach
chon
Tt ca c6 24 . 2 = 48 cach chon
c) Cac b phai 1ap c6 dang abcde, trong d6 : a cd 5 cach chon, b ¢6 4 cach chon (khac a),
¢ cO 4 cach chon (khac b), d ¢6 4 cach chon (khac c), e c6 4 cach chon (khéc d)
Tatcacod: 5.4.4.4.4=1280s6
d) Chon 2 trong 2 chit s6 chan, co 1 cach chon
chon 2 trong 3 chir sb 16, ¢6 3 cach chon. Cac chit sb ¢6 thé hoan vi, do d6 co:
1.3.41=1.3.4.3.2=7256
Bai 3: Cho xAy =180°. Trén Ax lay 6 diém khac A, trén Ay lay 5 diém khac A. trong 12
diém noi trén (ké ca diém A), hai diém nao cung dugc ndi véi nhau béi mot doan théng.
C6 bao nhiéu tam giac ma cac dinh 1a 3 trong 12 diém ay
Giai
Céch 1: Tam giac phai dém gdm ba loai:
+ Loai 1: cac tam gidc ¢6 mét dinh 1a A, dinh thir 2 thude
Ax (c6 6 cach chon), dinh thir 3 thudc Ay (c6 5 cach

chon), gdm co: 6 . 5 =30 tam giac

+ Loai 2: Cac tam giac c6 1 dinh 1a 1 trong 5 diém By,
B, B3, By, Bs (c6 5 cach chon), hai dinh kia 1a 2 trong 6

diém As, A, Ag, Ar, As, Ag (C6 Ci=—2=>>=15 cich chon)

Gom 5 . 15 =75 tam giac
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+ Loai 3: Cac tam giac c6 1 dinh 1a 1 trong 6 diém Aq, Ay, As, Ay, As, Ag hai dinh kia 1a 2

trong 5 diém B;, B,, B, B4, Bs gdm c6: 6. C§=6.%=6.2—20:60 tam giac

Tat ca co: 30 + 75 + 60 = 165 tam giac
12.11.10 1320 1320

Céch 2: sb cac tam giac chon 3 trong 12 diém ay 1a sz RTE 5 - 220
S6 bo ba diém thang hang trong 7 diém thudc tia Ax la: Cj = 7';'5 = éls = 220 =35
S6 bo ba diém thang hang trong 6 diém thudc tia Ay la: Cz = 6';'4 = 222 = 120 =20

S6 tam giac tao thanh: 220 - (35 + 20) = 165 tam giac

D. BAI TAP:

Bai 1: cho 586: 0, 1,2, 3, 4. tix cac chit s6 trén c6 thé lap duoc bao nhicu s6 tu nhién:

a) CO 5 chit s6 gom ca 5 chit sb Ay?

b) C6 4 chir sd, co cac chit s6 khac nhau?

¢) ¢6 3 chir sd, cac chit s khac nhau?

d) c6 3 chir s0, cac chit s6 c6 thé gibng nhau?

Bai 2: C6 bao nhiéu sd ty nhién co 4 chit s6 1ap bdi cac chit s6 1,2, 3 biét rﬁng s6 d6 chia
hét cho 9

Bai 3: Trén trang vo c6 6 duong ké thang ding va 5 duong ké nam ngang doi mot cat

nhau. Hoi trén trang v& d6 co bao nhi€u hinh chit nhat

10
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CHUYEN DE 3 - LUY THUA BAC N CUA MOT NHI THUC

A.MUC TIEU:

HS niam duoc cong thire khai trién luy thira bac n cia mot nhj thirc: (a + b)"

Van dung kién thirc vao cac bai tap vé x4c dinh hé s6 cua luy thtra bac n ctia mot nhi
thirc, van dung vao céc bai toan phan tich da thirc thanh nhan tu

B. KIEN THUC VA BAI TAP VAN DUNG:

INhlthl:‘[‘CNlutO’n (a+b)n :an+ Cian-lb'* Cﬁan'2b2+...+ C:—labn-l_l_bn

Trong do: ck n(n-1)(n-2)..[n- (k- 1)]
| ’ 1.2.3.K

II. Cach x4c dinh hé sd cta khai trién Niuton:

nin-1)(n-2)...[n-(k-1)]

1. Cach 1: Dung cong thitc Cf = o

Ching han hé sb ctia hang tir a*b® trong khai trién cta (a + b)’ 14

_7654_7654

!

41 4321

Chiy: a)yck=—"" voiquyude 0l=1= cé=tt 1054321 4
n'(n-k)! 413! 4321321

b) Taco: C* = C¥* nén c;‘:ci:%:%

2. Cach 2: Dung tam giac Patxcan

binh 1

Dong 1(n=1) 1 1

Dong 2(n=1) 1 2 1

Dong 3(n=3) 1 3 3 1

Dong 4(n = 4) 1 4 6 4 1

Dong 5(n = 5) 1 5 10 10 5 1

Dong 6(n = 6) 1 6 15 20 15 6 1

11
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Trong tam gic nay, hai canh bén gdm céc s6 1; dong k + 1 duoc thanh lap tir dong k
(k >1), chang han ¢ dong2 (n=2)tac62=1+1,dong3 (n=3):3=2+1,3=1+2
dong4 (n=4):4=1+3,6=3+3,4=3+1, ...

Véin=4thi: (a+b)*=a"+4a’ +6a’h’ + 4ab® + b*

Véin=5thi: (a+b)’=a°+5a’h+10a’b? + 10a’b* + 5ab* + b°

Véin=6thi: (a+b)°=a’+6ab+ 15a'b* + 20a’h® + 15a° b* + 6ab’ + b°

3. Cach 3:

Tim hé s6 cta hang tir dimg sau theo cac hé sb cia hang tir dting trudc:

a) Hé sb ciia hang tir thir nhat bang 1

b) Mubn c6 hé sé cta cuia hang tir thir k + 1, ta 1y hé sb ctia hang tir thir k nhan véi s6
mil ctia bién trong hang tir thir k r6i chia cho k

Changhan (a+b) =a +Ea3b+_a2b2+ 4.3.2 ab3+ 4.3.2. b5
1 2 2.3 234

Chu y rang: cac hé s6 ctia khai trién Niuton c6 tinh d6i xtng qua hang tir dimg giira, nghia

la cac hang tir cach déu hai hang tir dau va cu6i c6 h¢ s6 bang nhau

(@a+b)"=a"+na" b+

n(z-zl)(,in-zbz+ 4 n(;n-zl)azbn 24 na" "+ pn

1L Vi du:
1. Vi du 1: phan tich da thirc sau thanh nhan tu
a) A= (x+y)’-x° -y
Cach 1: khai trién (x +y)° roi rt gon A
A= (X+Y)-X -y> = (X +5xY + 10x°Y* + 10x%y° + 5xy* + y°) - X° - y°
= 5x%y + 10x%® + 10x%y° + 5xy” = Bxy(x® + 2x%y + 2xy? + y°)
= 5xy [(x + Y)(X* - Xy + ¥*) + 2xy(x + y)] = BXy(X + y)(X* + Xy + y?)
Cach2: A= (x +Yy)° - (X° +y°)
x> +y° chia hét cho x + y nén chiax + Yy cho x + y ta c6:
X° +y° = (X + y)(X* - Xy + X% - xy* + y*) nén A c6 nhan tir chung 1a (x +y), dit (x +y)

lam nhan t&r chung, ta tim dugc nhan tir con lai

12
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b) B=(x+Yy) -x -y" = (x'+7x% +21x°y? + 35x*y* +35x°y* +21x%y° Txy® +y') - X' -

7

y
= 7x°%y + 21x°y? + 35x*y° + 35x%y* + 21x%y° + Txy®
= Txy[(x° +¥°) + 3(x"y + xy*) + 50y + x*y°)]
= 7xy {[(x + Y)(X* - Py + X7y - xy® +y%) 1+ 3xy(X + )X - Xy + Y*) + 5XY(x + y)}
= Txy(x + Y)[X* - Py + X%y - xy® + y* + 3xy(x* + Xy +y*) + 5x°y* ]
= 7xy(x + Y)[x* - Xy + x3y? - xy® + y* + 3x%y - 3x%y? + 3xy® + 5x%Y? ]
= Txy(x + Y)[(x* + 2xy° + y*) + 2xy (x° + y?) + X°y* ] = Txy(X + Y)(X° + Xy +y*)?
Vi du 2:Tim tong hé s6 cac da thirc c6 dugc sau khi khai trién
a) (4x - 3)*
Cach 1: Theo conh thirc Niu ton ta co6:
(4x - 3)* = 4.(4x)*.3 + 6.(4x)%.3% - 4. 4x. 3 + 3 = 256x" - 768x° + 864X - 432X + 81
Téng cac hé sb: 256 - 768 + 864 -432 +81 =1
b) Céch 2:  Xét ding thirc (4x - 3)* = cox* + )@ + €% + CaX + C4
Téng cac hé $6: co+Cp+Cy+Cs+Cy
Thay x =1 vao déng thirc trén ta co: (4.1 - 3)4 = C+C +Cr+C3+Cy
Vay:cg+Ci+Cr+C3+cs=1
* Ghi chu: Té)ng céc hé s6 khai trién ciia mot nhi thirc, mot da thirc bﬁng gia tri cua da
thuc do taix =1
C. BAI TAP:
Bai 1: Phan tich thanh nhan tir
a) (a+b)’-a’ - b’ b) (x +y)* +x* +y*
Bai 2: Tim téng cac hé s6 c6 dugce sau khi khai trién da thire

a) (5x - 2)° b) (x* +x - 2)*% + (x* - x + 1)*

13
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CHUEN DE 4 - CAC BAI TOAN VE SU CHIA HET CUA SO NGUYEN
A.MUC TIEU:
* Cling cd, khic sau kién thirc vé cac bai toan chia hét giita cac s6, cac da thirc
* HS tiép tuc thuc hanh thanh thao vé cac bai toan chirng minh chia hét, khong chia hét,
sénguyén t6, sé chinh phuong. ..
* Van dung thanh thao k¥ nang chimg minh vé chia hét, khong chia hét... vao cac bai
toan cu thé
B.KIEN THUC VA CAC BAI TOAN:
I. Dang 1: Chirng minh quan hé chia hét
1. Kién thic:
* Pé chimg minh A(n) chia hét cho mdt sé m ta phan tich A(n) thanh nhan tr c6 mot nhan
ttr 1am hodc bdi ctia m, néu m 1a hop s6 thi ta lai phan tich n6 thanh nhan tr c6 cac doi
mot nguyén té cing nhau, rdi chimg minh A(n) chia hét cho céc sé d6
*Chuy:
+ Véi k s6 nguyén lién tiép bao gid cting ton tai mot bdi cia k
+ Khi chimg minh A(n) chia hét cho m ta xét moi trudng hop vé sb du khi chia A(n) cho
m

+ V&1 moi s0 nguyén a, b va so tu nhién n thi:

+)a" - b" chiahétchoa-b (a =-b) +)(a +1)"1aBS(a)+1
+)a®™" "'+ b™* ! chiahétchoa + b +)(@a-1)" laB(a)+1
+(a+b)" =B(a) +b" +)(@-1)""*1aB(a)- 1

4. DAl Wap;

2. Cac bai toan

Bai 1: ching minh rang

a) 2°" - 1 chia hét cho 7 b) 27° + 37 chia hét cho 13
c) 17*° + 19" chi hét cho 18 d) 36% - 1 chia hét cho 7 nhung khong chia hét cho
37

14
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e) 2*" -1 chia hét cho 15 véine N
Giai
a)2t-1=(2)"-1:2*-1=7
b) 970 4 370 (22)35 + (32)35 —4%4+9%:44+9=13
c) 179 + 19 = (17 + 1) + (197 - 1)
179 +1:17+1=18va19"-1:19-1=18nén (17°+1) + (19" -1)
hay 17%° + 19'7 : 18
d)36°-1:36-1=35:7
36%-1=(36%+1)-2 chicho37du-2
e)2™-1=(@9"-1:2"-1=15
Bai 2: chimg minh rang
a) n°-n chia hét cho30 véin e N
b) n*-10n? + 9 chia hét cho 384 véi moin 1é ne Z
c) 10" +18n -28 chia hét cho 27 véine N ;
Giai:
a)n’-n=n(n*-1)=n(n-1)(n + 1)(n*+ 1) = (n - 1).n.(n + 1)(n* + 1) chia hét cho 6 vi
(n - 1).n.(n+1) 1a tich ctia ba sb tu nhién lién tiép nén chia hét cho 2 va 3 (¥)
Mitkhdc n’-n=n(n’*-1)(n°+1)=n(n*-1).(n°- 4 +5) =n(n°- 1).(n° - 4) + 5n(n*- 1)
=(n-2)(n-n(n+1)(n +2)+5n(n*-1)
Vi(n-2)(n-Dn(n+ 1)(n +2)1atich ciia 5 s6 tu nhién lién tiép nén chia hét cho 5
5n(n® - 1) chia hét cho 5
Suyra(n-2)(n-1)n(n+1)(n +2)+5n(n”- 1) chia hét cho 5 (**)
T (*) va (**) suy ra dpcm
b) Pit A=n"-10n° + 9= (n*-n*) - (9n*- 9) = (n*- 1)(n*-9) = (n - 3)(n - 1)(n + 1)(n + 3)
Vinlénénditn=2k+1 (k € Z) thi
A = (2k - 2).2k.(2k + 2)(2k + 4) = 16(k - 1).k.(k + 1).(k + 2) = A chia hét cho 16 (1)
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Va (k- D.k.(k+1).(k + 2) 1a tich ctia 4 s6 nguyén lién tiép nén A c6 chtra boi cua 2, 3, 4
nén A 13 bdi ctia 24 hay A chia hét cho 24 (2)
Tir (1) va (2) suy ra A chia hét cho 16. 24 = 384
c)10" +18n-28 = (10"-9n-1) + (27n - 27)
+ Taco: 27n - 27 : 27 (1)
+10"-9n-1=[(9.9+1)-9n-1]= 9..9-9n =9(1..1-n): 27 (2)

Vig:i9val.1-n:3dol.1-n 1amotsdcotong cac chir sb chia hét cho 3

Tu (1) va (2) suy ra dpcm

3. Bai 3: Chung minh rang véi moi s6 nguyén a thi

a) a’-a chia hét cho 3

b)a’ - a chia hét cho 7

Giai

a)a’-a =a(@-1)= (a-1)a(a+1) latich cua ba s6 nguyén lién tiép nén ton tai mot sd
12 boi ctia3 nén (a-1)a(a+1)chiahétcho3

b))a'-a =a@-1)=a@-1)@+a+1)@- a+1)

Néu a =7k (k e Z) thi a chia hét cho 7

Néua=7k+1 (k €Z) thia®-1=49k*+ 14k chia hétcho 7

Néua=7k+2 (k Z) thia®+a+1=49k’+ 35k + 7 chia hét cho 7

Néua=7k+3 (k €Z) thia®-a+1=49k*+ 35k + 7 chia hét cho 7

Trong truong hop nao ciing c¢6 mot thira sé chia hét cho 7

Vay: a’ -a chia hét cho 7

Bai 4: Chimg minh rang A =1°+2°+3%+ ..+ 100° chiahét choB=1+2+3+ ...+ 100
Giai

Taco: B =(1+100) + (2 + 99) + ...+ (50 + 51) = 101. 50

Pé chirmg minh A chia hét cho B ta chitng minh A chia hét cho 50 va 101

Taco: A= (1°+100% + (2° + 99°) + ... +(50° + 51°)
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= (1 + 100)(1% + 100 + 100%) + (2 + 99)(2% + 2. 99 + 99%) + ... + (50 + 51)(50° + 50. 51 +
51%) = 101(1% + 100 + 100% + 2% + 2. 99 + 992 + ... + 50% + 50. 51 + 51%) chia hét cho 101
(1)

Laico: A= (1°+99% + (2°+98°%) + ... + (50° + 100°)

Mdi sb hang trong ngodc déu chia hét cho 50 nén A chia hét cho 50 (2)

Tir (1) va (2) suy ra A chia hét cho 101 va 50 nén A chi hét cho B

Bai tip vé nha

Chung minh rang:

a) 8> —a chia hét cho 5

b) n® + 6n? + 8n chia hét cho 48 v&i moi n chén

¢) Cho a 14 sd nguyén t6 16n hon 3. Cmr a® — 1 chia hét cho 24

d) Néu a + b + ¢ chia hét cho 6 thi a® + b® + ¢* chia hét cho 6

e) 2009%*° khéng chia hét cho 2010

f) n®+ 7n + 22 khong chia hét cho 9

Dang 2: Tim s6 dw ciia mdt phép chia

Bai 1:

Tim s6 du khi chia 2'®

a)cho 9, b) cho 25, c) cho 125
Giai

a) Luy thira ctia 2 sat voi bdicua91a2°=8=9-1
Taco:2'°=2.(2%*=2.(9-1)*=2[B(9)-1]=B(9)-2=B(9) + 7
Vay: 2'%° chia cho 9 thi du 7

b) Tuong tu ta co: 2'%° = (2191 = 1024" = [B(25) - 1]*° = B(25) + 1
Vay: 2'% chia chop 25 thi du 1

¢)Str dung cong thirc Niuton:

" 50.49

20 =(5-1)°=(" -55%+ .. .52-50.5)+1
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Khong ké phan hé sb cuia khai trién Niuton thi 48 s6 hang d4u di chua thira s 5 véi sé mil

50.49

16n hon hodc bang 3 nén déu chia hét cho 5° = 125, hai s hang tiép theo: .5%- 50.5

ciing chia hét cho 125 , s6 hang cudi cung 1a 1

Vay: 2'%° = B(125) + 1 nén chia cho 125 thi du 1

Bai 2:

Viét s6 1995 thanh tong cua cac sb tu nhién . Téng cac 1ap phwong dé chia cho 6 thi du
bao nhiéu?

Giai

Dit 1995%® =a=a +a, +...+a,
Goi S =a’+a, +a’+.+a’=a’+a’+a +.+a’+ta-a
=(@’-a)+ (@ -a)+..+(a-a)+a
M&i diu ngodc déu chia hét cho 6 vi mdi dau ngoic 14 tich cta ba sé tu nhién lién tiép. Chi
can tim s6 du khi chia a cho 6
1995 1a s6 1é chia hét cho 3, nén a cung la s6 1é chia hét cho 3, do do chia cho 6 du 3
Bai 3: Tim ba chit s tan cung cta 2'% viét trong hé thap phan
giai
Tim 3 chit s6 tn cung 13 tim sb du ciia phép chia 2*%° cho 1000
Trudc hét ta tim s6 du cta phép chia 2' cho 125
Van dung bai 1 ta ¢6 2'% = B(125) + 1 ma 2'% 13 s chin nén 3 chit sé tan cing ctia nd chi
c6 thé 1a 126, 376, 626 hoic 876
Hién nhién 2'® chia hét cho 8 vi 2'® = 16® chi hét cho 8 nén ba chir sb tn cung cta no
chia hét cho 8
trong cac sd 126, 376, 626 hoidc 876 chi c6 376 chia hét cho 8
Vay: 2'% viét trong hé thap phan c6 ba chit sb tan cung 1a 376
Téng quat: Néu n 1a s6 chin khong chia hét cho 5 thi 3 chit s6 tan cing cia nd 14 376
Bai 4: Tim s6 du trong phép chia cac s6 sau cho 7
a) 227 + 55% b)319%
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c) 19929 + 199419 d) 32

Giai

a) ta c: 222 + 55 = (21 + 1)? + (56 — 1)® = (BS 7 +1)** + (BS 7 — 1)
=BS7+1+BS7-1=BS7nén 22%+55> chia7 du 0

b) Luy thira ctia 3 sat voiboicua 71a3°=BS7-1

Ta thiy 1993 = BS 6 + 1 =6k + 1, do d¢:

31983k =3 (3)*=3(BS7-1)*=3(BS7+1)=BS7+3

c) Ta thiy 1995 chia hét cho 7, do do:

19921 + 199419 = (BS 7 -3)**¥ + (BS 7-1)** = BS7-3"* +BS7-1
Theo cau b ta co 39 =BS 7 + 3 nén

19921 + 199419 = BS 7 — (BS 7 + 3) — 1 = BS 7 — 4 nén chia cho 7 thi du 3
d) 377 =320 = 3%*1 -3 3% =3(BS7-1)= BS 7 -3 nén chia cho 7 thi du 4
Bai tip vé nha

Tim sb d u khi:

a) 2% cho 7

b) 31998 + 51998 ChO 13

)A= 13+2°+3%+ . .+99°chiachoB=1+2+3+...+99

Dang 3: Tim diéu kién dé xay ra quan hé chia hét

Bai 1: Tim n e Z dé gia tri caa biéu thirc A =n® + 2n° - 3n + 2 chia hét cho gi4 tri cua biéu
thitc B=n°-n

Giai

ChiaAchoBtaco:n*+2n°-3n+2 =(n+3)(n*-n) +2

Dé A chia hét cho B thi 2 phai chia hét cho n” - n = n(n - 1) do d6 2 chia hét cho n, ta c6:

N 1 -1 2 -2
n-1 0 -2 1 -3

n(n-1) 0 2 2 6
loai loai
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Vay: Dé gi tri cia biéu thirc A =n®+ 2n? - 3n + 2 chia hét cho gi4 tri cta biéu thirc
B=n’-nthin e{-12)

Bai 2:

a) Timn e N dén’ + 1 chia hét chon® +1

b) Giai bai toan trén néun e Z

Giai

Taco: n° +1:in*+1l e n’P+1)-(n*-1):inf+le (n+1)(n-1):n+1

s M+1MN-1):M+)MN*-n+l) e n-1:n"-n+1 (Vin+1=0)
a)Néun=1thi 0:1

Néun>1thin-1<n(n-1)+1< n*-n+1nénkhéngthéxdyran-1: n’-n+1
Vay gid tru ciia n tim dugc lan=1

byn-1:n"-n+l1=nnh-1):n"-n+le (N®-n+1)-1:n*-n+1

— 1: n®-n+ 1. Co6 hai trudng hop xdy ra:

n=2~0

- (Tm dé bati)

+n2-n+1:1c>n(n-1):0<:>[

+n°-n+1= -1 < n°-n+2=0 (Vo nghiém)

Bai 3: Tim s6 nguyén n sao cho:

ayn“+2n-4:11 by2n*+n’+7n+1:2n-1
on*-2n*+2n°-2n+1:n*-1 dn®-n*+2n+7:n*+1
Giai

a) Tach n®+ 2n - 4 thanh tong hai hang tir trong d6 c6 mot hang tir 1a B(11)
n+2n-4:11 < (n*-2n-15)+11: 11 (n-3)(n+5) +11: 11

< (n-3)(n+5) 11<:>{n - 3211<:>P=B(11)+3

n+5:11  |n=B(1)-5

by2nP+n*+7n+1=(n*+n+4)(2n-1)+5
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2n —1=-5 n=-2

2 3 2 . e . 2n —1=-1 n=0
Pé 2n°+n“+7n+1:2n-1thi5:2n-1hay2n-11aU00")< o

2n—1=1 n=1

2n —1=5 n=3

Vay: n €{ -2, 0 1;3}th12n3+n2+7n+122n—1

on*-2n*+2n*-2n+1:n*-1

PitA=n'-2n*+2n’-2n+1=(n"-n’)-(N*-n) +(n*-n)-(n-1)
=n’(n-1)-n’(n-1)+n(n-1) - n-1)=(n-1) (N*-n*+n-1)=(n-1)>*n*+1)
B=n'-1=(n-1)(n+1)(n*+1)

Achiahétchobnénn # + 1 = AchiahétchoB < n-1:n+lo (n+1)-2:n+1

n+1=-2 n=-3
n+1=-1 |n=-2
R
n+1=1 n=0
n+1=2 n =1 (khong Tm)

< 2'n+l <

Vay:ne { -3 -2 0} thi n*-2n°+2n°-2n+1:n"-1
d)Chian3—n2+2n+70hon2+lduqcthuonglé n-1,du n+8
Pén*-n*+2n+7:n*+1thin+8:n*+1=(n+8)(n-8):n"+1<65:n+1
Lan luot cho n® + 1 bﬁng 1;5;13;65ta duqcnbéng 0; +2; +8
Thilaitacon=0;n=2;n=8 (T/m)
Vay:n’-n+2n+7:n°+1khin=0,n=8
Bai tip vé nha:
Tim s nguyén n dé:
a) n® — 2 chia hét chon — 2
b) n*~3n°-3n—1 chiahétchon’+n+1
c)5" — 2" chia hét cho 63
Dang 4: Ton tai hay khong ton tai sw chia hét
Bai 1: Timn e N sao cho 2" — 1 chia hét cho 7
Giai
Néun=3k (k e N)thi 2"—1=2%_1=8" - 1 chia hét cho 7
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Néun=3k+1(keN)thi2"-1=2%"*_1=202%_1)+1=BS7+1

Néun=3k+2 (ke N)thi2"-1=2%*2_1=402%_1)+3=BS7+3

V ay: 2" — 1 chia hét cho 7 khin=BS 3

Bai 2: Timn e N dé:

a) 3" — 1 chia hét cho 8

b) A =3 "3+ 2"*1 chia hét cho 25

c) 5" — 2" chia hét cho 9

Giai

a) Khin=2k (ke N)thi3"-1=3*_-1=9*_1 chiahétcho9-1=8
Khin=2k+1 (ke N)thi3"-1=3%"1_1=3.(9"-1)+2=BS8+2

Vay : 3" — 1 chia hét cho 8 khi n = 2k (ke N)

by A=3""34+2*1 =27 3" +22%" = (25+2)3" +2.2"=25.3" +23" + 2.2

= BS 25 +2(9" + 16"

Néun =2k +1(ke N) thi 9" + 16" = 9%** + 16*** chia hét cho 9 + 16 =25

Néun =2k (ke N)thi 9" c6 chir sd tan cting bang 1 , con 16" ¢6 chit s6 tan ciing bang 6

suy ra 2((9" + 16") co chir sd tAn cung bang 4 nén A khong chia hét cho 5 nén khong chia

hét cho 25

¢) Néu n =3k (ke N) thi 5"— 2" = 5% _ 2% chia hét cho 5° — 2° = 117 nén chia hét cho 9
Néun=3k+1thi5"—2"= 55%_22%=55%_2%)+3 2%=BS9+3. 8

=BS9+3(BS9-1)=BS9+BS9+3

Tuong tu: néun =3k + 2 thi 5" — 2" khong chia hét cho 9
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CHUYEN DPE 5: SO CHINH PHUONG

1. S6 chinh phuong:

A. Mot s6 kién thic:

S6 chinh phuong: sé bang binh phuong cia mot s6 khac

Vi du:

4=2%9=3

A=4n’+4n+1=(2n + 1)’ = B

+ S6 chinh phuong khong tan cing boi cac chit s6: 2, 3, 7, 8

+ S6 chinh phuong chia hét cho 2 thi chia hét cho 4, chia hét cho 3 thi chia hét cho 9, chia
hét cho 5 thi chia hét cho 25, chia hét cho 2° thi chia hét cho 2°,...

+8611..1 = athi 99.9 =9%a =9 +1= 99..9 +1=10"

B. Mot sb bai toan:
1. Bai 1:
Chting minh rang: Mét sé chinh phuong chia cho 3, cho 4 chi ¢6 thé du 0 hoac 1
Giai
Goi A=n”*(n eN)
a) xét n = 3k (k eN) = A = 9k® nén chia hét cho 3
n=3k + 1(k eN) = A=9k*+ 6k + 1, chiacho 3 du 1
Vay: sb chinh phuong chia cho 3 du 0 hozc 1
b) n = 2k (k <N) thi A = 4k chia hét cho 4
n =2k +1 (k eN) thi A = 4k® + 4k + 1 chia cho 4 du 1
Vay: s6 chinh phuong chia cho 4 du 0 hoic 1
Chay: + S6 chinh phuong chin thi chia hét cho 4
+ S chinh phuong I¢ thi chia cho 4 thi du 1( Chia 8 cang du 1)
2. Bai 2: S6 nao trong céc sd sau 1a sb chinh phuong
a) M = 1992% + 19937 + 1994
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b) N = 19922 + 1993? + 1994% + 1995

c) P =1+ 9" + 94'% + 1994'%

d) Q=1%+ 2%+ ..+ 100

e)R=1%+2%+ .. +100°

Giai

a) cac s6 19937, 1994 chia cho 3 du 1, con 19922 chia hét cho 3 = M chia cho 3 du 2 do
d6 M khong 1a sé chinh phuong

b) N = 1992% + 19932 + 19947 + 19952 gdm tong hai s chinh phuong chén chia hét cho 4,
va hai s6 chinh phuong 1é nén chia 4 du 2 suy ra N khong 1a s6 chinh phuong

¢) P =1+ 9" + 94'% + 1994 chia 4 du 2 nén khong 1a sb chinh phuong

d) Q = 1%+ 2° + ...+ 100

S6 Q gom 50 sb chinh phuong chan chia hét cho 4, 50 s6 chinh phuong ¢, mdi s6 chia 4

du 1 nén tdng 50 sb 1¢ do chia 4 thi du 2 do d6 Q chia 4 thi du 2 nén Q khong 12 sé chinh

phuong

)R=1%+2%+ .. +100°

Goi Ay=1+2+. +k= A =142+ +k=

k(k + 1) k(k - 1)
2 2

Taco: A2 — A 1° = k* khi do:
P=A7

Cong vé theo vé cac dang thic trén ta co:

1B+ 4= A2= [n(n+1)T _{100(100+1)
e - n - =

2
> > } —(50.101)° 1a s6 chinh phuong
3. Bai 3:
CMR: Véi moin Y N thi cac s6 sau 1a sé chinh phuong.
a) A= (10"+10"" +...+.10 +1)(10 "+ 5) + 1
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10n+1 1

A= (11..1)(10™ +5) +1 = o (10“*1+5)+1

2 2 2
Pita= 10" thi A= %1(&_}_5)_}_1: a’+4a-5+9 a +4a+4:(a+2j

9 3

b)B—111 ..... 1555...56 (cinsd 1 van-1sb 5)
%,_/

B =111...1555...5 + 1= 111...1. 10" + 555...5 + 1 = 111..... 1.10”+5(111 ..... 1j+1
bat 11....1 1=athi10"=9a+ 1 nén
B=a(@a+1)+5a+1=9a°+6a+1=(3a+1)°= 33..34°

n-1

c)C=11..1.+ 44.4+1
— (N —

2n n

bata=11...1 1Th|C—11 ..... 111...1+4. 1.1 1+1=a10"+a+4a+1

—a(@a+1)+5a+1=9a*+6a+1=(3a+1)’
d)D=99..9800..01. Dat 99..9=a=10"=a+1

n n n

D=09.9.10""?2+8.10"*'+1=a.100.10"+80. 10"+ 1
%/_J

n

=100a(a + 1) + 80(a + 1) + 1 = 100a” + 180a + 81 = (10a + 9)* = (99...9)°

n+1

e)E—11 ..... 122..25=11...122...200 + 25 = 11...1.10" "* + 2. 11....100 + 25
H_/ H/_/

n+1 n n+1 n n

= [a(9a + 1) + 2a]100 + 25 = 900a° + 300a + 25 = (30a + 5)* = (33 ..... 35)?

f)F= 4.4 =4.11..1 la s6 chinh phuong thi 11....1 1 1a 56 chinh phuong

100 100 100

S6 11....1 1256 16 nén n6 1a sb chinh phuong thi chia cho 4 phai du 1

Thatvay: (2n +1)> = 4n” + 4n + 1 chia 4 du 1

11.....1 ¢6 hai chir sb tan cuing 1a 11 nén chia cho 4 thi du 3
—

100
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CHUYEN PE BOI DUONG TOANS ..

vay 11....1 khong 1a sé chinh phuong nén F = 44....4 khong la s6 chinh phuong
100 100

Bai 4:
a) Cho cacsé6 A=11.....11 ; B=11....11 ; C = 66.....66
S —— [N — —_——

CMR: A + B+ C + 8 1a s6 chinh phuong .

10°" -1 0™t -1

Taco: A B= 1 c=69"1 Nap:

107" -1 + 0™ -1 +6 10m -1 +8= 10*" —1+10™* —1+6(10™ —1) + 72

9 9 9

A+B+C+8 =

m 2 m
_ 10°"—1+10.10" -1+6.10" —6+72 _ (10") +16.10 +64_(10'“+8j2
9 9 3

b) CMR: Véi moi x,y Y Z thi A = (x+y)(x+2y)(x+3y)(x+4y) + y* 1 s6 chinh phuong.
A = (X% + 5xy + 4y?) (X* + 5xy + 6y°) +y’

= (X* + Bxy + 4y°) [(X* + Bxy + 4y°) + 2y°) + "

= (X* + Bxy + 4y°)° + 2(x* + Bxy + 4y°).y* + y* = [(X* + Bxy + 4y°) + y*)*

= (X* + 5xy + 5y°)°
Bai 5: Tim s6 nguyén duong n dé cac biéu thirc sau 1a s6 chinh phuong
a)n“—n+2 byn>—n+2
Giai

a) Vi n = 1thi n°—n+ 2 =2 khdng la s6 chinh phuong
Véin=2thi n”—n+2=41asé chinh phuong
Véin>2thi n®—n+ 2 khong la sé chinh phuong Vi
(h—-1°=n*-@2n-1)<n*-(n-2)<n’

b) Tacd n°—n chia hét cho 5 Vi
n°—n=(n’-1).n.(n*+1)

Véi n = 5k thi n chia hét cho 5

Véin =5k + 1thi n*—1 chiahétcho5

Véin =5k + 2 thi n*+ 1 chia hét cho 5
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CHUYEN PE BOI DUONG TOANS ..

Nén n®—n + 2 chia cho 5 thi du 2 nén n°—n + 2 c6 chix s tan cing 1a 2 hoic 7 nén
n° —n + 2 khéng 1a s6 chinh phuong

Vay : Khong co gia tri nao cua n thod man bai toan

Bai6:

a)Chang minh rang : Moi sb 1& déu viét duoc dudi dang hiéu caa hai sé chinh phuong
b) M6t s6 chinh phuong 6 chit s6 tan cling bang 9 thi chix s hang chuc 1a chir s6 chin
Giai

Moi s6 1¢& déu c6 dang a = 4k + 1 hoic a = 4k + 3

Véia=4k + 1thi a=4k® + 4k + 1 — 4k?* = (2k + 1)* — (2k)?

Véia =4k +3thia= (4k” + 8k + 4) — (4K + 4k + 1) = (2k + 2)* — (2k + 1)°

b)A 14 s6 chinh phuong c6 chi sé tan cung bang 9 nén

A = (10k = 3)*=100k* + 60k + 9 = 10.(10k* +6) + 9

S6 chuc cua A 12 10k* + 6 13 6 chin (dpem)

Bai 7:

Mot s6 chinh phuong c6 chir sé hang chuc 1a chir s6 Ié. Tim chir sé hang don vi

Giai

Goi n” = (10a + b)® = 10.(10a* + 2ab) + b* nén chir s6 hang don vi can tim |4 chit s6 tan
cuing cua b?

Theo dé bai , chir s6 hang chuc cua n 1a chir s6 1é nén chit s6 hang chuc caa b? phai Ié
Xét cac gia tri cua b tir 0 dén 9 thi chi ¢ b® = 16, b® = 36 ¢6 chit s6 hang chuc 1a chit s6 ¢,
chding déu tan cung bang 6

Vay : n® ¢6 chir s6 hang don vi 12 6

Bai tap vé nha:

Bai 1: Céc s sau day, sé nao 1a sb chinh phuong

a) A=22..24 b) B = 11115556 c) C=99..9 00..025
50 n n
d) D= 44..4 88..89 )M =11....1 — 22..2 )N=12+2%+ ... + 56°

n n-1 2n n
Bai 2: Tim s ty nhién n dé céc biéu thac sau 1a sé chinh phuong
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ayn®-n+2

byn*—n +2

Bai 3: Chitng minh rang

a)Tong cua hai s6 chinh phuong 1é khdng 1a sé chinh phuwong

b) M6t s6 chinh phuong c6 chit s6 tan cling bang 6 thi chix s hang chuc 1a chir s6 1é

Bai 4: Mot sb chinh phuong c6 chit sé hang chuc bang 5. Tim chix s6 hang don vi
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CHUYEN PE 6 - CAC BAI TOAN VE PINH Li TA-LET
A.Kién thirc: A
1. Binh i Ta-lét:

* §pnh IV Ta-lpt: 200 } o AV _ AN

MN // BC 'AB  AC

AM _ AN MN
AB  AC BC

*HU quf: MN // BC =

B. Bai tap ap dung:

1. Bai 1:

Cho tu giac ABCD, duong thang qua A song song vai BC cat BD ¢ E, duong thang qua B
song song vai AD cat AC 6 G B

a) chirng minh: EG // CD A
b) Gia sir AB // CD, chang minh ring AB? = CD. EG

Goi O la giao diém cua AC va BD
OE _OA

a) Vi AE /I BC = 25 = 924 (3
OB OC D C

BG // AC = 2B - 96 (9
OD OA

Nhan (1) véi (2) vé theo vé ta co: 25 = 2C — EG /1D
OD OC

b) Khi AB // CD thi EG // AB // CD, BG // AD nén
AB _OA_OD _CD_ AB_CD
EG OG OB AB EG AB
Bai 2:

Cho ABC vuong tai A, V¢ ra phia ngoai tam giac d6 cac tam giac ABD vuodng céan ¢ B,

= AB®* =CD. EG

ACF vudng can & C. Goi H la giao diém cua AB va CD, K la giao diém cua Ac va BF.
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CHUYEN PE BOI DUONG TOANS ..

Chtrng minh rang:

D

a) AH = AK A
b) AH? = BH. CK F
Giai
bat AB =c¢, AC =b. B C
BD // AC (cung vubng goc voi AB)
nen AH_AC b_AH b AH b

HB BD ¢ HB ¢ HB+AH b+c
Hay AH_ b _AH_ b _ ., _bc (1)

AB b+c c b+c b+c
AB // CF (cung vubng goc véi AC) nén AK_AB c_ AR e, AK _ ¢

KC CF b KC b KC+AK b+c

Hay AK_ b AK_ ¢, _bc @)

AC b+c b b+c b+c
Tu (1) va (2) suy ra: AH = AK
b) Tu AH_AC by AK_AB ¢ suy ra AH:KC:AH:KC(VIAHzAK)

HB BD ¢ KC CF b HB AK ~HB AH

— AH’=BH.KC
3. Bai 3: Cho hinh binh hanh ABCD, dudng thang a di qua A lan luot cit BD, BC, DC
theo thir ty tai E, K, G. Chang minh rang:

a) AE* = EK. EG
11 1
AE AK AG

¢) Khi duong thang a thay d6i vi tri nhung van qua A

thi tich BK. DG ¢4 gia tri khéng doi A . B
Giai

b
a) Vi ABCD la hinh binh hanh va K € BC nén E

AD /I BK, theo hé qua cua dinh li Ta-lét ta c6:

EK _EB _ AE_ EK _AE
AE ED EG AE EG

= AE’ =EK.EG
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CHUYEN PE BOI DUONG TOANS ..

b) Ta cé: AE _ DE : AE _ BE nén
AK DB ' AG BD

AE_AE_BE DE_BD , (1 1), _ 1 1 (dpcm)
AK AG BD DB BD AK  AG AE ~AK T AG
0 Taco: BX - AB_BK _ a ). KC_CG_KC_CG ,

= = = = =
KC CG KC CG AD DG b DG

Nhan (1) vai (2) vé theo Vé ta co: B—bK = DiG: BK. DG = ab khéng doi (Via=AB;b=AD

la d6 dai hai canh caa hinh binh hanh ABCD khéng d6i)

4. Bai 4:

Cho tu giac ABCD, cac diém E, F, G, H theo thtr tu chia trong cac
canh AB, BC, CD, DA theo ti s6 1:2. Chiing minh rang:

a) EG=FH

b) EG vubng goc vai FH

Giai

Goi M, N theo thir ty 1a trung diém cua CF, DG

Tac6CM= L cF=1pcBM_-1 _ BE_BM_1
2 3 BC 3 BA BC 3

~EM/AC = EM_BM _2 _ey-2ac ()

AC BE 3 3
Tuong tu, ta c6: NF // BD = M:C_; :% N NF:EBD(Z)
ma AC = BD (3)

Tu (1), (2), (3) suy ra: EM =NF (a)

Tuong tu nhu trén ta c6: MG // BD, NH // AC va MG = NH = %AC (b)

Mat khac EM // AC; MG //BD VaAC 1 BD =EM 1 MG = EMG =90°(4)
Tuong tu, ta c6: FNH =90°(5)

Tu (4) va (5) suy ra EMG = FNH =90° (C)
Tu (a), (b), (c) suyra AEMG = AFNH (c.g.c) = EG=FH
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CHUYEN PE BOIDUONG TOANS
b) Goi giao diém cua EG va FH 12 O; cua EM va FH 1a P; cia EM va FN 13 Q thi
PQF =90° = QPF + QFP =90° ma QPF = OPE (d6i dinh), OEP = QFP (AEMG = AFNH)
Suyra EOP=PQF=90° = EO 1L OP = EG L FH
5. Bai 5:
Cho hinh thang ABCD ¢6 day nho CD. Tir D vé& duong thang song song véi BC, cit AC tai
M va AB tai K, Ttr C vé& duong thang song song véi AD, céit AB tai F, qua F ta lai v&
duong thang song song véi AC, cat BC tai P. Ching minh rang
a) MP // AB
b) Ba dudng thang MP, CF, DB dong quy
Giai

a) EP /I AC = £P = AF (1)
PB FB

AK//CD = M _ DC (5 D c
AM AK - o

cac tar gidc AFCD, DCBK la céc hinh binh hanh nén

AF =DC, FB = AK (3) M Y

X R ., CP CM
Két hop (1), (2) va (3) taco B AM MP // AB

(binh li Ta-lét dao) (4)

b) Goi I 14 giao diém cua BD va CF, ta c6: <& -EM - B¢ _DC
PB AM AK FB

Ma 2 _Pl poFB /1 DC) = %:% . IP // DC // AB (5)

FB  IB
T (4) va (5) suy ra : qua P c6 hai duong thiang IP, PM cuing song song véi AB // DC nén
theo tién dé Oclit thi ba diém P, I, M thang hang hay MP di qua giao diém cia CF va DB
hay ba duong thang MP, CF, DB dong quy
6. Bai 6:
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CHUYEN PE BOIDUONG TOANS
Cho AABC c6 BC < BA. Qua C ké duong thang vudng goac véi tia phan giac BE cua
ABC ; duong thang nay cat BE tai F va cit trung tuyén
BD tai G. Chting minh rang doan thang EG bj doan
thang DF chia 1am hai phan bang nhau
Giai K
Goi K 1a giao diém cua CF va AB; M 1a giao diém cua
DF vaBC
AKBC c0 BF vira la phén giac vura la duong cao nén
AKBC cantaiB = BK=BCvaFC =FK
Mt khéc D la trung diém AC nén DF la duong trung binh cia A AKC = DF // AK hay
DM /I AB
Suy ra M la trung diém cua BC

DF = %AK (DF la duong trung binh cia A AKC), ta c6

86 _ —( do DF // BK) = 26 = BK_2BK 4,
GD GD DF AK
Mé)t Khac CEZDC-DEzDC_leD_l (Vi AD:DC) _ CE=AE-DE=DC_1=AD_1
DE DE DE DE DE DE DE DE
Hay SE_AE-DE _, AE ,_ —2( AE_ 2AB. by DF // AB)
DE DE DE DF
Suyra SE_AK¥BK 2(A|<+|3|<)_2(D0 DF = LAK)  CE _2AK+BK) ) 2BK oy
DE DE AK 2 DE AK AK
BG _ CE

Tu (1) va (2) suy ra 0 ~DbE = = EG// BC

Goi giao diém cua EG va DF la O tacé 2& = O (: FO] — OG = OE
MC MB FM

Bai tap vé nha

Bai 1:

Cho tir giac ABCD, AC va BD cit nhau tai O. Puong thang qua O va song song véi BC
cit AB ¢ E; dudng thang song song véi CD qua O cat AD tai F
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CHUYEN PE BOI DUONG TOANS ..

a) Chung minh FE // BD

b) Tir O ké cac dudng thang song song véi AB, AD cat BD, CD tai G va H.

Ching minh: CG. DH = BG. CH

Bai 2:

Cho hinh binh hanh ABCD, diém M thugc canh BC, diém N thugc tia dbi ciia tia BC sao
cho BN = CM; cé4c duong thang DN, DM cat AB theo thu ty tai E, F.

Chtrng minh:

a) AE® = EB. FE

b) EB = [ANJ EF
DF

CHUYEN PE 7 — CAC BAI TOAN SU DUNG PINH LI TALET VA
TINH CHAT PUONG PHAN GIAC

A. Kién thic:

A
2. Tinh chat duong phan giéc:

AABC ,AD la phan gidc goc A = o2 = A8
CD AC

B D C

A

AB D B C
AD’la phan giac géc ngoai tai A: — = —
phan giac goc ng a oD - AC

B. Bai tap van dung
1. Bai 1: A
Cho AABC c6 BC =a, AB =b, AC =, phan giac AD
a) Tinh d6 dai BD, CD

<
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CHUYEN PE BOIDUONG TOANS .

b) Tia phan gi4c Bl caa goc B cat AD ¢ I; tinh ti sb: %
Giai
a) AD I phan gi4c cua BAC nén B2 _AB_¢
CD AC b
_,_BD _ ¢ _BD_ ¢ _ o5 &
CD+BD b+c a b+c b+c
Dod6CD=a- & = &
b+c b+c
b) Bl 1 phan gi4c cua ABC ngn A _AB_.. _ac _b+c
ID BD b+c a
2. Bai 2:

Cho AABC, c6 B < 60° phan giac AD

a) Chirng minh AD < AB

b) Goi AM la phan giac caa A ADC. Chuang minh rang BC

>4 DM A
Giai

A A+C=180°-B

a)TacO ADB=C+ — > =60°
2 2 2

— ADB > B = AD<AB

b) GoiBC=a, AC=b,AB=c,AD=d C M D
Trong AADC, AM la phan giac ta cé

DM _AD_ DM ___AD _DM__AD

CM AC CM+DM AD+AC CD AD+AC

= DM= PAD _CEDd.on - & (vandungbail) = DM= 20
AD+AC b+d b+c (b +c)(b +d)

Péc/m BC>4DMtac/m a>— 209 oy (b + d)(b + ¢) > 4bd (1)
(b +c)(b+d)

Thatvay :doc>d = (b +d)(b +c)> (b +d)* > 4bd . Bit dang thuc (1) duoc c/m
Bai 3:
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Cho AABC, trung tuyén AM, c4c tia phan giac caa cac goc AMB , AMC cit AB, AC theo
thetu o DvaE

a) Chung minh DE // BC

b) Cho BC =a, AM =m. Tinh d6 dai DE

¢) Tim tap hop cac giao diém | cia AM va DE néu AABC c6 BC

¢ dinh, AM = m khong doi

d) AABC c6 diéu kién gi thi DE Ia duwong trung binh caa né E

Giai

a) MD la phan giac cia AMB nén 22 -MB (1) B M c
DB MA

ME Ia phan gic cua AMC nén E2 - MC 5y
EC MA

Tir (1), (2) va gia thiét MB = MC ta suy ra %:% — DE// BC

X
m_i
DE_AD_ Al pjt DE=x =X 2 _x= 22N

BC AB AM a m a+2m

b) DE // BC =

a.m
a+?2m

c) Tacd: Ml = % DE = khdng doi = | ludn cach M mot doan khdng doi nén tap

a-m \ . '/7\ 2 4 r .
(Trur giao diém cua no véi BC
a+2m

d) DE la duong trung binh cuia AABC < DA=DB < MA =MB < AABC vubéng 6 A
4. Bai 4:
Cho AABC ( AB < AC) céc phan giac BD, CE

a) Buong thiang qua D va song song véi BC cat AB &

hop céac diém | 1a duong tron tam M, ban kinh M1 =

K, chitng minh E nam gitra B va K A

b) Ching minh: CD > DE > BE

Giai K

a) BD Ia phan giac nén :

AD _AB _AC _AE_ AD AE ) - ; )
DC BC BC EB DC EB
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Mt khac KD // BC nén 20 _ AK (9
DC KB

Tir (1) va (2) suy ra AK<AE:>AK+KB<AE+EB
KB EB KB EB

_, AB_AB_ \B>EB =EnimgitaKvaB
KB EB

b) Goi M 1a giao diém cua DE va CB. Ta c6 CBD = KDB(GGc so le trong) = KBD = KDB
ma E nam giira K va B nén KDB > EDB => KBD > EDB = EBD > EDB = EB < DE
Ta lai c6 CBD + ECB = EDB + DEC = DEC>ECB = DEC>DCE (Vi DCE = ECB)
SuyraCD>ED = CD>ED >BE
5. Bai 5:
Cho AABC vai ba duong phan gidc AD, BE, CF. Chirng minh

DB EC FA _,

& — — ——=1.
DC EA FB
1 1 1 1 1 1

" AD BE CF BC CA AB H
Gidi
DB _ AB
= = W

a)AD la duong phan giac cua BAC néntacd: — = —
DC AC F

Tuong tu: vai cac phan giac BE, CF ta co: EC_ BC (2 ;
EA BA

FA _ CA
—==3 C
FB CB() B D

Tire (1): (2); (3) suy ra: 28 EC FA _ AB BC CA _,
DC EA FB AC BA CB

b) bat AB=c,AC=b,BC=a, AD =d..
Qua C ké duong thang song song véi AD |, ciat tia BA o H.

Theo DL Talét ta co: %:% _ AD -BACH __ cCH c

= = CH
BH BH BA+AH b+c

Do CH < AC + AH = 2b nén: d, <-22¢ :i>M:3(1+1]@i>1(L&j
b+c d, 2bc 2\b c d, 2\b c

a
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. , 1 11 1 .1 11 1 n
Chirng minh tuong tu ta co : —>—(—+—j Va d_>§(5+5j Nén:

d, 2\la c 3
1 1 1 1,.(1 1 1
L (Li}(ié}(hlj @—+—+—>—.2(_+_+_j
d, d, d. 2[\b ¢/ la c) la b d, d d. 2 (a b c
Ll,1,1111
d d "d a b ¢ tdpem)

Bai tap vé nha

Cho AABC c6 BC =3, AC=b, AB =c (b >c), cac phan giac BD, CE
a) Tinh do dai CD, BE roi suy ra CD > BE

b) V& hinh binh hanh BEKD. Churng minh: CE > EK

¢) Ching minh CE > BD
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CHUYEN PE 8 - CHU SO TAN CUNG

A. Kién thic:

1. Mot so tinh chat:

a) Tinh chat 1:

+ C4c s6 ¢6 chir 6 tan cung 12 0; 1; 5; 6khi nang Ién luy thira bac bt ky nao thi chit sé tan
cuing khdng thay doi

+ Céc s6 c6 chir 6 tan cung 1a 4; 9 khi nang 18n luy thira béac 1é thi chix sb tan ciing khong
thay doi

+ C4c s6 ¢6 chit s6 tan cung 1a 3; 7; 9 khi nang 1én lu§ thira bac 4n (n eN) thi chir s tan
cunglal

+ C4c s6 c6 chir s6 tan cung 1a 2; 4; 8 khi nang 1én luy thira bac 4n (n eN) thi chix s tan
cung la6

b) Tinh chat 2: Mot sb tu nhién bat ky khi nang 1&n luy thira bac 4n + 1 (n eN) thi chit s6
tan clng khong thay doi

¢) Tinh chat 3:

+ C4c s6 ¢6 chir 6 tan cung 1a 3 khi nang 18n luy thira bac 4n + 3 (n e N) thi chit s6 tan
cuing 1a 7; Cac s6 ¢6 chir s6 tan cing la 7 khi nang 1én luy thira bac 4n + 3 (n e N) thi chix
sb tan cung 12 3

+ C4c s6 ¢6 chir 6 tan cung 1a 2 khi nang 18n luy thira bac 4n + 3 (n e N) thi chit s6 tan
cuing 1a 8; Cac s6 ¢o chir so tan ciing la 8 khi nang Ién luy thira bac 4n + 3 (n eN) thi chix
s6 tan cung 14 2

+ C4c s6 ¢6 chit s6 tan cing 12 0; 1; 4; 5; 6; 9 khi nang Ién luy thira bac 4n + 3 (n eN) thi
chi s6 tan cing la khdng doi

2. Mét s6 phuong phap:

+ Tim chir s6 tan cuing cua x = a™ thi ta xét chir s tan cing cua a:

- Néu chir s6 tan ciing cua a 1a cac chit s6: 0; 1; 5; 6 thi chix sé tan cung cua x 14 0; 1; 5; 6

- Néu chir s6 tan cling cua a la cac chir sb: 3; 7; 9 thi :
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*V‘I am — a4n+r — a4n . ar

Néu r 12 0; 1; 2; 3 thi chit s6 tan cuing cta x 1 chit s6 tan cung cua a'
Néu r 14 2; 4; 8 thi chir sb tan ciing cua x 1a chix s6 tan cung caa 6.a"
B. Mot s6 vi du:

Bai 1:

Tim chit sé tan cing cua

a) 243° ; 167%°%0

7
) (7°) ; (1) [ (#°) |
Giai
a) 243° = 243" "2 = 243" 243?
243%c6 chir s6 tan cung 1 9 nén chit s6 tan ciing cua 243° 13 9
Ta c6 2010 = 4.502 + 2 nén 167%'% = 167 °%* % = 167*°%.167*
167" ¢6 chir sb tan clng 1a 6; 1672 ¢6 chix sb tan ciing 1a 9 nén chit sé tan cuing cua
167%°' [a chir s tan cung cua tich 6.9 1 4
b) Ta co:
$)9°- 1=(9-1)9%+ 9"+ ...+ 9+ 1) =4k (k eN) = 9° = 4k + 1= (7°) = 7%*?
= 7%.7 nén c6 chit sé tan cung 12 7
14Y = (12 + 2)" = 12" + 12.143.2 + ...+ 12.12.2" + 2" chia hét cho 4, vi c4c hang tir
trugc 2'* déu c6 nhan tir 12 nén chia hét cho 4; hang tir 2 = 47 chia hét cho 4 hay

14 = 4k = (14*)" = 14* ¢6 chir sb tan ciing 13 6
+) 5° c6 chir s6 tan cung 1a 5 nén (5°) = 5.(2k + 1) = 5.2k + 1)~ 1=4q (k, q <N)
= 5(02k+1)=49+1= [(45)6}2 4% = 4% 4 ¢ chir sb tan cuing la chir sb tan cing

tich 6.4 134
Bai 2: Tim chir s6 tan cling cua
A=2'+32+4°+5% 4+ . +2004%0%
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Giai
a) Luy thira caa moi sé hang cua A chia 4 thi du 1(Cac s6 hang cia A ¢6 dang n*" 2 *?
(n e {2; 3; ...; 2004} ) nén moi sb hang cia A va luy thira cua né c6 chir sé tan ciing gidng
nhau (Tinh chit 2) nén chit s6 tan cing caa A 1a chit s6 tan clng caa tong cac sé hang
Tir 2 d&én 2004 c6 2003 s6 hang trong d6 ¢6 2000 : 10 = 200 sé hang ¢6 chit s6 tan cling
biang 0,Tong céc chir sé tan cing cua A 13
(2+3+..+9)+199.(1+2+..+9)+1+2+3+4=9009 co chir s6 tan cing 1a 9
Vay A c6 chit s6 tan cing 12 9
Bai 3: Tim
a) Hai chir s6 tan cung cua 3°%; (77)
b) Ba chit s6 tan cung cua 3*%°
c) Bén chit s6 tan cung caa 5%
Giai
a) 399 =233%8=3 9= 3 (10 1)*° = 3.(10*° — 499.10"% + ...+499.10 — 1)

= 3.[BS(100) + 4989] = ...
7'=(8-1)=BS@8)-1=4k+3 = (7) =7%"*=7°7%=343,(..01)* =

50.49

b) 3" =9°=(10-1)*=10"°-50. 10° + ..+ ===, 10°-50.10 + 1

=10%_ 50, 10 + ..+ 4_29 5000 — 500 + 1 = BS(1000) + 1 = ...001
Cha y:
+ Néu n 1a s6 ¢ khdng chi hét cho 5 thi ba chit s6 tan cting caa n*® 12 001
+ Néu mat sb tu nhién n khong chia hét cho 5 thi n*® chia cho 125 du 1
HDC/m:n=5k+1;n=5k +2
+ Néu n 1a s6 ¢ khdng chia hét cho 5 thi n'®* va n c6 ba chir s6 tan cting nhu nhau
c) Cach 1: 5* = 625
Ta thay s6 (...0625)" = ...0625
51994 = 5¥*2 = 25 (5% = 25.(0625)" = 25.(...0625) = ...5625
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Cach 2: Tim s6 du khi chia 5**** cho 10000 = 2*. 5*

Ta thdy 5*— 1 chia hét cho 5* — 1 = (5% — 1)(5% + 1) chia hét cho 16

Tac6: 57 =5° (5198 _ 1) + 5°

Do 5° chia hét cho 5%, con 5% — 1 chia hét cho 16 nén 5°(5"°® — 1) chia hét cho 10000
Ta c6 5°= 15625

Vay bbn chir sb tan cung cua 5% 1a 5625

Cha y: Néu viét 5% =52 (5% _ 1) + 52

Ta c6: 5% — 1 chia hét cho 16; nhung 5 khong chia hét cho 5

Nhu vay trong bai todn nay ta can viét 5% dudgi dang 5"(5™** "~ 1) +5": n > 4 va 1994
—n chia hét cho 4

C. Van dung vao cac bai toan khac

Bai 1:

Chting minh rang: Tong sau khéng 1a s6 chinh phuong

a) A = 19+ 5% + 1995* + 1996 ( ke N, k chin)

b) B = 20042 + 2001

Giai

a) Ta co:

19* c6 chir sb tan cung 1a 1

5% ¢6 chit s tan clng 13 5

1995 ¢6 chir s6 tan cung 1a 5

1996 c6 chir sb tan cung 13 6

Nén A c6 chir s6 tan cling la chir s6 tan cling caa tong cac chir s6 tan cling caa tong
1+5+5+6=17,co chit s tan cung 1a 7 nén khong thé 1a s6 chinh phuong

b) Taco :k chan nénk =2n (n e N)

20047 = (2004%*°™ = (2004%)'%2" = (...6)"%*" |3 luy thira bac chin cua sb c6 chit sb

4299% + 2001 c6 chit s tan cuing 1a 7,

tan clng 1a 6 nén co chir sb tan cling 12 6 nén B = 200
do d6 B khong la s6 chinh phuong
Bai 2:
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Tim s6 du khi chia céc biéu thac sau cho 5

a) A=2"+3+4° +..+2003%%

b) B = 2° + 3" +4™ +...+ 2005°’

Giai

a) Chir s6 tan ciing caa A la chix sé tan cling cua tong
2+3+..+9)+199.(1+2+..+9)+1+2+3=9005

Chir sé tan cung cua A 1a 5 nén chia A cho 5 du 0

b)Tuong tu, chit s6 tan cling cua B 1a chir s6 tan clng cua tong
B8+7+4+5+6+3+2+9)+199.(1+..+9)+8+7+4+5=9024
B ¢6 chir s6 tan cing 1a 4 nén B chia 5 du 4

Bai tap vé nha

Bai 1: Tim chit s6 tan ciing cia: 3'%; (78); 3% + 2%+ 7° - 8'°
Bai 2: Tim hai, ba chit s6 tan cung cia: 3%°; (27)

Bai 3: Tim so du khi chia cac s6 sau cho 2; cho 5:

a) 3% 14" + 15"

b) 20097 — 20082
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CHUYEN PE 9 - PONG DU

A. Pinh nghia:

Néu hai s6 nguy@n a va b c6 cling s du trong phép chia cho mot sb tu nhién m = 0 thi ta
noi a ddng du véi b theo modun m, va ¢ dong du thac: a = b (mod m)

Vidu:7 = 10 (mod 3) , 12 = 22 (mod 10)

+Chiy:a=b(modm) < a—b:m

B. Tinh chat cua dong du thic:

1. Tinh chat phan xa: a = a (mod m)

2. Tinh chét ddi xang: a = b (mod m) = b = a (mod m)

3. Tinh chét bic cau: a = b (mod m), b = ¢ (mod m) thi a = ¢ (mod m)

. =b d
4. Cong, trur ting Vve: 2 (mod m) —a+c=b+d(modm)
¢ = d(mod m)

H¢ qua:

a)a=b(modm) = a +c=Db+c(modm)
b)a+b =c(modm) = a =c-b(modm)
c)a=Db(modm) = a+km=b(modm)

5. Nhan ting vé : a = b(mod m):>ac = bd (mod m)
¢ = d(modm)

H¢ qua:

a)a =Db(modm) = ac = bc (mod m) (c € 2)

b)a =b (modm) = a" = b" (mod m)

6. C6 thé nhan (chia) hai vé va moédun caa mot dong du thie véi mot sé nguyén duong
a = b (mod m) < ac = bc (mod mc)

Chang han: 11 = 3 (mod 4) < 22 = 6 (mod 8)

7 {ac = bc (mod m)

cm=1 =a = b (mod m)
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Chang han : {16 = 2(mod?) o _ 1 (mod 7)
2,7=1

C. Cac vi du:
1. Vidu 1:
Tim s6 du khi chia 92** cho 15
Giai
Tathdy 92 = 2 (mod 15) = 92* = 2% (mod 15) (1)
Lai c6 2* = 1 (mod 15) = (2)%. 2% = 4 (mod 15) hay 2* = 4 (mod 15) (2)
T (1) va (2) suy ra 92* = 4 (mod 15) tac 12 92* chia 15 thi du 4
2. Vidu 2:
Chirng minh: trong c4c sb c6 dang 2" — 4(n e N), ¢ vd sb s chia hét cho 5
That vay:
T 2* = 1 (mod 5) =2%* = 1 (mod 5) (1)
Lai c6 2% = 4 (mod 5) (2)
Nhan (1) vai (2), vé theo vé ta c6: 2**2 = 4 (mod 5) = 2**2 -4 = 0 (mod 5)
Hay 2**2 - 4 chia hét cho 5 véi moi k = 0, 1, 2, ... hay ta dugc vo sé sb dang 2" — 4
(n e N) chia hét cho 5
Cha y: khi giai cac bai toan vé dong du, ta thuong quan tam déna = + 1 (mod m)
a=1(modm) = a"=1(modm)
a=-1(modm) = a"=(-1)" (mod m)
3. Vi du 3: Chitng minh rang
a) 20" — 1 chia hét cho 11 b) 2*° + 3% chi hét cho 13
¢) 555°% + 222> chia hét cho 7
Giai
a) 2> = -1 (mod 11) (1); 10 = - 1 (mod 11) = 10° = - 1 (mod 11) (2)
Tir (1) va (2) suy ra 2°. 10° = 1 (mod 11) = 20° = 1 (mod 11) =20°—1 = 0 (mod 11)
b) 2° = -1 (mod 13) = 2% = -1 (mod 13) (3)
3°=1(mod13) = 3* = 1 (mod 13) (4)
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T (B)va(@) suyra2®+3* =-1+1 (mod13) = 2*° +3%* = 0 (mod 13)
Vay: 2% + 3% chi hét cho 13
¢) 555 = 2 (mod 7) = 555%* = 2% (mod 7) (5)
2° =1 (mod 7) = (2%™ = 1 (mod 7) = 555°** = 1 (mod 7) (6)
222 = -2 (mod 7) = 222°% = (-2)** (mod 7)
Lai c6 (-2)° = - 1 (mod 7) = [(-2)°*]*® = - 1 (mod 7) = 222°°° = - 1 (mod 7)
Ta suy ra 555%%2 + 222°°° = 1 - 1 (mod 7) hay 555°% + 222> chia hét cho 7
4.Vidu4: Chang minhring sé 22" + 7 chia hét cho 11 véi moi s6 tu nhién n
That vay:Ta co: 2° = - 1 (mod 11) = 2*° = 1 (mod 11)
Xét s6 du khi chia 2*"** cho 10. Tacd: 2* = 1 (mod 5) = 2*" = 1 (mod 5)
= 2.2"" = 2(mod 10) = 2""*' = 2 (mod 10) = 2" *' =10k + 2
Nén 22" +7=21%*247=4 2"% 1+ 7=4(BS11+1)*+7=4.(BS11+1" +7
= BS 11 + 11 chia hét cho 11
Bai tap vé nha:
Bai 1: CMR:
a) 2% — 1 chia hét cho 29
b)Trong céc s6 ¢6 dang2" — 3 ¢6 vo s6 s chia hét cho 13
Bai 2: Tim sb du khi chia A = 20" + 22" + 1996°” cho 7.

CHUYEN PE 10 — TINH CHIA HET bOI VOl DA THUC

A. Dang 1: Tim dw ciaa phép chia ma khong thwc hién phép chia

1. Pa thirc chia c6 dang x — a (a 1a hang)

a) binh li Bodu (Bezout, 1730 — 1783):

S6 du trong phép chia da thac f(x) cho nhi thuc x — a bang gia tri cua f(x) tai x = a
Taco: f(x) = (x—a). Q(x) +r

Pang thac dang véi moi X nén véi x = a, ta co
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f(a) =0.Q(a) +rhay f(a) =r

Ta suy ra: f(x) chiahét chox —a < f(a) = 0

b) f(x) c6 tong céc hé sé bang 0 thi chia hét cho x — 1

c) f(x) c6 tong cac hé sb cua hang tir bac chin bang téng céc hé sb cua cac hang tir bac 1é
thi chia hét cho x + 1

Vi du : Khdng 1am phép chia, hdy xét xem A = x> — 9x* + 6x + 16 chia hét cho
B=x+1,C=x-3khéng

Két qua:

A chia hét cho B, khéng chia hét cho C

2. ba thie chia cd bac hai tro 1én

Céach 1: Tach da thirc bi chia thanh téng cua céc da thirc chia hét cho da thuc chia va du
Céach 2: Xét gia tri riéng: goi thuong cua phép chia la Q(x), du la ax + b thi
f(x) =9(x). Q(x) +ax +b

Vi du 1: Tim du cua phép chia x’ + x>+ x>+ 1 chox*—1

Céch 1: Ta biét rang x*" — 1 chia hét cho x* — 1 nén ta tach:

X +x+x3+1= (X =x)+ (X =x) +(C—x) +3x + 1

=x(x® = 1) + x(x* = 1) + x(x*— 1) + 3x + 1 chiacho x*— 1 du 3x +1

Céch 2:

Goi thuong cua phép chia la Q(x), du la ax + b, Ta c0:

X" +x°+x3+ 1= (x-1)(x + 1).Q(x) + ax + b v&i moi x

Pang thire dang véi moi x nénvoix=1,tac64=a+b (1)

véix=-1taco -2=-a+b (2
Tu(l)va(2)suyraa=3,b=1néntadugcdula3dx+1

Ghi nho:

a"—b" chia hétchoa—b (a = -b)

a"+b" (nlé) chiahétchoa+b (a = -b)

Vi du 2: Tim du cua cac phép chia

a) x™ chiacho x* + 1
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b) x*" +x? +x®+ x chox* -1
) xP+x®+x+x+7cho xX¥*+1

Giai

a) X" = x* — x + x = x(x* - 1) + x = x[(x")*° - 1] + x chia cho x* _ 1 du x nén chia cho

x? + 1 dux
b ¥+ x> +x3+x= (X —x) + (= x) + (x* = X) + 4x

= x(x*® = 1) + x(x® = 1) + x(x* — 1) + 4x chia cho x* — 1 du 4x

)X+ X+ x T+ x+7=x(X®+1) + X+ 1)+ x(x0+1)—2x + 7

chiachox*+ 1 du —2x +7

B. So 6 HORNO

1. So dd

Pé tim két qua caa phép chia f(x) cho x —a @
(a 1a hing sd), ta st dung so dd horno

Néu da thirc bi chia 12 agpx® + a;x® + aX + as,

da thare chia la x — a ta dugc thuong la

boX? + byX + by, du r thi ta ¢c6

a|bg=3y|b=abgta b, =ab;+a, | r=ab, +a,

Vi du:
Pa thuc bj chia: x® -5x° + 8x — 4, da thuc chia x — 2

Taco so do

Hé 56 thit2
ciada thic

1 -5 8

-4

2 1 2.1+(-5)=-3 |2.(-3)+8=2

r=2.2+(-4)=0

Vay: X° -5x° + 8x — 4 = (x — 2)(x* — 3x + 2) + 0 1a phép chia hét
2. Ap dung so d6 Horno dé tinh gia tri cia da thuc tai x = a
Gia trj cua f(x) tai x = a 1 s6 du cua phép chia f(x) cho x —a
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1. Vidu1:
Tinh gia trj cia A = x* + 3x? — 4 tai x = 2010
Ta c6 so dd:
1 3 0 -4
a=2010 1 [2010.1+3=2013 [2010.2013+0 | 2010.4046130 — 4
= 4046130 = 8132721296

Vay: A(2010) = 8132721296

C. Chwngs minh mét da thikc chia hét cho mét da thirc khac

I. Phwong phap:

1. Cach 1: Phan tich da thirc bi chia thanh nhan tir co mot thira s6 1a da thuc chia

2. Cach 2: bién dbi da thirc bi chia thanh mot tong cac da thuc chia hét cho da thire chia
3. Céch 3: Bién d6i twong duong f(x) : g(x) < f(x) = g(x) : g(x)

4. cach 4: Chuang to moi nghiém cua da thac chia déu la nghiém cua da thie bi chia

1. Vi du

1.Vi du 1:

Chung minh rang: x*" + x*" + 1 chia hét cho x*" + x" + 1

Taco: X+ xM+1=x"+2xX" + 1 -x" = (x" + 1) - X" = (X" + X" + 1)(x" - X" + 1)
Talaico: X" +x"+1=x"+2x"+ 1 - x" = (x*" + X" + 1)(x*" - x" + 1)

chia hét cho x*" + x" + 1

Vay: x*" + x*" + 1 chia hét cho x*" + x" + 1

2. Vi du 2:

Chung minh rang: x*"**

3M*2 + 1 chia hét cho x* + x + 1 vgi moim, n ¢ N

3m+1

+ X

3m+1 3n+2 3n+2

Taco: x + X
=xOM—1) + X" = 1) + (X + x + 1)

Vi x™ — 1 va x> — 1 chia hét cho x*> — 1 nén chiahétcho x> + x + 1

+1=x XHEXT x4 x+1

3m+1 3n+2

Vay: x> "1+ x* "% + 1 chia hét cho x* + x + 1 véi moi m, n « N
3. Vidu 3: Chang minh rang
fO)=x®+x®+x""+ .. +x" +1chiahétchog(X) =x* +x®+x" + ...+ x+1
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Taco: f(X)—g(x) =x¥ -+ xB-x®+x"—x"+ .. +x"'-x +1-1

=x°(xP = 1) + x3(x® - 1) + ...+ x(x** — 1) chia hét cho x*°—1
Max®—1=(x-1)(x>+x®+x" +..+x+1) chiahétchox’ +x®+x" +..+x+1
Suy ra f(x) — g(x) chia hétcho g(x) = x® +x® + x" +..+ x + 1
Nén f(x) =x® +x®+x""+ ... +x" +1 chiahétchog(x) = X’ +x®+x" + ..+ x+1
4.Vidu4: CMR: f(x) = (xX* +x— 1)+ (xX* - x +1)*~2 chia hét cho g(x) = x* — x
Pa thuc g(x) = x> = x = x(x— 1) c6 2 nghiém lax =0 vax =1
Taco f(0) = (-1)°+1°-2=0 = x =0 langhiém cua f(x) = f(x) chtra thira s6 x
f1) = (1*+1-1)°+ (1°-1+ 1) -2 =0 = x =1 la nghiém cua f(x) f(x) chua thira s6 x
— 1, ma céc thira s6 x va x — 1 khdng c6 nhan tir chung, do d6 f(x) chia hét cho x(x — 1)
hay f(x) = (x* + x — 1)+ (x* - x +1)*~2 chia hét cho g(x) = x* - x
5. Vi du 5: Chttng minh rang
a) A=x*—x"—x* chiahétchoB=x*-x +1
b) C = 8x®— 9x® + 1 chia hét cho D = (x — 1)?
c) C (X) = (x + 1)* — x* — 2x — 1 chia hét cho D(x) = x(x + 1)(2x + 1)
Giai
) A=x2—x® X% = () _x + 1) — (6 + 1) — (x5 _ x)
Taco:x*—x+1chiahétchoB=x*—x+1
x + 1 chia hét cho x* + 1 nén chia hétcho B=x*—x + 1

1945

X x = x(x*

—1) chia hét cho x® + 1 (cting c6 nghiém la x = - 1)
nén chiahétchoB=x*—x +1
Vay A =x°—x—x®® chiahétchoB=x*-x+1
b)C=8x"-9x®+1=8x"-8 -9x*+9=8(x"-1)-9(x*- 1)
=8(x— 1)+ X +..+1)—9(x—- DX +x°+ ..+ 1)
=(x-1)BX° X" - X == x' = x*—x*—x-1)
(8x% — x" = x® = x° = x* = x* = x* = x — 1) chia hét cho x — 1 vi ¢6 tong hé s bang 0

suyra (x—1)(8x® —x" — x® —x*— x* = x* = x* = x — 1) chia hét cho (x — 1)
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c) ba thuc chia D (X) = x(x + 1)(2x + 1) cé ba nghiémlax=0,x=-1,x=-

Ta co:
C0)=(0+1)*-0"-20 —1=0 = x =0 la nghiém cua C(x)
C(-1)=(-1+1)"-(-1)*"-2.(-1)-1=0 = x=-1 langhiém caa C(x)

c(- %) - (-% + 1)2”-(-%)2“—2.(- %)—1 =0 = x=- % la nghiém cia C(x)

Moi nghiém cua da thic chia la nghiém cua da thic bi chia = dpem

6. Vi du 6:

Cho f(x) 1a da thirc c6 hé s nguyén. Biét f(0), f(1) 1a cac s Ié. Chang minh rang f(x)
khéng cb nghiém nguyén

Gia st x = a la nghiém nguyén cua f(x) thi f(x) = (x —a). Q(x). Trong do Q(x) la da thuc co
hé sb nguyén, do d6 f(0) = - a. Q(0), f(1) = (1 —a). Q(1)

Do f(0) lasd lé nénalasd le, f(1) lasé lénén 1 —alasé Ié, ma1l—alahiéucua2sd lé
khong thé 1a s6 1¢, mau thuan

Vay f(x) khéng c6 nghiém nguyén

Bai tap vé nha:

Bai 1: Tim s6 du khi

a) x® chia cho x* + 1

b) X"+ x>+ x¥ +x" +x+9chox’+1

Bai 2: Tinh gia tri cua da thuc x* + 3x®— 8 tai x = 2009

Bai 3: Chitng minh rang

a) x° + x*° + 1 chia hét cho x® + x'° + 1

b) x*° — 10x + 9 chia hét cho x* — 2x + 1

an+2 2n+1

c) X" %+ 2x*"*1 + 1 chia hét cho x* + 2x + 1
d) (x + 1)" "%+ (x — 1)™*? chia hét cho x* + 1

e) (X" — 1)(x"** — 1) chia hét cho (x + 1)(x — 1)?
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CHUYEN PE 11 — CAC BAI TOAN VE BIEU THUC HUU Ti

A. Nhic lai kién thic:
Cac budc rut gon biéu thire hiru ti
a) Tim DKXD: Phan tich miu thanh nhan tir, cho tit ca cac nhan tir khéac 0

b) Phan tich tir thanh nhan , chia tir va mau cho nhan tir chung

B. Bai tap:
3 4_ 2
Bai 1: Cho bidu thie A = X =X +4
X" —=10x"+9
a) Rut gon A
b) timx dé A=0

c) Tim gia tri cia A khi [2x-1)=7

Giai
a)bkxd :
X'—10x2+9 % 0 < [(X)*=X]-(9x*-9) 2 0 & xX*(xX*—1)—-9(x*~1) = 0
X#1
SOC-1OC-9) £ 0 o (X—1)X+1)(X-3)X+3) % 0 iz:@{:i

X # -3
Tir: x'—5x*+4=[(xX*)* - x]— (xX*—4) = x*(xX* - 1) — 4(x* - 1)
= (C=1)0F—4) = (x—1)(X + 1)(X—2)(x + 2)
Voi X #+ 1; X =+ 3 thi

= (X-Dx+1(x-2)(x+2) (x-2)(X+2)
(X- L)X+ 1)(x-3)(x+3)  (x-3)(x+3)

BA=0 %ZOQ(X—Z)(X+Z)=O<:>X=J;2
C) ox—1 =7 2x-1=7 2x=8 X=4
X =T = a6 ko3
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(x-2)(x+2) (4-2)(4+2) 12
(x-3)(x+3) (4-3)(4+3) 7

*Vai x = - 3 thi A khdng xac dinh
2. Bai 2:

*VGix =4 thi A=

2 3_ 2_
Cho biéu thicc B = 2X3 7 12x+45
3x® -19x” +33x -9

a) Rut gon B

b) Timxd& B >0

Giai

a) Phan tich mau: 3x® — 19x% + 33x — 9 = (3x® — 9x%) — (10x* — 30x) + (3x — 9)
= (x = 3)(3x* — 10x + 3) = (x — 3)[(3X* = 9x) — (x — 3)] = (x — 3)*(3x — 1)

Pkxd: (Xx—3)%(3X—1) # 0 < X # 3VaX # %

b) Phan tich tu, ta co:
2x3 — TX% —12x + 45 = (2x° = 6x?) - (X - 3x) — (15x - 45) = (x — 3)(2x* — x — 15)
= (x — 3)[(2x% — 6x) + (5x — 15)] = (x — 3)*(2x + 5)

V(yix;t3vax;t%

Thi B = 2x° =Tx* -12x+45 _ (x-3)*(2x+5) _2x+5
3x°-19x* +33x-9  (x-3)°(3x-1) 3x-1
(o1
X>=
3
{3X-1>0 5 1
X>—— X>—
2X+5>0
C)B>0<:>2X+5>0<:> =S 2 &
3x-1 3x-1<0 1
X<— X<——
2x+5<0 3 2
5
X< ——
L 2

3.Bai3

Cho biéu thirc c=[ 1,2 -5‘X2j:1;2X
1-x x+1 1-x X° =1

a) RUt gon biéu thic C
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b) Tim gié tri nguyén cua x dé gia tri caa biéu thic B 12 s6 nguyén
Giai
a) Pkxd: x = + 1

C=( 1,2 _5—xj_1—2x_ 1+X+2(1-x)-5 | (x-1)(x+1) -2
1-x x+1 1-x2) x*-1 | (@@-x@+x) | 1-2x  2x-1

b) B c6 gia tri nguyén khi x 1a sb nguyén thi % cé gia tri nguyén

2x-1=1 x=1
2x-1=-1 x=0
=
2x-1=2 Xx=15
2X-1=-2 Xx=-1

= 2x-11dU0Q2) <

Dbi chiéu Dkxd thi chi co x = 0 thoa man
4. Bai 4

X3+ x% —2x
X|x+2|-x*+4

Cho biéu thiic D =

a) Rat gon biéu thicc D

b) Tim x nguyén dé D c6 gié tri nguyén
c) Timgiatricaa D khix =6

Giai

a) Néu x +2>0thi |x+2 =X+ 2nén

XCHxP-2x  _ XCH+xT-2x X(X=1)(x+2) _X2—X

- X|x+2|-x*+4 COX(x+2) - X +4  X(x+2)—(x=2)(x+2) 2

Néu x +2<0thi |x+2 =- (X +2) nén

_ X+ =2x XX -2 X(X=1)(x+2) =X
X|x+2|-x*+4  —x(X+2)-x*+4  —X(X+2)—(x-2)(x+2) 2

Néux +2=0 < x =-2 thi biéu thuc D khong xac dinh

R =7 . A N 2— - - e e . A
b) Bé D co gia tri nguyén thi % hoac 7)( cO gia tri nguyén
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2

+) X 2_X c6 gia tri nguyén < {

x?-x:12 {x(x-l)fz
=
X>-2 X>-2

Vi x(x — 1) la tich cua hai s6 nguy@n lién tiép nén chia hét cho 2 véi moi x > - 2

+) —X ¢4 gia tri nguyén x:2 x= 2K x=2k(k € Z; k<-1)
2 glatn nguyen < x<-2"Ix<-2 777 <&

‘—x _ 6(6-1)

c)Khiax:6:>x>-2nénD:X2 5 =15

Bai tap vé nha
Bai 1:

ChobiéuthtrcA:(Z_X-S_er 2-x Ml_ XJ

X+3 X+2 x> +5x+6 X—1
a) Rut gon A
b) Timxdé A=0;A>0
Bai 2:
Cho biéu thic B = 3y33_7{2 +oy-1

2y —y* -4y +3
a) Rut gon B

2D

b) Tim s6 nguyén y dé c6 gid tri nguyén
2y +3

c) Timsé nguyény dé B > 1
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CHUYEN PE 12 - CAC BAI TOAN VE BIEU THUC (TIEP)

* Dang 2: CAc biéu thic co tinh quy luat
Bai 1: R(t gon cac biéu thic
a) A 3 5 2n+1

t——tt———
(1.2 (2.3 [n(n+1)]

Phuong phap: Xuét phat tir hang tir cudi dé tim ra quy luat

Ta ch 2n+12 —_ 22n+12:i2_ 1 _ Nén
[n(n+1)] n“(n+1)° n° (n+1)
11,1 1.1 1 1 1 1 1 n(n+1)
A= ot ot e T 2 -1 2~ 2
¥ 22 2° 3 3 n®~ n° (n+)° 1 (n+)° (n+l)

oot

2_
Tac 1-— K 1 (KeDK=D Ngp
k? k k
g= 132435 (n-Dn+l) 1324.(n- 1)(n+1) 123.(n-1) 345.(n+1) _1 n+l_n+l
22 3¢ 4 n’ 22.3°.4%.n ©234.(n-Yn" 234..n n 2 2n
9ol 10 0, 0 11111, 11
5.8 811 1114 47.50 3\5 8 8 11 47 50
= 50. (——ij 50, — 45
5 50 10
_ 1 1 1 1 _1(1 1 1 1 1 1
d)D= + + Foat————— = S| ——————— ...+ -~
123 234 345 (n-Yn(n+1)) 2\12 23 23 34 (n-)n n(n+1)

_ 11 1 _(n=-DH(n+2)
2112 n(n+1)| 4n(n+2)

Bai 2:
a)ChoA:”“T—1+”‘_—2+_.+ 2 1 .p_ 1171

Taco
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= n[%+1+...+i+ij+1:n[%+...+i+iJ:nB = % =N

2 n-2 n-1 n-2 n-1
b) A= ! + ! Foot ! + ! : =1+l+ ...... + 1
1.2n-1) 3.(2n-3) (2n-3).3 (2n-1).1 3 2n-1
Tinh A: B
Gial
_ 1 1 1 1 1 1 1
= —|1+ +| =+ +..+ +— |+ +1
2n 2n-1 3 2n-3 2n-3 3 2n-1
1 1 1 1 1 1 1
=—||1+—+...... + + + + +o +—+1
2n K 3 2n-1 2n-3j £2n-l 2n-3 3 ﬂ
:i.Z. 1+l+ ...... + ! + ! =i.2.B :>é=l
2n 3 2n-1 2n-3 2n B n
Bai tap vé nha
RUt gon céc biéu thic sau:
2 2 2 2
S INE SN y £ ¥ 5 "
1.2 23 (n-1)n 2°-14-16"-1 (n+1)" -1
1 1 1
) —_
123 234 n(n + 1)(n +2)

* Dang 3: Rat gon; tinh gi4 tri biéu thic thoa man diéu kién caa bién

Bai1: Cho x +l= 3. Tinh gié tri cua céc biéu thuc sau :
X

) A=x'+L: b)B=x+L: )C=x'tL; dD=x+-.
X X X X
Lo gidi

2

a) A:x2+izz x+1| —2-=9-2-7 ;
X

.1 1) 1 _
b) B=x"+—=|x+—| =3|x+—[=27-9=18 ;
X X
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2
c) C:x4+i4:[x2+iz] —2=49-2=47;
X X

d) A.B:[x2+i2][x3+i3]:x5+l+x+i5:D+3 =D=7.18-3=123.
X X X X

Bai2: ChoX+Y+Z2-21):2+2:5-2().
a b ¢ X y z
X a) bY cY
Tinh gié tri biéu thirc DzH +H +H
X y y
Tu (1) suy rabcx +acy +abz =0 (3)
Tur (2) suy ra
2 2 2 2 2 2
(3) +[Ej +(£) +2,(a_b+£+mj=4j(ij {9] %2) =4_2,(a_b+§£} @)
X y z Xy Xz yz X y z Xy Xz yz
Thay (3) vao (4)tacé D=4-2.0=4
Bai 3
a) Cho abc = 2; rit gon biduthagc A= — & P 2
ab+a+2 bc+b+1 ac+2c+2
Taco:
_ a ab 2c a ab 2C
= + + = + +
ab+a+2 abc+ab+a ac+2c+2 ab+a+2 2+ab+a ac+2c+abc
_ a ab 2c a ab 2 _ab+a+2_1

a’ . b? N c?
a?-b*-c¢® b*-c*-a* c¢*-b®-a?

b) Cho a + b + ¢ = 0; rit gon biéu thitc B =

Tra+b+c=0=a=-(b+c) = a’=b*+c’+2bc = a’-b*-c’=2hc
Tuong ty ta cd: b’ - a° - ¢ = 2ac ; ¢* - b’ - a’ = 2ab (Hoan vi vong quanh), nén

_a® b & a*+b+c?
= f—t—= (1)
2bc 2ac 2ab 2abc

atb+c=0=-a=(b+c)=-a>=b*>+c*+3bc(b+c) < -a>=b’+c*—3abc
o a®+b*+c*=3abc (2)
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3 3 3
a’+b"+c” 3abc 3 (Vi abc = 0)

Thay (2) vao (1) taco B = =
y (@) (1) 2abc 2abc 2

c) Cho a, b, ¢ tirng déi mot khac nhau thoa man: (a + b + ¢)* = a® + b? + ¢?

a’ b? c?
2 + 2 + 2
a‘+2bc b +2ac c°+2ab

R0t gon biéu thuc C =

Ter(@a+b+c)P=a’+b?’+c® = ab+ac+bc=0
— a’+2bc=a’+2bc—(ab+ac+bc)=a’—ab+bc—ac=(a—b)(a—c)
Tuong tu: b®+2ac = (b—a)(b—c);c*+2ab=(c—a)(c—bh)

a’ N b? N c? _ a’ ] b? . c?
(@a-b)a-c) (b-a)b-c) (c-a)c-b) (a-b)a-c) (a-b)(b-c) (a-c)b-c)

_ a’(b-c) ] b?(a - c) . c’(b-c) _(a-b)(a-c)(b-c)_1
(@a-b)a-c)b-c) (a-b)a-c)b-c) (a-b)a-c)b-c) (a-b)a-c)b-c)

* Dang 4: Chitng minh diang thirc thoa méan diéu kién cia bién

1.Bai1:Chol+l+1:2(1);i2+
a b ¢ a

1 1
F'l'g:z (2).

Chtng minh rang: a+ b + ¢ = abc

Tur (1) suy ra %+%+i+2. [i+i+ij=4:>2. (ib+i+ij=4—(iz+i
a

C2

1 1 1 a+h+c
Py =

l< a+b+c=abc
ab bc ac abc

2.Bai2: Choa,b,c#0vaa+b+c+0thoamandidukien L 1 1 1

a b c a—|—b-|—c.

Chting minh rang trong ba sé a, b, ¢ ¢ hai s6 d6i nhau.

N o1 1 1 1
Tu do Suy ra rang ' a2009 + b2009 C2009 = a2009 +b2009 +C2009 '
Taco: 141l 1 1.1 L 5 gatb,  atb
a b ¢ a+b+c a b ¢ a+b+c ab cla+b+c)
b b a+b=0 a=-b
o (@t SBFOTOT 5 bbroycra)=0e|brcm0s|be—c
abc(a+b+c)

c+a=0 |c=-a
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Tudosuyra: + ! L_ 1 + ! + S
' a2009 b2009 C2009 a2009 (_ C)2009 C2009 a2009
1 _ 1 1
a2009 4 b2009 4 C2009 a2009 4 (_ C)2009 4 C2009 a2009
1 1 | 1
a2009 b2009 C2009 a2009 + b2009 + C2009 '

3,Bai3: Cho &2 +L2,C¢_DP € 2 q
b c a a b ¢

chting minh rang : trong ba sé a, b, ¢ tn tai hai s6 bang nhau

Tur (1) = a’c+ab’ +bc® =b’c+ac’ +a’b = a’(b-c)-a(c®—b*)+bc(c-b)=0
— (c—b)@@®—ac=ab+bc)=0= (c—b)a—b)(a—c)=0 = dpcm

4. Bai 4: Cho (a® — bc)(b — abc) = (b* — ac)(a—abc); abc = Ovaa= b

Chutng minh rang: 1+%+1:a+b+c
a C

T GT = a’b— b’ - a’bc + ab’c® = ab® — a’c — ab’c + a’hc?
& (a’b—ab?) + (a%c — bc) = abc*(a — b) + abc(a - b)(a + b)
< (a—Db)(ab +ac + bc) =abc(a—b)(a+b +c)

ab +ac +bc 1 1 1
—— =atbh+c e -+ -+ =-=a+tb+c
abc a b c
5.Bai5:Choa+b+c=x+y+z=2+2 1 C_0:Ching minh ring: ax? + by? + cz2 = 0
X y z

To X+y+z2=0=X=(y+2)°;y'=(x+2)*; 2" = (y +X)°
S ax+by’+czizaly+2)° +b(x+2)°+c(y+x)°=...
= (b +c)x* + (a+c)y* + (a + b)z* + 2(ayz + bxz + cxy) (1)
Tratb+c=0=-a=b+c;-b=a+c;-c=a+b (2

Tir ; , 5 . g =0 = ayz + bxz + cxy = 0 (3). Thay (2), (3) vao (1); ta c6:

ax’ +by? + ¢z =-(ax* +by* + cz*) = ax’ + by’ + ¢z = 0

6.Bai6:Cho 2+ 2+ © _o;changminh: — 2+ 2 _, ¢ __g
b-c c-a a-b (b-c) (c-a)° (a-b)
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. a b c a _ b c b*-ab+ac-c’
Tu + + =0 = = + =
b-c c-a a-b b-c a-c b-a (a-b)(c-a)

a b? —ab + ac - ¢?
p— =
(b-c)* (a-b)c-a)b-c)

(1) (Nhén hai vé voi ﬁ)

Tuong tu, ta co: b = ¢’ —bc+ba-a* 2) c - a’—ac +cb - b? 3)
(c-a)° (a-b)c-a)b-c) (@a-b)> (a-b)(c-a)b-c)

Cong tirng vé (1), (2) va (3) ta c6 dpem

7.Bai 7:
Cho a + b + ¢ = 0; chttng minh: (a'b +b'C+C'aJ( c ,_a b j:g(l)
c a b a-b b-c -a
bat a—:X;;Czyﬂzz = ¢ :l a :1’ b :1
c b a-b X b-c y c-a z

X y

c _b’-bc+tac-a® ¢ c(a-b)(c-a-b) c(c-a-b)

X

Ta co: (x+y+z)(§ $+%J=3+[y+z L Xtz X;LYJ 2)
:

Ta lai co: y+z=(b'c+C . , - -
a-b ab a-b ab(a-b) ab
I_

_c[zc-(atb+c)] 2c¢

- ab ab )

2
Tuong tuy, ta co: X52:21(4) X:y 2" (5)

Thay (3), (4) va (5) vao (2) ta co:

2 2 2
(x+y+2) 1,1, ) g4 20 22 2 :3+2_(a3+b3+c3)(6)
X y z ab  bc ac abc

Tr a+b+c=0=a’+b*+c®>=3abc(7)?

X . 1.1 .1 2
Thay (7) vao (6) ta co: —+=+>|=3+—.3abc=3+6=9
y () vao @) tact: (x+y+z) 2+ d]oav 2
Bai tap vé nha:
1) cho —+£+3_0 tmhglatnbleuthucAz£+_2+X_2’
Xy X y z
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HD: A= 22 . X2 . O -yandunga+b+c=0 = a’ +b® + ¢ = 3ahc
X y z
2) Cho a® + b® + ¢ = 3abc ; Tinh gia trj biéu thuc A = (% + 1)(% + 1)(% + 1)

y+Z X+2 X+y . o

3) Cho x +y + z = 0; chttng minh rang: PR .

4)Choa+b+c=a2+b2+c2=1;§: :E.Chfrngminhxy+yz+xz =0
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CHUYEN PE 13— CAC BAI TOAN VE TAM GIAC PONG DANG

A. Kién thic:
* Tam giac ddng dang:
a) truong hop thir nhat: (c.c.c)

AB _ AC _ BC

AABC = A’B’C’ & = =
AB AC B(C

b) trudng hop thi nhét: (c.g.c)

AABC = A'B'C’ « 2B _AC . A&
A'B' A'C'

c. Truong hop ddng dang thi ba (g.9)
AABC - A’B’C’ & A=A"; B=B

2

AH; A’H’la hai duong cao tuong ung thi: ﬁ = k (Ti s6 dong dang); Sapc _

ABC
B. Bai tap ap dung

Bai 1:

Cho AABCcoB=2C,AB=8cm,BC=10cm.

a)Tinh AC

b)Néu ba canh cua tam giac trén 1a ba s6 tu nhién lién tiép thi mdi

canh la bao nhiéu?

Giai

Céch 1: E
Trén tia doi cua tia BA lay diém E sao cho:BD = BC

AC _AD

AACD = AABC (g.9) = B-AC g

— AC? = AB. AD =AB.(AB + BD) = AB(AB + BC) b
=8(10+8)=144 = AC=12cm
Cach 2:

V¢ tia phan giac BE cua ABC = AABE = AACB
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AB_AE_BE_AE+BE___AC L AC’=AB(AB+CB) = 8(8 + 10) = 144
AC AB CB AB+CB AB+CB

= AC=12cm
b) Goi AC =b, AB=a, BC=cthitircauatacdb’=a(a+c) (1)

Vib>anéncothéb=a+1lhoich=a+?2

+Néub=a+1thi(a+1)’=a’+ac <2a+1l=ac <alc—-2)=1
=a=1;b=2;c=3(loai)

+Néub=a+2thi a(c—4)=4

- Vaia=1thic =28 (loai)

- Voia=2thic=06 (loai)

-véia=4thic=6;b=5

Vaya=4;b=5;c=6

Bai 2:

Cho AABC céan tai A, duong phén giac BD; tinh BD

biét BC =5 cm; AC =20 cm

Giai

TacOo —=—== =CD=4cm vaBC=5cm

Bai toan tré vé bai 1

Bai 3:

Cho AABC can tai A va O la trung diém caa BC. Mot diém O di dong trén AB, lay diém E

OB’

trén AC sao cho CE = R Chtng minh rang

a) ADBOwAOCE

b) ADOE == ADBO<=AOCE

¢) DO, EO lan luot & phan giac cua cac goc BDE, CED

d) khoang cach tir O dén doan ED khong doi khi D di dong trén AB
Giai
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2
a)Torce=28 — CE_OB s B-c (gt) = ADBO=AOCE
BD OB D

b) Tur cau asuy ra Os=E: (1)

Vi B, O ,C thing hang nén O + DOE + EOC =180° (2)
trong tam giac EOC thi E. + C+EOC =180° (3)

Tu (1), (2), (3) suyra DOE=B=C

ADOE va ADBO ¢6 29 = %€ (Do ADBO=»AOCE)
DB OC
va 20 _ CE (Do OC =0B) va DOE=B=C
DB OB

nén ADOE = ADBO=AOCE
c) Ttrcau b suy ra D. = D = DO la phan giac cua cac goc BDE

Cung tur cau b suy ra E. = E; EO la phén giac cua cac géc CED

c) Goi OH, Ol la khoang céch tir O d¢én DE, CE thi OH = Ol, ma O ¢6 dinh nén OH khdng

d6i = Ol khong doi khi D di dong trén AB
Bai 4: (Bé HSG huyén Loc ha — nam 2007 — 2008)

Cho AABC cén tai A, ¢6 BC = 2a, M la trung diém BC, lay D, E thuoc AB, AC sao cho

DME =B

a) Chung minh tich BD. CE khong doi

b)Ching minh DM la tia phén giac cia BDE

¢) Tinh chu vi cia AAED néu A ABC la tam gi4c déu
Giai

a) Ta cO DMC = DME + CME = B + BDM, ma DME = B(gt)
nén CME = BDM, két hop voi B=C (AABC can tai A)
suy ra ABDM = ACME (g.9)

_, BD _BM _ Bb.cE=BM.CM=a khong déi
CM CE

b) ABDM = ACME = M _ BD _ DM BD
ME CM ME BM
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(do BM =CM)= ADME == ADBM (c.g.c) = MDE = BMD hay
DM la tia phan giac cia BDE

¢) chirng minh tuong tu ta ¢c6 EM la tia phan giac cua DEC

k¢ MH L CE ,MI LDE, MK LDB thi MH=MI=MK =
ADKM = ADIM

=DK =Dl = AEIM = AEHM =EI =EH

Chuvi AAED la Paep = AD + DE + EA = AK +AH = 2AH (Vi AH = AK)

AABC la tam gi4c déu nén suy ra A CME cung la tam gidc déu CH = =5

2
= AH=15a = Pasp=2AH=2.15a=3a
Bai 5:
, 5 F
Cho tam giac ABC, trung tuyén AM. Qua diém D thudc canh
BC, vé duong thang song song véi AM, cat AB, AC tai E vaF K A
a) chang minh DE + DF khéng doi khi D di dong trén BC
) , E
b) Qua A vé duong thang song song vai BC, cat FE tai K.
Chuting minh rang K 1a trung diém cua FE
Giai
DE _ BD BD B PM C
a) DE//AM = — = —=DE= —AM (1)
AM BM BM
DF//AM = PF - D e CD v = £0 am (2)
AM CM CM BM
Tu (1) va (2) suy ra
DE+DF= 22 aM+ =P am = [E + QJ.AM = BC AM=2AM khong déi
BM BM BM BM BM
FK _ KA
b) AK /I BC suy ra AFKA == AAMC (g. —=—(3
) y ©9) = = oo 3
EK _ KA EK KA EK KA EK KA EK KA 2)

= = = = = = = =
ED BD ED + EK BD + KA KD BD + DM AM BM AM CM
(ViCM =BM)
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\ . FK EK _ . . 2 )
Tu (1) va (2) suy ra M AM =FK = EK hay K la trung diem cua FE

Bai 6: (D& HSG huyén Thach ha nam 2003 — 2004)
Cho hinh thoi ABCD canh a c6 A =60°, mot dudng thang bat ky qua C cat tia d6i caa cac
tia BA, DA tai M, N

a) Chung minh rang tich BM. DN c6 gia tri khong doi

b) Goi K 1 giao diém cua BN va DM. Tinh sb do cua goc BKD

Giai

a) BC// AN = MB _ EM 9y
BA CN

CM _ AD
CN DN
Tur (1) va (2) suy ra

MB _ ﬂ: MB.DN = BA.AD =a.a=a?
BA DN

CD/l AM = )

b) AMBD vaABDN c6 MBD = BDN = 120°
MB _ MB_CM _ AD BD
BD BA CN DN DN
= AMBD < ABDN

(Do ABCD la hinh thoi c6 A =60°nén AB =BC =CD =DA)

Suy ra M: =B:.. AMBD vaABKD c6 BDM = BDK va M: = B: nén BKD = MBD =120

Bai 7:

Cho hinh binh hanh ABCD ¢6 dudng chéo Ion AC,tia Dx cat SC, AB, BC lan luot tai I, M,
N. Vé CE vuong goéc vai AB, CF vubng goc véi AD, BG vudng goc véi AC. Goi K la

diém ddi xing véi D qua I. Chting minh rang .
a) IM. IN = ID?
b) T = B b )
¢) AB. AE + AD. AF = AC? I
Gii g
A B E N
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a) T AD /I CM = M _ E1 gy
ID Al

TaCD// AN = S 1P (9
Al IN
T (1) va (2) suy ra %z % hay ID? = IM. IN
b) Taco DM - CM DM CM DM _ CM 3,

= = = =
MN MB  MN + DM MB + CM DN CB
T ID=IKvaID?*=IM. IN suyraIK?=IM. IN

IK _IN IK-IM _IN-IK KM _KN KM _IM KM _IM CM CM
IM K IM IK IM  IK KN IK KN ID AD CB
. KM _ DM
Tt 4 — = —
ur (3) va (4) suy ra N - DN
. AE _ AC _
c) Tacé AAGB = AAEC v E:>AB.AE = AC.AG =AB. AE = AG(AG + CG) (5)

ACGB @ AAFC — AF _ €6 _CG
AC CB AD

—AF.AD = AC.CG = AF . AD = (AG + CG) .CG (6)

cong (5) va (6) vé theo vé ta cd: AB. AE + AF. AD = (AG + CG) .AG + (AG + CG) .CG
< AB. AE + AF. AD = AG® +2.AG.CG + CG* = (AG + CG)? = AC®

Vay: AB. AE + AD. AF = AC?

Bai tap vé nha

Bai 1

Cho Hinh binh hanh ABCD, mét duong thang cat AB, AD, AC lan luot tai E, F, G

B, AD _ AC
E AF AG

HD: Ké DM // FE, BN // FE (M, N thuoc AC)
Bai 2:
Qua dinh C cua hinh binh hanh ABCD, ké duong thang cit BD, AB, AD 6 E, G, F

chung minh:

(vi CB = AD)

Chtng minh: A
A

a) DE2= FE BE?
EG
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b) CE? = FE. GE

(Goi y: Xét cac tam giac DFE va BCE, DEC va BEG)

Bai 3

Cho tam gidc ABC vudng tai A, dudng cao AH, trung tuyén BM, phan giac CD cit nhau
tai mot diém. Ching minh rang

4 BH CM AD
HC MA BD

b) BH = AC
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CHUYEN PE 14 —- PHUONG TRINH BAC CAO
A.Muc tiéu:
* Cung ¢, on tap kién thue va ki nang giai cac Pt bac cao bang cach phan tich thanh nhan
to
* Khéc sau ky nang phan tich da thic thanh nhan tir va ki nang giai Pt
B. Kién thic va bai tap:
I. Phwong phap:
* Cach 1: Dé giai cac Pt bac cao, ta bién ddi, rit gon dé dua Pt vé dang Pt c6 vé trai 1a mot
da thirc bac cao, vé phai bang 0, van dung cac phuong phap phan tich da thirc thanh nhan
tr dé dua Pt vé dang pt tich dé giai
* Céch 2: it an phu
Il. Cac vi du:
1.Vi du 1: Giai Pt
a) (X+1)%(x+2)+(x—1)>*x-2)=12
S ..ol +10x =12 X +5x-6=0 <« (xX*-1) + (5x —5) o (X - 1)(X*+x+6) =0
x-1=0 =1 - 1) 23 A
=S L(Z exi6=0" (H %jz 23 0<:>x =1 (Vi (x+ EJ +T:0 vO nghiém)
b) x* + x>+ 6x—8=0 (1)
V& phai caa Pt 1a mot da thuc c6 tong cac hé sb bang 0, nén c6 mét nghiém x = 1 nén c6
nhan ta lax—1, tacé
1) o X=X+ (C=x)+(@2x*-2x) + (8x—8) =0
oo X-DC+X+2x+8) o (X—D[(X°+2x) — (xX* +2X) + (4x-8)]=0
o X-DPX+2) - Xx(X+2)+4(x+2)=0 o (X-1)(x+2)(X*~x+4)=0....
c) (x—1)*+(@2x+3)°=27x*+8
o x> —3x"+3x - 1+8x>+36x° + 54x + 27 - 27x* -8 =0
o -18x° +33x° +57x+18=0 < 6x>-11x*-19x -6 =0 (2)
Ta thay Pt c6 mot nghiém x = 3, nén vé trai c6 nhan tir x — 3:
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(2) < (6x° —18x%) + (7x* — 21x) + (2x - 6) =0

SB6X*(X—3)+ TX(X-3)+2(x—-3)=0 < (Xx—3)(6X* +7x+2)=0

o (X=3)[(6x*+3x) + (4x+2)] =0 < (x—3)[3x(2x + 1) +2(2x + 1)] =0

o (X=-3)(2x +1)(3x +2) .....

d) (x* +5x)°—2(x* + 5X) = 24 < [(X* + 5x)* - 2(x* +5x) + 1] - 25=0

(X +5x-1)7%-25=0 < (X* +5x-1+5)((x*+5x-1-5)=0

< (C+5x+4) (X +5x—6)=0 < [(X* +X) +(4x + A][(X* - x) + (6x —6)] =0
sx+1D)X+4)Xx-1)(x+6)=0....

e) (C+x+1P2=3x"+x*+1) o (C+x+1)*-3x*+x*+1)=0

o (C+Hx+1)P -3¢ +x+1)(x*-x+1)=0

o (XCH+HXx+D[X¥+x+1-30¢-x+1)]=0 o (X +x+1)(-2x*+4x-2)=0
o (KC+Hx+1D)-2x+1)=0 o (X +x+1)(x-1)*=0...

) X=x'+x+ X +x+2 < (-1 - +x*+x*+x+1)=0

o X-1D '+ X+ +x+1) - +xC+x2+x+1)=0

o X-2)(xX*+xX+x*+x+1)=0

+)X-2=0< x=2

DX+ +xX+x+1=0c P +xX)+(X+D+X=0 X+ 1)C+1)+x°=0

@(x+1)2(x2—x+1)+x2=o@(x+1)2[(x2—2.x%+%)+%]+x2=o
+12+3 +12+3

o X+ T3 "7 [+x*=0Vonghiemvi (x+1)*[(*T 5] T 7 | = 0nhung

khong xay ra dau bang

Bai 2:

Q) (X+Xx-2)(X+x-3)=12 & (C+x-2[(x*+x-2)-1]-12=0

o K+x-2-(X+x-2)-12=0

Dit X + x—2 =y Thi

C+x-2 -(X+x-2)-12=0 YV -y-12=0 < (y-4)(y+3)=0

*y_4=0o X+X-2-4=0 X*+X-6=0 < (x*+3x)—(2x+6) =0
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sX+3)(x-2)=0...

*yY+3=0 o x*+x-2+3=0 < x*+x+1=0 (vO nghiém)

b) (X —4)(x = 5)( X —6)( X —7) = 1680 < (x* — 11x + 28)( x* — 11x + 30) = 1680

Patx* —11x + 29 =y , ta co:

(x* = 11x + 28)( X* - 11x +30) = 1680 < (y + 1)(y — 1) = 1680 < y* = 1681 <y = + 41
y=41l o xX*—11x+29 =41 & x*—11x-12=0 (X* - x) + (12x - 12) = 0

< (x-1(x+12)=0.....

*y=-41 o X2 11X +29=-41 & X2~ 11X +70=0 (¢ —2x. 24121y, 19 -
2 4 4

c) (x* — 6x + 9)* — 15(x* — 6x + 10) = 1 (3)

Patx*—6x+9=(x—-3)’=y > 0,taco

3) &y ~15(y+1)-1=0 <y ~15y-16 =0 < (y+1)(y-15)=0
V6iy+1=0 < y=-1(loai)

Véiy—15=0 <y=15 = (x—3)°=16 < x—-3=+ 4

+X-3=4 < x=7

+X-3=-4 ox=-1

d) (* + 1)% + 3x(x* + 1) + 2x* = 0 (4)

it x>+ 1 =y thi

(4) o YV +3xy+2xX°=0 < (Y +xy) + (2xy + 2X°) =0 < (y + X)(y + 2X) = 0
+)X+y=0 <x*+x+1=0:Vdnghiém
HDYy+2Xx=0 o X*+2x+1=0 < (x+1)°=0 < x=-1

Bai 3:

a) (2x + 1)(x + 1)°(2x + 3) = 18 < (2x + 1)(2x + 2)*(2x + 3) = 72. (1)
bat2x +2 =y, taco

1) e (Y-Dy(y+1) =72 oYy’ -1) =72

sy -y -72=0

Pit y¥*'=z >0 Thi Y-y -72=0< 2°-2-72=0 < (z+8)(z-9) =0

*z2+8=0 < z=-8(loai)
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*7-9=0c2z=9 oy =9 y=+3=x=..
b) (x +1)*+ (x—23)*=82(2)
baty=x-1=x+1=y+2;x-3=y-2,taco
2 e(y+2)'+(y-2)'=82
oy +8y° + 24y% + 32y + 16 + y* - 8y® + 24y° - 32y + 16 = 82
o 2y*+48y°+32-82=0 < y*' +24y* —25=0
Pity’=z>0=y'+24y* -25=0< 7°+2472-25=0 < (z—1)(z+25)=0
1)2-1=0=2z=1=2y=+1=x=0;x=2
+)z2+25=0 <z=-25(loai)

a+b

Cha y: Khi giai Pt bac 4 dang (x + a)* + (x + b)* = ¢ ta thuong dat 4n phuy = x + >

)(A-x°+(X-2 =32 = (x-2)°—(x—4)°=32

Paty=x-3 =x-2=y+1;x-4=y-1;taco:

(X-2P°-(x-4P°=32 < (y+1)°- (y-1)°=32

oy + 5y +10y° + 10y* + 5y + 1 — (y° - 5y* + 10y® - 10y? + 5y - 1) =32 =0
<10y* +20y°-30=0 < y* +2y*~3=0

Pity’=z >0=y' +2y*-3=02°+22-3=0<(@z-1)(z+3)=0.......
d) (x - 7)* + (x — 8)* = (15 — 2x)*

batx-7=a;x-8=b;15-2x=cthi -c=2x-15=a+b=-c, Nén

x-7'+(x-8)"'=(15-2x) sa*+b'=c' e a'+b"-c"=0 <= a*'+b*—(a+hb)' =0

SN 4ab(a2+gab+b2)=0 N 4ab{(a+%b] +%b2} =0« 4ab=0

(Vi (a+ %bj + % b? > 0 nhung khdng xay ra diu biang) < ab=0 <x=7;x=8
e)6x' +7x° - 36X - 7x+6=0 < 6[x2+%)+7(x- %)—36=0

(Vi x = 0 khong la nghiém). Dat x - % =y = x2+% =y? + 2 thi
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6 (x%%)ﬂ(x- a_sezo o B(2+2)+Ty—36=0 <6y2+Ty—24=0

< (6y*—9y) +(16y—24)=0 < (3y+8)(2y—-3) =0

+)3y+8=o@y=-%@x-§=-% @...@(x+3)(3x—1)=o@[

x+3=0 |X7°3
=
3x-1=0

=
2x+1=0

_ X=2
+)2y-3=0cy= §C> x-§= §<:>...<:>(2X+1)(X—2):0<:>[X'2_0 {

Bai 4: Chitng minh rang: cac Pt sau v nghiém

)X =3 +6X+13=0 o (X' -4 +4) +(x*+6x+9)=0 o (x*—-2)°+ (x +3)°=0
Vé trai (x* — 2)* + (x + 3)? = 0 nhung khong ddng thoi xdy rax* =2 va x = -3

D)X +x°+ X + X+ X +x+1=0 o X-1)(XC+xX°+x*+x+x2+x+1)=0
ox'-1=0ox=1

x =1 khéng la nghiém caa Pt x> +x° +x* +x* +x*+x+1=0

Bai tap vé nha:

Bai 1: Giai cac Pt

a)(x* + 1)* = 4(2x - 1)

HD: Chuyén Vé, trién khai (x* + 1), phan tich thanh nhan tir: (x — 1)’(x* + 2x +5) = 0
b) (X + 1)(x + 2)(x + 3) =24 (Nhan 2 nhan tir v&i nhau, a4p dung PP dit an phu)

) (12x + 7)’(3x + 2)(2x + 1) =3 (Nhan 2 vé v¢i 24, dat 12x + 7 = y)

d) (x* — 9)? = 12x + 1 (Thém, b4t 36x%)

) (x-1'+(x-2)'=1(Paty=x-15;Ds: x=1; x=2)
f)(x—1)]°+(x+3)°=242(x +1) (Patx+1=y; Ps:0;-1;-2)

g) (x +1)° + (x- 2)* = (2x - 1)’

Patx+1=a;x—-2=b;1-2x =c thia+b+c=0 =a’+b®+c®=3abc

h) 6x* +5x° —38x2+5x +6=0  (Chia2 véchox% Pat y= x+ <)
X
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D)X+ 2x" + 33+ 3% +2x+1=0 (Vé trai 1a da thirc cd téng cac hé sé bac chén
bang tong cac hé sé bac 1é...)

Bai 2: Chang minh céc pt sau v nghiém

a) 2x*—10x* + 17 =0

(Phan tich vé trai thanh tong cua hai binh phuong)

b) x* - 23+ 4x* = 3x+2=0

(Phan tich vé trai thanh tich cua 2 da thirc 6 gid tri khdng am....)
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CHUYEN PE 15-SU DUNG CONG THUC DIEN TICH PE THIET
LAP QUAN HE PO DAI CUA CAC POAN THANG
Ngay soan:23 — 3 - 2010
A. Mot s6 kién thic:
1. Cbng thuc tinh dién tich tam giac:

S= % a.h (a — d6 dai mot canh, h — @6 dai duong cao twong urng)

2. Mot s6 tinh chat:
Hai tam giac c6 chung mét canh, cé cung d6 dai duong cao thi ¢ cung dién tich
Hai tam giac bang nhau thi ¢ cting dién tich

B. Mot sb bai toan:

1. Bai 1:
Cho AABC ¢6 AC = 6cm; AB = 4 cm; céc duong cao AH; BK; CI. Biét AH = S 7 BK
Tinh BC
Giai A
Taco: BK— ABC C| ABC K
AC AB I
1 1
BK + CI = 2. S | —+—
- ABC [AC AB]
1 1 1 B H C
e 2AH=2.2.BC. AH. [_+_j ~BC. (_+_j =
AC AB AC AB
—~ BC=2: (_+ij 2_(1 1] 4.8 cm
AC AB 6 4

Bai 2:

Cho AABC c6 do dai cac canh 1a a, b, ¢; do dai cac dudng cao tuong tng 1a h,, hy, he. Biét
rang a + h, = b + hy = ¢ + he . Chting minh rang A ABC la tam giac déu

Gial

Goi Spgc =S
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Taxéta+h,=b+h,=a-b=h,—h,===-==25. 2S. ——
b a b a

25 2S (1 1) a-b
ab

= a-— b-zsE = (a— b)(l-—bj 0 = AABC cén ¢ C hoac vuéng ¢ C (1)

Tuong tu ta c6: AABC can ¢ A hoac vuéng ¢ A (2); AABC can ¢ B hoac vuéng ¢ B (3)
T (1), (2) va (3) suy ra AABC can hoic vudng ¢ ba dinh (Khdéng xay ra vuéng tai ba
dinh) < AABC la tam giac déu

Bai 3:

Cho diém O nam trong tam gi4c ABC, cac tia AO, BO, Co cit cac canh cua tam gidc ABC
theo thtr tu tai A’, B’, C’. Chang minh rang:

q OA' OB OC'_, by OA, 0B OC _
AA BB CC AA BB CC
cyM= O~ OB OC & TimvitriciaOdé tdng M c6 gié tri nho nhit
oA OB oC
d)N—%EE—s Tim vi tri cia O dé tich N c6 gia A
OA' OB' OC'

tri nho nhét
Gial B
Goi Sagc =S, S1 = Sgoc s S2 = Scoa , S3 = Saos - Ta CO:

OA _ S, _ S _S+S (g
OAI SOA'C SOA'B Sl

: B A C
OA - SOA'C - SOA‘B — SOA‘C +SOA'B :i (2)
AAI SAA'C SAA'B SAA'C + SAA'B
OA S, +S
Ter(l)va(2)suyra — ==2_=
(va()suyra 25 =2
Twong tu ta c6 OB :Sl+S3; OC _S.+S, ; OB _S, : oc :i
OB S, ocC' S, BB S CC S
) OA! OB OC S_+S_+§ S _1
AA BB' CC S' 'S S S
b) OA OB OC _S, +S, S+S S+S §_2

AABB CC S S S S
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M= OA, OB OC_ S48 §+8 §+5 (S 8 (8 8) (S S
OA' OB' OC' S S, s, S, S ) \S, s,) S, s

Aup dung Bdt C6 si ta c6 SB[ 3,3 | 3350400028
2 1 SZ 83 83 Sl

Ping thirc xay rakhi S; = S, = S; « O la trong tdm cua tam giac ABC

— S5, +S; S +5; S +5, :(82+Ss)(81+83)(81+52)

d) N
s, S, S, 5,.S,S,

(S:+5.)" (Si+S,) (S, +S,)” _ 45,45,5,4S$,

; > —3>64 => N > 8
(S.:S,S;) (S.:S,S;)

— N?=

Ding thic xay rakhi S; = S, = S; < O 14 trong tdm cua tam giac ABC

Bai 4:

Cho tam giac déu ABC, cac duong caoAD, BE, CF; goi A’, B>, C’ 14 hinh chiéu cia M
(ham bén trong tam giac ABC) trén AD, BE, CF. Ching minh ring: Khi M thay dbi vj tri
trong tam giac ABC thi:

a) A’D + B’E + C’F khong doi

b) AA’ + BB’ + CC’ khong d6i

Giai

Goi h = AH Ia chiéu cao cua tam giac ABC thi h khéng doi

Goi khoang cach tir M dén cac canh AB; BC; CA 1a MP; MQ; MR thi A’D + B’E + C’F =
MQ + MR + MP

Vi M nam trong tam gi4c ABC nén

Semc + Scma + Sema = Sasc

< BC.(MQ + MR + MP) = BC . AH

= MQ+MR+MP=AH = A’'D+B’E+C’F=AH=h

Vay: A’D + B’E + C’F = AH = h khong d6i

b) AA’ + BB’ + CC’ = (AH — A’D)+(BE — B’E) (CF — C’F)

= (AH + BE + CF) — (A’D + B’E + C’F) = 3h — h = 2h khong ddi
Bai 5:
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Cho tam giadc ABC c¢6 BC bang trung binh cong cia AC va AB; Goi | 1a giao diém cua céac
phan giéc, G la trong tdm cua tam giac. Chirng minh: 1G // BC

Gial

Goi khoang cach tir a, I, G d&én BC lan luot 1a AH, IK, GD

Vi | 14 giap diém cua ba duong phan giac nén khoang cach tur
A

| ¢én ba canh AB, BC, CA bang nhau va bang IK '

Vi | nam trong tam giac ABC nén:

SABC = SAIB + SBIC + SCIA < BC.AH = |K(AB+BC+CA) (1) AN

Ma BC= 2B*CA _ AB+CA=2BC(2) B'H/; Y c

Thay (2) vao (L) ta c6: BC. AH = IK. 3BC = IK = %AH @)
Vi G la trong tdm cua tam giac ABC nén:
Seac :%SABC o BC.GD:% BC. AH :GD:%AH(b)

Tur (a) va (b) suy ra IK = GD hay khoang céch tir |, G dén BC bang nhau nén IG // BC
Bai tap vé nha:

1) Cho C la diém thugc tia phan giac ciia xOy = 60°, Mla diém bat ky nam trén duong
vudng goc véi OC tai C va thugc mién trong cua xOy, goi MA, MB thtr tu 14 khoang cach
tir M dén Ox, Oy. Tinh d¢ dai OC theo MA, MB

2) Cho M la diém nam trong tam giac déu ABC. A’, B, C’ 14 hinh chiéu caa M trén cac
canh BC, AC, AB. Cac duodng thang vuéng goc véi BC tai C, vubng goc vai CA tai A,
vubng goc véi AB tai B cat nhau ¢ D, E, F. Chttng minh rang:

a) Tam giac DEF la tam giac déu

b) AB’ + BC’ + CA’ khong phu thudc vi tri cia M trong tam giac ABC
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CHUYEN PE 16 - BAT PANG THUC

Phén | : cac kién thirc can leu y

A>B< A-B>0

1-binhnghia: {AS B A B<0

2-tinh chét

+A>B < B<A

+A>BvaB>C <« A>C
+A>B=A+C>B+C

+A>Bva C>D = A+C>B+D
+A>BvaC>0 = AC>B.C
+A>BvaC<0 = AC<B.C
+0<A<Bva0<C<D=0<AC<BD

+A>B>0 = A">B" wn
+A>B = A">B" vginle
+|A >8] = A">B" véi n chan
+m>n>0vaA>1 = A"> A"
+m>n>0val0<A<l= A"<A"
1 1

_>_
A B

+tA<BvaAB>0 =

3 - mét s6 hang bat dang thirc

+A? > 0v6i VA (dau=xayrakhi A=0)
+ A" > 0 véivA (diu=xayrakhiA=0)
+|A>0 v6i vA (dau=xayrakhiA=0)

- A <A

+ |A+B|>|A+|B| (dau=xdy rakhi A.B>0)

+ [A-B<|A-[B

( dau = xay ra khi A.B < 0)

Phan Il : mét sé6 phwong phap chitng minh bat diang thirc

1) Phwong phap 1: dung dinh nghia

Kién thuc : Dé chang minh A > B Ta ching minh A—B >0

Luu y ding hang bat dang thac M? > 0 véi VM

Vidul VX, y,zching minhrang :
aQ) x> +y? +2z* > Xy+yz+zx

b) X* +y? +2% > 2xy — 2xz + 2yz
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Giai:

a) Taxéthiéu: x> +y’> +z2°-Xy—-yz—2zXx = %.2 (X +y?+2°-Xy—Yyz—12X)

=% [(x=y)*+(x=2)+(y-2)* | > 0 ding véi moi x;y;z&R

Vi (x-y)? =0 véiVx ;y .Dau bang xay ra khix =y

(x- z)* >0 v6ivx ; z . Dau bang xay ra khi x = z

(y- 2)* >0 Vv6iV z; y . Du bang xay rakhiz =y

Vay x2 +y? + 22 > xy+yz + zx . Dau bang xay ra khi x = y =z

b)Ta xét hiéu:

X2 +y? +22-(2Xy—2Xz+2yz) =X* +y? +2%- 2Xy+2X2 -2yz=(X—-y+2)*>0
dang véi moi X;y;zeR

Vay xX® +y? +2z?% > 2xy —2xz + 2yz dung véi moi X;y;ze R

Dau bang xay rakhi x +y =z

Vi du 2: ching minh ring :

2 5 2 2 2 2 2 ,

a) 2 b z(‘”b] : b) a’+b e z(a+b+cj c) Hay tong quét bai toan
2 2 3 3

a) Ta xet hiéu

2 2 2 2 2 2 2
a’+b _[‘”bj - 2at+b?) atroabed® L (2a® +2b% ~a? —b? —2ab) = ~(a—b)’ >0
2 2 4 4 4 4

. a’+b? a+b) ~z .2 \ .
Vay 5 > 5 Dau bang xay rakhi a=Db

2 2 2 2
b)Ta xét higu: 2+0*¢ _(“g*cj = a-bF +b-of +(c-aF]>0

. al+b*+c? _(a+b+c) < s \ o h—
Vay > 3 Dau bang xay ra khi a=b =c

3

a’l+a’+..+a

n

2
>(al+a2 +....+anj

c)Tong quat: -

82




CHUYEN PE BOIDUONG TOANS

* TAm lai céc budc dé chitng minh A> B theo dinh nghia

Budc 1: Taxéthicu H=A-B

Budc 2:Bién d6i H = (C+D)? hoic H=(C+D)?+....+(E+F)?

Buoc 3: Két luan A>B
2) phwong phap 2 : Dung phép bién déi twong dwong
Ta bién d6i bat ding thtc can chirng minh teong dwong véi bat ding thic dung hoic bat
dang thire da dugc ching minh 13 dang.

Vidul: Choa,b,c,d,elacac sd thuc chitng minh rang

2
a) a2+b72ab b)a? +b?+1>ab+a+b  c)a’+b?+c?+d?+e’>alb+c+d+e)

Giai:
2

a) a’ +b72ab < 4a® +b? > 4ab < 4a® —4a+b* >0 < (2a-b)* >0 (Bdt nay luén dang)

2 r \
Vaya* +b7 >ab (dau bang xay ra khi 2a = b)

b) a’+b?+1>ab+a+b<2(@®+b*+1)>2(ab+a+h)
<a’-2ab+b*+a*-2a+1+b*-2b+1>0 < (a-b)*+(@-1)*+((-1)*=>0 (ludbn dang)
Vay a +b® +1>ab+a-+bD4u bing xay rakhia=b =1
c) a®+b’+c’+d?+e’>alb+c+d+e)<= 4( a®+b’>+c’+d?+e® )>4alb+c+d+e)
<:>(a2—4ab+4b2)+(a2—4ac+4c2)+(a2—4ad +4d2)+(a2—4ac+4c2)20
o (@a-2bf +(a—2c)* +(a—2d)* +(a—2c) >0
Vidu 2: Chtng minh rang: (a*° +b* )a® +b?)= (a® +b®Ja* +b*)
Giai:
(alo +b1°Xa2 +b2)2 (a8 +b8Xa4 +b4) < a?+a'b’ +a’h® +b*” > a'” +a’h* +a’b® +b*?

& a’b?(a?—b?)+a%®(b? —a?)20 < a’h*(a’-h’)(a®-b%)> 0 < a’h*(a’-b%)’(a’+ a’b’+b*) > 0
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Xy.z=1

Vidu 4: cho ba s thyc khac khong x, y, ztheaman: 11 1 1 Y+
X y z

Chting minh rang : c6 ding mot trong ba sb x,y,z 16n hon 1
Giai: Xet (x-1)(y-1)(z-1) =xyz+ (xy+yz+zx) +x+y+z-1
=(xyz-1)+(X+y+2) -xyz(1+1+i) =X+y+z- (E+£+E) >0
X y z X y 2

(vi%+%+%< X+y+z theo gt) — 2 trong 3 s6 x-1, y-1, z-1 &m hoic ca ba s6-1, y-1, z-1 14

duong.

Néu truong hop sau xay ra thi x, y, z >1 —x.y.z>1 Mau thuin gt x.y.z =1 bat bugc phai
xay ra truong hop trén tic 1a ¢ daung 1 trong ba sé x ,y ,z 1a s6 1on hon 1

3) Phwong phap 3: dung bat dang thicc quen thudc

A) mét so bat dang thic hay dung

1) Céc bat dang thic phu:

a) x2+y?>2xy b) x2+y?>| xy | dau(=)khix=y=0

C) (x+y) >4xy d)%+922
a

Ly 2l A a+a, +a,+..+a .
2)Bat dang thic Co sy: L2~ n>" faa,a,..a, Voi a >0
n

3)Bat dang thiric Bunhiacopski
(az2 +a’ +....+a§)(xf FXE )2 (B + B, %, ot ALK, )

4) Bat dang thirc Tré-bu - sép:

; as<h<c aA+bB+cC _ a+b+c A+B+C
Néu = > :
A<B<C 3 3 3
z a<h<c aA+bB+cC a+b+c A+B+C
Néu = < :
A>B>C 3 3 3

a=b=c

Dau bang xay ra khl{A: B_C

B) cac vi du
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vidul

Cho a, b ,c 1a cac s6 khong am chieng minh ring (a+b) (b+c)(c+a) > 8abc

Giai: Dung bat dang thirc phu: (x+y)? > 4xy
TacO (a+b) >4ab; (b+c)’>4bc ; (c+a) >4ac
= (a+b)’ (b+c)’ (c+a)’ > 64a’h’c? = (8abc)’ = (a + b)(b + c)(c + a) > 8abc

Dau “="xayrakhia=b=c

. 3 3 3
vidu2: Choa>b>c>0 vaa?+b?+c?=1 changminhring >+ b=, ¢ L1
b+c a+c a+b 2
A= r so b
Do a,b,c doi xung ,giasta>b>c = a S b 5
b+c a+c a+b

ap dung BDT Tré- bu-sép ta cé

, a

, b , C a2+b2+cz[ a b c j_l 3_1
a“. +b”. +cC”. > : + +—— ===
b+c a+c a+b 3 b+c a+c a+b) 32 2
ad 3 3 , . .
Vay LA D:21uba?mgx:&yrakhla:b:c:i
b+c a+c a+b 2 3

vidu3: Choab,c,d>0vaabcd=1 .Chitng minh rang :
a’ +b?+c?+d®+alb+c)+b(c+d)+d(c+a)>10

Tacd a’+b*>2ab; c®>+d?>2cd

Do abcd =1 nén cd == (dung x+£z£)
ab X 2

Taco a® +b*+c® >2(ab+cd) =2(ab+%) >4 (1)
Mat khac: a(b+c)+b(c+d)+d(c+a) = (ab + cd) + (ac + bd) + (bc + ad)

=(ab+ibj+[ac+ij+(bc+bijz2+2+2:> a’+b’+c’+d*+a(b+c)+b(c+d)+d(c+a)>10
a ac c

vi du 4: Chang minhrang: a’?+b?+c’>ab+bc+ac

Giai: Dung bat dang thic Bunhiacopski

Xét cap s6 (1,1,1) va (a,b,c) tacd (12 +12 412 )(a2 +b?+c?)>(la+1lb+1c)

= 3(a?+b? +c?)>a’ +b? +¢? +2(ab+bc+ac) = a’ +b? +c? >ab+bc+ac (dpcm)
85




CHUYEN PE BOIDUONG TOANS .

D4u bing xay rakhia=b =c
4) Phwong phap 4: dung tinh chat caa ty so
A. Kién thiic

1) Cho a, b ,c la cac sb duong thi

a—Néu 251 thy 2-,2*C b-Néu 2<1 thi 8.2*C
b b b+c b b b+c
2)Néub,d>0thity 2852 a+¢ ¢
b d b +d d
B. Céac vi du:
. . , . S a b C d
vidul: Choab,c,d>0 .Chitng minhrang :1< + + +
a+b+c b+c+d c+d+a d+a+b
Theo tinh chit cua ti 1¢ thic ta c6 a_ g3 . a+d (1)
a+b+c a+b+c a+b+c+d
Mt khac : a_ ., @ (2)
a+b+c a+b+c+d
Te()va(Qtaco — & <3 o a+d 3)
a+b+c+d a+b+c a+b+c+d
Tuong tu ta cod : b _ b _ b+a (4)
a+b+c+d b+c+d a+b+c+d
C - C - b+c (5; d - d - d+c (6)
a+b+c+d c+d+a a+b+c+d a+b+c+d d+a+b a+b+c+d

cong vé véi vé caa (3); (4); (5); (6) tach

12 b ¢ 4 (dpcm)
a+b+c b+c+d c+d+a d+a+b

vidu?2: Cho:%<§ vab,d>0

b+cd ¢
Chng minh ran a—<—
g 9 b2+d? d
., a_c ab «cd ab ab+cd cd C a _ab+cd c
Giai: Tu —<-=—<— — < = <— — <= (dpcm
b 0T Sa b “bradr S od = b prraz g dpem)

vidu 3: Cho a;b;c;d I cac s6 nguyén duong théa mén : a + b = c+d =1000
s P i o.oa b
tim gia tri 16n nhat cua P
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giai : Khong mat tinh tong quét ta gia sir :% sg =N

acarb _b.a i iatp =c+d
c c¢c+d d ¢
AL < b a b
a, Néu: b <998 thi — <998 = —+Es 999
Cc
b, Néu: b = 998 thi a =1 :%+3=3+999

- Dat gia tri 16n nhat khi d = 1; ¢ = 999
Vay: gia tri 16n nhat cua a, b

999+ > khia=d=1: c=b=999
c d 999

Vi du 4 : V&i moi sé tu nhién n >1 ching minh rang : = < LI S t 3
n+l1 n+2

<
n+n 4
Taco 1 1 1

> —

n+k n+n 2n

DOdé:—£—+—£—+m+——>iL+ +—1 n_1
N+l n+2 2

véi k=123,....n-1

2n 2n rE I —_—=
Vg . . _ l l
Vidu5: CMR:A=1+" 4+ +

HD: + 1.1t _1t.

Vidu6: Choa,b,c,d>0 .Ching minh ring :

5 < a+b b+c

c+d
+ +
a+b+c b+c+d

d+a
+ <
c+d+a d+a+b

Giai :
Via,b,c,d>0néntaco:

a+b

a+b
<
a+b+c+d

a+b+d
<
a+b+c

1
a+b+c+d (1)

b++c b+c

b+c+a
< <
a+b+c+d b+c+d

2
a+b+c+d ()

d+a d+a d+a+c

< < 3
a+b+c+d d+a+b a+b+c+d
Cong cac vé cua 4 bat dang thtc trén ta c6 :

a+b

b+c

c+d
+ +
a+b+c b+c+d

d+a

c+d+a+d+a+b<3 (dpem)
5. Phwong phap 5:Dung bat diang thirc trong tam giac

Luu y: Néu a;b:cla sé do ba canh cua tam giac thi : a; b; ¢ >0
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Va|b-c|<a<b+c ;la-c|<b<atc ;l|a-b|<c<b+a
Vi dul:
Cho a; b; cla sb do ba canh cua tam giac chtrng minh rang
a, a’+b?+c’<2(ab+bc +ac)
b, abc > (at+b-c).(b+c-a).(c+a-b)
Giai

O<a<b+c [a’<a(b+c)

a)Vi a,b,c 1a s6 do 3 canh cua mot tam gidc néntacé {0<b<a+c=>{b’><b(a+c)
O<c<a+b |[c®<c(a+h)

Cong ting vé cac bat dang thuc trén ta cd a®+ b?+ c?< 2(ab + bc + ac)
b)Tacé a>|b-c|=a?>a>-(b-c)*>0
b>|ac| = b2>b’—(c-a)?>0
c>lab| = ¢2>c2—(a-b)?>0
Nhan vé cac bat dang thuc ta duoc: a’h’c? >[a2 —(b—c)z][b2 —(c—a)z][c2 —(a—b)z]
= a’h’c’ >(a+b—c)2(b+c—a)2(c+a—b)2:>abc>(a+b—c).(b+c—a).(c+a—b)

Vi du2: (d6i bién sd)

Cho a,b,c 1a ba canh cua mot tam giac. Chang minh rang a , b ,c¢.3
b+c c+a a+b 2

1)

Ditx=b+c;y=c+az=a+btacoa= T% | p= Y e =Xt

y+z—x+z+x—y+x+y—z
2y 21

2%@ Y2 X2 10 XY as3

X X y y z z

tacd (1) <
(X541 E+ Y > 6 1aBdt ding?
x y x 7z 'y z
Vi du 3: (d6i bién sd)

1 1 1
2 + 2 + 2
a-+2bc b“+2ac c°+2ab

Choa,b,c>0 vaa+b+c<l. Chang minh rang : >9 (1)

Giai: batx=a*+2bc ; y=b’+2ac ; z=c’+2ab

Tacd x+y+z=(a+b+c)f <1
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1) PR S Véix+y+z<1lvax,y,z>0
z

Xy
Theo bét ding thuc Cosi ta co:

X+y+z>3.3/xyz va 1.3, 3 52 o (x+y+z){1+l+%29
X Yy z XyZ X Yy z

6) phwong phap lam tri :
Chirng minh BDT sau :

1 1 1 1
Q) —+—+..+ <=
13 35 (2n-1.2n+1) 2
) F T S S
12 123 "123..n
Giai :
. 2k +1)— (2k -1
a) Taco : ! _1 (2Kk+1)~( )l(l_lj
(2n-1).(2n+1) 2" (k-1).(k+1) 2\ 2k-1 2k+1

Cho n chay tir 1 dén k .Sau d6 cong lai ta co

LR ! =£.(1— 2 j<1 (dpcm)
1335 " (@2n-1.@n+1) 2" 2n+1)°2

b) Taco: WL S L S S
127123 " "128.n 127123 (n-1)n

<1+(1—3j+(3—1j+....+(i—1j<2—3<2 (dpcm)
2 2 3 n-1 n n

Bai tap vé nha:

1) Chitng minh rang: x? +y? + 2?43 > 2 (X +y + 2)

HD: Taxéthiéu: x> +y’ +z?+3 -2(X+y+z)=x*-2X+1+y* -2y +1+272?-2z +1

2) Cho a ,b,c 14 s do ba canh tam giac. Chang minh rang : 1< a b,
b+c c+a a+b

(HD: a - a+a _ 2a va a . a )
b+c a+b+c a+b+c b+c a+b+c
1 1 1 1 1

<2

3)1<

+ +..+ o4 —+
n+l n+2 2n+1 3n 3n+1

ap dung phuong phap lam troi
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4) Cho a, b, ¢ > 0. Ching minh rang %+%+% >a+b+c

HD: 2, &€= [(B, ), pp 2,8, bc ab,
a b a b b ¢ a ¢

CHUYEN PE 17 - VE PUONG THANG SONG SONG PE TAO THANH
CAC CAP POAN THANG TY LE

A.Phwong phép:
Trong céc bai tap van dung dinh Ii Talét. Nhiéu khi ta can v& thém duong phla mét duong
thang song song vai mot duong thang cho trudc,. Pay 1a mot cach vé duong phu ihay
ding, vi nh @6 ma tao thanh duoc cac cip doan thang ti 18
B. Céac vi du:
1) Vi du 1:
Trén cac canh BC, CA, AB cua tam giac ABC, lay twong ung cac diém P, Q, R sao cho
ba dudng thang AP, BQ, CR cit nhau tai mot diém.

AR BP CQ

Chtrng minh: E'E'Q_Azl (Binh li Cé —va) EF
Giai SNVAN
Qua A ké dudng thang song song véi BC cit cac duong thang

CR, BQ tai E, F. Goi O la giao diém cua AP, BQ, CR

AR _ AE
ABOP = AFOA = BP = 9P (4
FA OA
APOC = AAOE = ~¢ = PO _ (9
AE AO
R BP PC BP FA
Ter(l)va(2 suyra: — = —==—=— (b
u() () y FA AE:PC AE()
CQ BC
AAQF = ACQB = =2 = BC (¢
QF = 4CQB = £2 = £ (9
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AR BP CQ_AE FA BC_,

Nhan (a), (b), (c) vé theo vé ta c6: == . —— =< ="= T2 =~ _
RB'PC QA BC AE FA

* Pao lai: Néu 2R BP CQ _1thi bai duona thi A
bao lai: Néu RE PC OA 1thi bai duong thang AP, BQ, CR dong quy
2) Vidu 2:
Mot duong thiang bat ky cat cac canh( phan kéo dai cua cac canh) cua tam giac ABC tai P,

Q,R.

Chung minh ring: REQAPC 1 pinh If Mé-né-la-uyt)
RA.CQ.BP
Giai:
Qua A ké duong thang song song véi BC cit PR tai E. Ta c6
ARAE = ARBP = S8 - B?
RA AE
QA _ AE
AAQE == ACQP = =—=-— (b
Q QP = oc - cp (b)

Nhan vé theo vé céc dang thic (a) va (b) ta c6

1)

RB QA _ BP AE
RA ' QC AE CP

RB PC QA _ BP AEP_C_l

Nhén hai vé ding thic (1) voi TS tace: RB PC QA _ BP AE PC_
BP RA BP QC AE CP BP

RB.QA.PC

RA.CO.BP =1 thi badiém P, Q, R thang hang

Pao lai: Néu

3) Vi du 3:
Cho tam giac ABC, trung tuyén AM. Goi | 1a diém bt ky trén canh BC. Puong thang qua

| song song véi AC cat AB & K; duong thang qua | song song véi AB cat AC, AM theo thir
tu ¢ D, E. Chtng minh DE = BK
Giai

Qua M ké MN // IE (Ne AC).Ta c6:

DE AE DE MN
- AEDE_MN (g
MN AN AE AN
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MN // 1IE, ma MB = MC = AN =CN (2)

X DE MN

Tu (1 2 —=—3
ur (1) va (2) suy ra AE CN()
MN _CN MN:AB(4)
AB AC CN AC

X DE AB

Tu (4 5 — =
u:()va()suyraAE AC (@)

Ta lai c6

Tuong tu ta co: BK_AB (6)
KI AC

Vi Kl // AC, IE /Il AC nén ti gidc AKIE la hinh binh hanh nén KI = AE (7)

BK BK AB
= = (b)
KI AE AC

Tu (6) va (7) suy ra

. . DE BK _
Tu (a) va (b) suy ra - AET DE = BK

4) Vi du 4:

Puong thang qua trung diém cua canh déi AB, CD cua ti giac
ABCD cit c4c duong thang AD, BC theo thu ty o |, K. Ching
minh: IA . KC =ID. KB

Giai

Goi M, N theo thir ty 1 trung diém cua AB, CD

Taco AM =BM; DN=CN

V& AE, BF lan luot song song véi CD

AAME = ABMF (g.c.g) = AE = BF

Theo dinh If Talét ta c: 12 = AE _ BF (4
ID DN CN
Cung theo dinh i Talét ta c6: KB = BE (9)
KC CN

T (1) va(Qsuyra 2 =KB _ |ao KC=ID KB
ID KC

5) Vi du 5:
Cho xOy, c4c diém A, B theo thi ty chuyén déng trén céc tia Ox, Oy sao cho
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1+ 1 _1 k1ahingsb). Ching minh ring AB Iudn di qua mét diém cé dinh
OA OB k

Giai
V& tia phan giac Oz cua xOy cat AB & C. vé CD // OA
(D e OB) = DOC = DCO = AOC

— ACOD cantai D = DO =DC
CD_BD CD OB-CD

Theo dinh Ii Talét ta cé = -
OA OB OA OB
¢ co_ 1 1 1 (1)
OA OB OA OB CD

Theo gia thiét thi —— + = -1 (2
OA OB k

Tur (1) va (2) suy ra CD = k , khong doi

Vay AB luén di qua mot diém cb dinh 1a C sao cho CD =k vaCD // Ox, D < OB

6) Vi du 6:

Cho diém M di dong trén day nho AB cua hinh thang ABCD, Goi O 14 giao diém cua hai
canh bén DA, CB. Goi G la giao diém cua OA va CM, H

>~

la giao diém cia OB va DM. Ching minh rang: Khi M di
dong trén AB thi téng 2€ + 1 khong déi
GD HC 4
Giai B
Qua O ké duong thang song véi AB cit CM, DM theo thir
tu & | va K. Theo dinh Ii Talét ta co:
OG Ol , OH OK OG OH Ol OK IK
= = == C

= ; = = = =
GD CD HC CD GD HC CD CD CD
:>OG N OH: IK (1)

GD HC CD
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Qua M v& dudng thiang vudng goc véi AB cit IK, CD theo thir tw ¢ P va Q, ta co:

IK MP FO

=~ =~ khdng dbi vi FO la khoang cach tir O d¢én AB, MQ la duong cao cua hinh
CD MQ MQ

thang nén khéng doi (2)

OG ., OH
+ =

Tu (1) va (2
ur (1) va (2) suy ra o0 ' he

hFA% khéng dbi
7) Vidu 7:

Cho tam gidc ABC (AB < AC), phan giac AD. Trén AB ldy diém M, trén AC lay diém N
sao cho BM = CN, goi giao diém cua CM va BN 1a O, Tir O vé duong thang song song véi
AD cit AC, AB tai E va F.

Chtng minh rang: AB = CF; BE = CA

Gial.

AD la phén giac nén BAD = DAF

El// AD = BAD = AEF (g6c dong vi)

Ma DAF=OFC (d6ng vi); AFE = OFC (dbi dinh)

Suy ra AEF=AFE = AAFE cantai A = AE =AF (a)
, I C
Aup dung dinh li Talét vao AACD , véi | la giao diém ’ M

Q
cﬁaEFvéiBCtacéE=ﬂ:>E=%(l)
CA CD CI CD
CA BA

AD la phan giac cua BAC nén =—=—"—" (2
phan giac cu 0 BD()

. \ CF BA
Tu (1) va (2) suy ra I"BD 3)

Ké duong cao AG caa AAFE . BP /I AG (P eAD); CQ// AG (Qe OI)
thi BPD = cQI = 90°
Goi trung diém cua BC 1a K, tacé ABPK = ACQK (g.c.g) = CQ =BP
— ABPD = ACQI (g.c.g) = Cl =BD (4)

. . CF BA _
Thay (4) vao (3) ta co 55°8D CF=BA (b)

94




CHUYEN PE BOI DUONG TOANS . .
Tu (a) va (b) suy ra BE = CA
Bai tap vé nha
1) Cho tam giac ABC. Biém D chia trong BC theo ti s6 1 : 2, diém O chia trong AD theo ti

s6 3 : 2. goi K 1a giao diém caa BO va AC. Chang minh rang % khong doi

2) Cho tam giac ABC (AB > AC). L4y cac diém D, E tuy y thir tu thudc cac canh AB, AC
sao cho BD = CE. Goi giao diém cua DE, BC 14 K, ching minh rang :

Ti sb % khéng déi khi D, E thay déi trén AB, AC

(HD: V& DG // EC (G e BC).

CHUYEN DPE 18 - BO PE HINH THANG VA CHUM PUONG THANG DPONG
QuUY

A. Kién thirc

1) Bé d@é hinh thang:

“Trong hinh thang c6 hai d¢ay khong bang nhau, duong thang di qua giao diém cua cac
duong chéo va di qua giao diém cua cac duong thang chira hai canh bén thi di qua trung
diém cua hai day”

Chtrng minh:

Goi giao diém caa AB, CD la H, caa AC, BD 1a G, trung diém cua AD, BC lAE vaF
N&i EG, FG, ta c6: AADG = ACBG (g.g) , nén :

AD AG 2AE AG AE AG
CB CG 2CF CG CF CG H

Talaicd: EAG=FCG (SLtrong) (2)

Tu (1) va (2) suyra: AAEG = ACFG (c.g.c)

Do d6: AGE=CGF= E, G, H thang hang (3) A D
Tuong tu, ta c6: AAEH == ABFH= AHE = BHF

— H, E, F thang hang (4)

+ IIII
95 B F




CHUYEN PE BOI DUONG TOANS ..

Tow (3) va (4)suyra:H,E, G, F thang hang

2) Chum dwong thing dong quy:

Néu cac dudng thang déng quy cit hai duong thang song O
song thi chding dinh ra trén hai duong thang song song dy

cac doan thang tuong ung ti 1€ o A/ B c

Néu m // n, ba dudng thang a, b, ¢ dong quy & O ching

cit mtai A, B, Cvacitntai A’, B’, C’ thi
A B c

AB _ BC_AC . . AB_AB  AB_AB .
AB' BC AC ~° BC BC 'AC AC / \ \
b

C

* Pao lai: a
+ Néu ba duodng thang trong d6 c6 hai dudng thang cat nhau, dinh ra trén hai duong thang
song song c4c cap doan thang twong wng ti 1é thi ba duong thang d6 dong quy

+ Néu hai duong thang bi cat boi ba duong thang dong quy tao thanh cac cap doan thang
tuong tng ti 1€ thi ching song song véi nhau

B. Aup dung:

1) Bai 1:

Cho tir gidc ABCD c6 M la trung diém CD, N Ia trung diém CB. Biét AM, AN cit BD
thanh ba doan bang nhau. Chtrng minh rang ABCD Ia hinh binh hanh

Giai A b
Goi E, F la giao diém caa AM, AN véi BD; G, H la giao - . /
diém ctia MN véi AD, BD ¢
MN // BC (MN la duong trung binh caa ABCD)

= Tu gidc HBFM Ila hinh thang c6 hai canh bén dong quy ’ N c

tai A, N 1a trung diém caa day BF nén theo b6 dé hinh V

thang thi N Ia trung diém caa day MH i

=MN = NH (1)
Tuong tu : trong hinh thang CDEN thi M 1a trung diém caa GN = GM = MN (2)
Tu (1) va (2) suy ra GM = MN = NH
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Tacd ABNH = ACNM (c.g.c) = BHN =CMN = BH//CM hay AB // CD (a)
Tuong tu: AGDM = ANCM (c.g.c) = DGM =CNM = GD // CN hay AD // CB (b)

T (a) va (b) suy ra ta giac ABCD ¢ céc cip canh ddi song song nén 13 hinh binh hanh

2) Bai 2:

Cho AABC ¢ ba goc nhon, truc tm H, mot duong thang qua H cat AB, AC thir tu ta P, Q
sao cho HP = HQ. Goi M la trung diém cua BC. Chttng minh: HM L PQ
Giai

A
Goi giao diém cua AH vaBC 1a | WP
T Cké CN//PQ (Ne AB),
ta chaung minh MH LCN = HM 1PQ :
Tt giac CNPQ Ia hinh thang, ¢6 H 1a trung diém PQ, hai
B M I C

canh bén NP va CQ dong quy tai A nén K la trung diém CN
= MK la duong trung binh cia ABCN = MK // CN = MK // AB (1)

H la truc tdm caia AABC nén CHLAB (2)

Tu (1) va (2) suy ra MK 1. CH = MK la duong cao cuaA CHK (3)

Ter AH 1 BC = MC 1L HK = MI la duong cao cua ACHK (4)

Tu (3) va (4) suy ra M la tryc tdm cia ACHK= MH_1LCN = MH 1PQ

3) bai 3:

Cho hinh chit nhat ABCD ¢ M, N tht tu 14 trung diém caa AD, BC. Goi E 1a mot diém
bat ky thudc tia doi cua tia DC, K 1a giao diém cia EM va AC.

Chting minh rang: NM 14 tia phan giac cia KNE

Giai

Goi H l1a giao diém cua KN va DC, giao diém caa AC va MN Ia | thi IM = IN

Ta c6: MN // CD (MN la duong trung binh caa hinh chit nhat ABCD)

— T gidac EMNH I hinh thang c6 hai canh bén EM va HN déng quy tai K va | 1a trung

diém caa MN nén C la trung diém cua EH
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Trong AENH thi NC vira la duong cao, vua la duong

trung tuyén nén AENH can tai N = NC la tia phan giac

ciia ENH ma NC L MN (Do NM 1 BC — MN // AB) =
NM la tia phan giac goc ngoai tai N cia AENH

Vay NM la tia phan giac cua KNE

Bai 4:

Trén canh BC = 6 cm cua hinh vudng ABCD l4y diém E sao cho BE = 2 cm. Trén tia ddi
cua tia CD ldy diém F sao cho CF = 3 cm. Goi M Ia giao

diém cua AE va BF. Tinh AMC A | B
Gidi "
Goi giao diém cia CM va AB 1a H, caia AM va DF 14 G

BH _AB_BH_6 0
FG 3 FG D ¢ F G
AB _BE _2 1

TalaicOo —=—==-=-=CG=2AB=12cm
CG EC 4 2

=FG=9cm = B—::g:BH=2cm = BH =BE

o T

Ta co:

ABAE = ABCH (c.g.c) = BAE =BCH ma BAE + BEA =90’

M3t khdc BEA = MEC ; MCE = BCH = MEC + MCE =90° = AMC = 90"

Bai 5:

Cho tt gidc ABCD. Qua diém E thuoc AB, H thuoc AC vé cac dudng thang song song voi
BD, cit c4c canh con lai caa tt giac tai F, G

a) CO thé két luan gi vé cac duong thang EH, AC, FG

b) Goi O la giao diém cua AC va BD, cho biét OB = OD. Chitng minh rang ba duong
thang EG, FH, AC ddng quy

Giai

a) Néu EH // AC thi EH // AC /| FG

Néu EH va AC khéng song song thi EH, AC, FG dong quy
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b) Goi giao diém cua EH, HG vai AC
Trong hinh thang DFEB c6 hai canh bén DF, BE déng quy
tai A vd OB = OD nén theo b dé hinh thang thi M 1a trung

diém cua EF

Tuong tu: N 14 trung diém cua GH

Tach % = % nén ba duong thiang EG, FH, AC dong
quy tai O
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CHUYEN PE 19 - TIM GIA TRI LON NHAT, NHO NHAT CUA MOQT
BIEU THUC

A. Gia tri I6n nhét, gia tri nhé nhat cia mat biéu thic

1) Khai niém: Néu vai moi gia tri caa bién thuoc mot khoang xac dinh nao dé6 ma gia tri
cua biéu thuc A ludn ludn 16n hon hoic bang (nhé hon hodc bang) mot hang sé k va ton tai
mot gié tri cua bién dé A c6 gia tri bang k thi k goi 1a gia tri nho nhat (gia tri 16n nhat) cua
biéu thirc A tng véi c4c gia tri caa bién thuoc khoang xac dinh ndi trén

2) Phwong phap

a) Dé tim gia tri nho nhat cua A, ta can:

+ Chuang minh A > Kk véi k 1a hang s6

+ Chi ra di “=" ¢0 thé xay ra véi gia tri ndo do cua bién

b) Dé tim gié tri I6n nhat caa A, ta can:

+ Chuang minh A < k véi k 1a hang s6

+ Chi ra di “=" ¢0 thé xay ra véi gia tri ndo do cua bién

Ki hiéu : min A 1a gi tri nho nhat cia A; max A 1a gia tri 16n nhat cua A

B.Céc bai tap tim Gia tri Ién nhat, gia tri nhé nhat cia mat biéu thic

I) Dang 1: Tam thirc bac hai

Vidul:

a) Tim gia tri nho nhit cia A = 2x* —8x + 1

b) Tim gié tri I6n nhat cua B = -5x% —4x + 1

Giai

) A=2(x*—4x+4)—-T7=2(x-2)"-7 > -7

MnA =-7 < x=2

maxB=g @x:—g
5 5
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b) Vi du 2: Cho tam thuc bac hai P(x) =ax?+bx + ¢
a) Timmin P néu a>0

b) Tim max P néua<0

Giai
, b b 2 b?
Taco: P=a(x*+ —x)+c=a(x+ —)*+(c- —
(¢+ ) +e=a+ L)+ (e o)
2
patc- 2 =k Do (x+ 2)?> 0nén:
4a 2a
a) Néu a > 0 thi a(x+§—a)220dodéPzk:miank@xz-;’—a
b) Néu a < 0 thi a(x+§—a)230dodéPsk:>maxP=k@x=-b—a
I1. Dang 2: Pa thic c6 dau gia tri tuyét doi
1) Vi du 1: Tim gia tri nho nhat caa
a) A=(3x—1)°—4|3x-1|+5
dat|3x-1| =ythi A=y’ —4y+5=(y-2)°+1>1
_ x=1
minAzl@y:2@|3x-1|:2@[3x'1‘2c{ !
3X-1=-2 X=-=
3
b)B=|x-2|+|x-3|
B=|x-2|+|x-3|=B=|x-2|+|3-x| > |x-2+3-x| =1
=>mnB =1 X-2)B-X)>0< 2<x<3
2)Vid1.12:T‘|mGTNNCﬁaC:‘xz-x+1‘+‘x2-x-2‘
TaCéCZ‘xz-x+1‘+‘x2-x-2‘ :‘xz-x+1‘+‘2+x-x2‘2‘x2-x+1+2+x-x2 =3

MNC=3 o(X*-Xx+1)2+x-x) 20 2+x-xX >0 xX*-x-2<0
sX+1)X-2)<0«< -1<x<2
3) Vidu 3:

Tim gia tri nho nhat caa : T = |x-1| + [x-2| +[x-3| + |x-4|
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Taco [x-1|+|x-4| = |x-1] +]4-X| > |x-1+4-x| = 3 (1)
Va  |[x—2+|x—3=[x-2+[3-x/=|x-2+3-x =1 (2)
Vay T = [x-1| + [x-2| +|x-3| + |[x-4| > 1+3=4
Tacotr (1) = DAubiang xay rakhi 1<x<4
(2) = DAubang xay rakhi 2<x<3
Vay T cd gia tri nho nhat 1a 4 khi 2<x<3
111.Dang 3: Pa thic bac cao
1) Vi du 1: Tim gia tri nho nhit cua
a) A=X(X—3)(X—4)(X—-7)= (¢ =TX)(X* = 7x + 12)
Pit x> —7x+6thi A=(y—6)(y+6)=y*—36 > - 36
MinA=-36 < y=0< x*-7x+6=0 < (x—1)(x—6) =0 <x=1hoicx =6
BYB=2xX*+y*—2xy—2x+3=(X*—2xy +y*) + (x* = 2x + 1) + 2

= — 2+ — 2+ X-y:O = =
xX-y)y+x-1) ZZZQ{X_]-:O@X y=1

C)C=xP+Xy+yY —3Xx—3y=x*—2X+y* -2y + Xy —X—Vy
TacO C+3=(X*-2x+1)+ (Y =2y +1)+(Xxy—x—-y+1)
=(x-1°+(y-1°+x-1)(y—1).Pitx—1=a, y—1=bthi

2 2 2
C+3=a?+b*+ab=(2+2a2 +2)+ 3 @+ 2y24+ 30 g
2 4’ a4 2 4

Min(C+3)=0hayminC=-3 < a=b=0< x=y=1

2) Viduy 2: Tim gia tri nho nhat caa

a) C=(x+8)"+ (x+6)"

Patx+7=y = C=(y+1)'+(y-1)'=y' +4y° + 6y  + dy + L +y* -4y’ + 6y’ - dy + 1
=2y +12y°+2>2 > mMinA=2 o y=0 < xX=-7

b) D=x"—6x>+10x* —6x + 9 = (x* — 6x° + 9x* ) + (X* — 6x + 9)

=(xX*-3x)’+(X-3P>0=minD=0 < x=3

IVV. Dang phan thic:

1. Phan thirc ¢ tir 1a hiang s6, mau 14 tam thic bac hai
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Biéu thirc dang nay dat GTNN khi mau dat GTLN

2 _ -2 =2

Vidu: TimGTNN cua A= = -
) 6x-5-9x°  9x’-6x+5 (3x-1)*+4

Vi @Bx-1%>0= (@x-1P+454= =<1 2 =2 a1
(Bx-1)%+4" 4 (3x-12+4 4 2
. _ 1 _ _1
MNA=-= & 3Xx-1=0< x==
2 3
2. Phan thirc ¢ miu la binh phwoeng ciia mot nhi thic
2
a) Vi du 1: Tim GTNN caa A= 3 ~%*6
X°-2x+1
+) Céach 1: Téch tr thanh cac nhom c6 nhan tir chung vaéi mau
2 2
:3x2 -8x+6:3(x -2x+1)-§(x-1)+1=3_ 2 N 1 Z.Déty:LTh‘l
X -2x+1 (x-1) x-1 (x-1) x-1
A:3—2y+y2:(y—1)2+222:>minA:2c>y:1<:>ﬁzlcx:Z
+) Cach 2: Viét biéu thic A thanh tong cua mot s6 véi mot phan thic khong am
=3x2-8x+6=2(x2-2x+1)+(x2-4x+4) 94 (x-2)* 52
x?-2x+1 (x - 1)? (x-1)2°
> MNA=2 < X-2=0 < x=2
b) Vidu2: TimGTLNcua B= —>
X“+20x + 100
TacoB = X X __ paty= — x= 1_10 thi
x> +20x + 100 (x +10)° X + 10 y
1 2 2 2 1 1Y, 1 1
B=(2-10)y’=-10y2 +y=-10(y?— 2.y. — + 1 =10 R
(y )Y y Ty (y y20y 400) 40 ( 10) 40 40
_ 1 1 _
MaxB=— < y-—-— =0« y——c>x 10
40 10 10
2 2
¢) Vidy3: TiImMGTNNcia C= > Y
X°+2xy+y
LX)+ (x-y)
Taco:C= XY [ ] _1,1 e y)z_— mnA=L o x=y
x? +2xy+y (X +y)? 2 2 (x+y)* 2 2
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3. Céac phan thwc c6 dang khéac

3-4x

a)Vidu: Tim GTNN, GTLN (Cuyc tri) cua A = ]

3-4x  (4X*—4x +4)—(x*+]) _(x- 2)°

— = - - —1>-1 =D mnA=-1< x=2
X +1 X +1 X +1

Taco: A=

<4 :>maxA=4<:>x=—%

Ta lai c6: A = 32-4x _ (4x2+4)—(f,x2 +4x + 1) =4_(2X2_+1)2
X +1 X +1 X +1
C. Tim GTNN, GTLN ciia mét biéu thic biét quan hé giira cac bién
1) Vidul: Chox+y=1.TimGTNNcuaA=x3+y* +xy
TacOA=(X+y) (X =xy+y) +xy=x*+y* (vix +y=1)

a) Cach 1: Biéu thi an nay qua an kia, roi dua vé mot tam thuc bac hai
Toe x+y=1=x=1-y

1

nenA=(L-y)’ +y'= 2/ -y) + 122 ~2y.o + 3)+ 2 =2[y——j v 22

2
VayminA=% =2 y:%

b) Cach 2: Sir dung dk di cho, lam xuat hién mot biéu thic méi ¢6 chira A
Tex+y=1= x"+2xy +y*=1(1). Mat khac (x - y)* > 0 = x* —2xy +y* > 0 (2)
Cong (1) véi (2) vé theo Vé, ta co:

20 +y) 21 = X2 +y* > % = minA:% o x:y:%

2)Vidu2: Chox+y+z=3

a) Tim GTNN cua A = x* + y* + 7

b) Tim GTLN cta B =xy +yz + xz

T Chox+y+z=3=Cho(x+y+2)°=9 & X*+y* +2°+ 2(xy + yz + xz) =9 (1)
Taco X +y>+z°-Xy—-yz—2zx = %.2 (X +y? +27°-Xy—Yyz—12X)
=%[(x—y)2+(x—z)2+(y—z)2] >0 = x2+y?+22 > xy+yz+2x(2)

Pang thicc xay rakhi x=y =1z

104




CHUYEN PE BOIDUONG TOANS .

a) Tu (1) va (2) suy ra

9=x*+y + 22 +2(xy +yz +x2) < X' + YV + 22+ 20¢ + VP + 2°) = 3(° + Y2 + Z°)
=X +y+7>23=>mnA=3 o x=y=z=1

b) Tu (1) va (2) suy ra

9=xX"+Vy* +72°+ 2(Xy + Yz + X2) = Xy+ Yz + zX + 2(Xy + yz + X2) = 3(Xy+ yz + zX)
= Xytyz+zXx <3 =>maxB=3 < x=y=z=1

3) Vi du 3:

Tim gia tri 16n nhat cia S = xyz.(X+y).(y+2).(z+X) Véixy,z>0 va x+y+z =1

Vix,y,z >0 ,ap dung BDT COsi ta co: X+ y + Z >33/xyz = 3fxyz < % = XyzZ §2—17

ap dung bat dang thiac Cosi cho x+y ; y+z ; x+z ta co

(x+ y).(y+z).(z+x)23§f(x+ y).(y+2).(x+2) :>223§/’(x+ y).(y+2).(z+X)

Déubing xayrakhi x=y=z= - s< 8 1_8
3 2727 729

Vay S c6 gia tri 1on nhét 1 %9 khix=y=z= %

4) Vidu 4: Choxy +yz +zx = 1. Timgia tri nho nhat cia  x* +y* +z*
Ap dung BDT Bunhiacdpski cho 6 s6 (x,y,2) ;(X,y,2)

Tachd (xy+yz+2x) < (X +y*+ 22)2 =1<(X+y*+ 22)2 (1)

ap dung BBT Bunhiacdpski cho (x?,y?,z%) va (1,1,1)

Tacd (KC+y+22) <@+l +1P)X' +y +2)=> (P +y* +2°)* <3(x* +y* + %)

Tr(l)va(2) =1<3x*+y* +z) =>x* +y* +2* s%

Vay x‘+y*+2* c6 gid tri nho nhit Ia % khi x=y=z= i?g

D. Mgt sé cha y:
1) Khi tim GTNN, GTLN ta c6 thé doi bién
Vi du : Khi tim GTNN cua A =(x — 1) + (x — 3)*, tadat x — 2 = y thi

A=(y+1)°+(y-1>=2y*+2>2...
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2) Khi tim cuc tri cia mot biéu thuc, ta c6 thé thay dk cua biéu thuc nay dat cuc tri bai dk
tuong duong 12 biéu thuc khac dat cuc tri:
+) -A 16N nhat < A nho nhét ; +) %Ié’n nhat < B nho nhat (véi B > 0)
+) C 16n nhit < C?16n nhat

x*+1

Vidu: Tim cuc tri cia A =
(x*+1)

2

a) Taco A >0 nén A nhé nhét khi % 16N nhét, ta cé

x? +1) 2 :
l:( y ):1+ fx 21:m|ni=1©x=0:>maxA=1@x=O
A X" +1 X" +1 A

by Tacd (x*~1)°20 < x*-2xX*+1> 0= x*+1 > 2x% (D4u bang xay ra khi x* = 1)

2 2
2x <1= 1+ fx

Vixt+1>0= =
X" +1 X" +1

<1+1=2 :max%:Z@xzzl

:minA:% o X=+1

3) Nhiéu khi ta tim cuc tri cua biéu thire trong cac khoang cua bién, sau d6 so sémh cac cuc
tri d6 dé dé tim GTNN, GTLN trong toan bo tap xéac dinh caa bién

Vidu: TimGTLNciaB= —Y
5-(x+y)

a)xétx+y <4

-Néux=0thiA=0 -Néu1<y<3thhA<3
-Néuy=4thix=0vaA=4

b) xétx+y >6thiA<0

So sanh céc gia tri trén cia A, tathdy max A=4 < x=0;y =4

4) Str dung céc hang bat dang thic

Vi dy: Tim GTLN ctia A = | 2x + 3y | biét x* + y* = 52

Aup dung Bdt Bunhiacdpxki: (a x + by)? < (a* + b?)(x* + y*) cho cac s6 2, x , 3, y ta co:
(2x +3y)* < (22 +3F)(X* +y°) = (4 +9).52=26" = | 2x+3y| < 26

106




CHUYEN PE BOI DUONG TOANS ..

3x
2

3x

2
MaxA=26 =% =Y =y= :x2+y2:x2+(7j =52 & 13 =524 < x= + 4

Vay: MaxA=26 < x=4;y=6hoacx=-4;,y=-6

5) Hai s6 ¢6 tong khéng doi thi tich cua chling 16n nhat khi va chi khi chdng bang nhau
Hai s ¢ tich khdng ddi thi tong cua ching 16n nhat khi va chi khi chiing bing nhau
a)Vidul: TimGTLN caa A = (x*— 3x + 1)(21 + 3x — X°)

Vi (X*—3x+ 1) + (21 + 3x — x?) = 22 khdng d6i nén tich (x* — 3x + 1)(21 + 3x — x°) 16n
nhat khi va chi khi X’ —=3x +1=21+3x-x* < x*~3x-10=0 < x=5hogc x =- 2
Khidd A=11.11=121 = Max A=121 <& x=5hoacx=-2

_ (x+4)(x+9)

b) Vi du 2: Tim GTNN cua B .

2
Taco: B = (x+4)(x+9) X +13x+36:)(+§+13
X X X

Vi céc sé x va 22 o tich x.3¢ = 36 khang déi nén x+ 32 nho nhdt o x= 3 < x=6
X X X X

= A= x+§+13 nho nhat lAmin A=25 < x=6
X

6)Trong khi tim cuc tri chi can chi ra ring ton tai mot gia tri caa bién dé xay ra dang thic
cht khong can chi ra moi gia tri dé xay ra dang thuc
Vidu: Tim GTNN cua A = [11"-5"

Ta thay 11™ tan clng bang 1, 5" tan clng bang 5
Néu 11™ > 5" thi A tan cing bang 6, néu 11™ < 5" thi A tan cung bang 4
khi m=2;n=3thl A=[121-124 =4 = min A =4, chang hankhim=2,n=3
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CHUYEN PE 20 - PHUONG TRINH NGHIEM NGUYEN

% - PHUONG PHAP 1: Phuong phap dua vé dang tong

& Phuong phép: Phuong phap nay thuong siz dung véi cac phurong trinh cé cac biéu

thirc chira dn viét duoc dudi dang tong céac binh phurong.

- Bién doi phuong trinh vé& dang mot vé 1a mot tong cua céc binh phuong cac biéu thic
chta 4n; vé con lai 14 téng binh phuong cua cac sé nguyén (sé sé hang cua hai vé bang
nhau).

Cac vi du minh hoa:

-Vidul: Tim x;y e Zthoa man: 5x*> —4xy +y* =169 (1)

2x—y) +x? =144+25
(1)<:>4x24xy+y2+x2:144+25:169+0<:>{( y)

(2x—y) +x*=169+0 (1
Tu (1) ta co: Tuong tu tu (I1) ta co:
[(2x-y) =12"_ [x=15 [x=15 [(x=yy =18 _ [x=0
x? = 52 y=72"|y=722 x2 =0 y=+13
2x—y)’ =5 [x=%12 [x=%12 2x-y) =0 [x=+13
= ; =
| (x*=12° y=719 |y=729 | [x* =13 y =426

(-12,19); (12,29 ), (0;13 ) 0; 43 ) (3,26 ) (23, 26 )

Vay (x, y)e{(S; 2)(5:-22); (52 ) (522 ) (2, 49 ) 12; 29) }

Vidu2: Tim x;y e Zthoaman: x*+y*-x-y=8 (2)

(2) = 4x2 —4x+4y? —4y =32 = 4X* —Ax+1+ 4y’ —4y+1=34 & (2x-1) +(2y -1)’ =52+ 3

Vay (6y)e{(23): (22 (43) (£ 2) 62) & 1) (22 (2 1))
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Vidu3: Tim x;y e Zthoaman: x*-y*=91 (1)

(1)<:>(x—y)(x2 + Xy + y2)=91.1:13.7 (Vi (x2 + Xy + y2)>0)

x—y=1 X=6 (x=-5
2 2 = ’
(x +xy+y):9l y=5|y=-6

Xx—-y=91
{(x2+xy+ yz):1:VN

(x=y).(x*+xy+y*)=9L1=

Vidu4: Tim x;y e Zthoa man: x> +x-y*=0 (2)

X2+ X—y? =0=4x* +4x—4y? :0:>(2x+1)2—(2y)2 =1= (2x+2y+1)(2x—xy+1)=1
2x+2y+1:1:> x=0
2X—-2y+1=1 y=0

{2x+2y+l:—1 {x:—l
=
2X-2y+1=-1 y=0
Vay: (xy) €{(0;0);(-30)]
3% - PHUONG PHAP 2: Phuong phép cuc han
& Phuong phap: Phuong phéap nay thurong siz dung véi cac phuong trinh dai xing

- Vi phuong trinh d6i xang nén x;y:zco vai tro binh dang nhu nhau. Do dé; ta gia thiét
x<y<z; tim diéu kién cua cac nghiém:; loai trir dan céc an dé cé phuong trinh don gian.
Giai phuong trinh; ding phép hoén vi dé suy ra nghiém.

% Ta thuong gia thiét 1<x<y<z<...

&Cac vi du minh hoa:
Vidul: Tim x;y;zez* thoaman: x+y+z=xyz (1)
+ Nhdn xét — Tim huong giai:
Ta thay day la phuong trinh ddi xang.
Giasr 1<x<y<z.Khi do:

(D=xyz=x+y+z<3z=>xy<3 (VI xy;zeZ")=xye{l;23}

*Néu: xy=1l=x=y=1=2+z=2(v0 i)
* Néu: Xy=2=>x=1y=2,2=3
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* Néu: xy=3=x=Ly=3=z=2<y(vO i)
Vay: x;y;zla hoan vi cua (1;2;3)

Vidu2: Tim x;y;zez* thoa man: §+1+1:2 (2)

Yy 2
+ Nhdn xét — Tim huong giai:
Pay la phuong trinh d4i xang.

Giasr 1<x<y<z.Khi do:

(2):>2:£+ +1S§:>xgg:>x:1
X z X

1
y

Vi x:1:1:£+1££:y£2:>ye{1;2}
y 7.y

¢ Néu: y:1:%:0(vﬁ IN)

®Néu: y=2=7=2

Vay: x;y;zla hoan vi cua (1,2;2)

% - PHUONG PHAP 3: Phuong phép st dung tinh chat chia hét
&Cac vi du minh hoa:

2
Vidul: Tim x;yez dé: A= 2X "X nhan gia tri nguyén
X“+x+1
2 2
Tace: A=< X _x#x+l-l ;1 kpide:
X“+x+1 X +x+1 X“+Xx+1

Dé A nhan gia trj nguyén thi - nhan gia tri nguyén.
X“+X+1

= 1(X° +x+1) = (x* +x+1) eV, ={-11}

x=0

Vi: (X2+X+1)>O;VXEZ:>X2+X+1=l:>{x_ .

Vay dé A nhan gia tri nguyén thi: x=0 hoiac x=-1
Vidu2: Tim x;y eZ thoa man: 2y’x+x+y+1=x*+2y* +xy

(2)= 29" (x=1) = x(x=1) - y:(x-1)+1=0(*)
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V6i: x=1(*)=1=0= x=1 khong phai la ngi¢m cua phuong trinh. Nén:
2 _y_ i: *%*
2y® —x y+x_1 0(**).

Xx=0

Phuong trinh cé nghiém nguyén @XileZ@(x—l)eU(l):{l;—l} :{

Vidu3: Tim x;y ez* thoa man: 3*+1=(y+1)" (3)

Ta co:

(B)=3=(y-1)' -1=y(y+2).3* la sb 18 =vy(y+2)la hai s6 & lien tiép
=(y;y+2)=1=y;y+2la cac luy thura cua 3, nén:

{y=3m (*)

(M+n=x)=3"+2=3"=m<n
y+2=3"(**)

" VoI m=0;=>n=1=y=Lx=1.

y:3

Vit mzsnoaTh () =10 (viy2) 22(v0 1)

Phuong trinh cé nghiém nguyén: {

% - PHUONG PHAP 4: Phuong phép st dung bat dang thic

& Phuong phap: Phuong phap nay thurong si dung véi cac phirong trinh ma hai vé 1a

nhitng da thizc cd tinh bién thién khac nhau.
- Ap dung cac bat dang thuc thuong gap:
*Bit dang thac Co — si:

(ab +a,b,+ab, +..+a,h,) <(a.+a,+a,+...+a,)(b +b,+b,+..+b,).
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Diu “=" xay ra < a =kb (i=Ln).
*Bat dang thacgid tri tuyét doi:

la+b|<ab>0
e pl=| "
la—b|<ab<0

&@Cac vi du minh hoa:

Vidul: Tim x;yez* thoa: %+¥+Lyx:3 (1)

Ap dung BBT C6 —si. Ta co: 3:ﬂ+ﬂ+ﬁz3.sfﬂ.ﬁ.ﬂ =33xy.z.
z X y Z Xy

= 3JIxyz<leoxyzsl=x=y=2=1
Vay nghiém cua phuong trinh la: x=y=z=1

Vi du 2: Tim nghiém nguyén cuia phuong trinh: (x+y+1)° =3(x* +y* +1) (2)

(Toan Tuéi tho 2)

Theo Bunhiacpxki,ta co:
(x+y+1) < (1 +27+22) (X +y* +1) =3(x* + y* +1)

Dau “=" xay ra Qﬁzlzlzx:yzl

11 1
Vay nghiém cua phuong trinh la: x=y=1
Vi du 3: Tim tat ca cac s6 nguyénx thoa man:
|X—3|+|x—10|+|x+101|+|x+990|+|x+1000| = 2004 (3)
* Nhdn xet — Tim huong giai:
Ta nhan thiy: 2104 = 3 + 10 + 101 + 990 + 1000 =101 + 2003 va |a|=|-a|

Ta ¢0:(3)= [3—X|+[10— x| +|x +101] +|x +990| + |x +1000| = 2004 .

112




CHUYEN PE BOI DUONG TOANS ..

3—x>3-x

10— x|>10-x

Ma |a|>a=>4|x+101> x+101 = 2004 > |x+101]+2003=|x+101|<1
|x+990| > x+990

|x+1000| > x+1000

Do d6: -1<(x+101)<1=(x+101) e{-10;1} = x {-102;-101;—-100} .
V6i x=-101=> 2004 = 2003(Vv0 Ii). Vay nghiém caa phuong trinh la: x e {-102;-100}
1) Tim cac sé nguyén x,y,z thoa man: x?+y?+z% <xy+3y+2z-3
Vi x,y,z 1a cac s6 nguyén nén
X*+y*+2°<xy+3y+2z-3

2

2
S X4y +22—xy—3y—22+3£0<:>[x2—xy+yTJ+[3%—3y+3]+(zz—22+1)£O

@(x—%j2+3(%— j2+(z—1)230 (*) Ma (x—%)2+3(%—1j2+(2—1)220 VX, yeR

x-J=0
2 2 2 x=1 x=1
:(x—%) +3[%—1j +(z-1f =0 %—1:0@ y=2 Cécsd x,y,z phai timIa {y=2
;_1-0 z=1 z=1

PHUONG PHAP 5: Phuong phép lua chon
Phuong phap: Phiong phap nay duwoc sir dung véi cac phwong trinh ma ta cé thé nham

(phat hién dé dang) dwot mét vai gia tri nghiém

- Trén co so c4c gia tri nghiém da biét. Ap dung cac tinh chat nhu chia hét; sé du; s6
chinh phuong; chit s6 tan clng ..... ta chung to rang véi cac gia tri khac phuong trinh vo
nghiém
Cac vi du minh hoa:
Vidul: Tim x;yez® thoa man: x°+3x*+1=y*

* Nhdn xét — Tim huong giai:
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Ta thdy voi x=0y==+1 thi phuong trinh dugc nghiém dung. Ta can chang minh
phuong trinh vé nghiém vaéi x =0

+ V6i x=0;y==+1 thi phuong trinh dugc nghiém dang

+ Vi x>0. Khi do:

X423 +1< X +3x° +1< X° +4%° +4:>(x3 +1)2 <y'< (x3 +2)2 (*)

Vi (x*+1);(x* +2)1a hai s6 nguyén lién tiép nén khdng co gia tri nao cua y thoa (*)

Vay x=0;y =41 la nghiém cta phuong trinh.
Vidu2: Tim x;yez* thoa: x*+x-1=3"" (2)

(Tap chi Toan hoc va tuai tré )

Goi b 1a chit s tan cling cua x ( V6i be{0;3;2;..;9}. Khi do: (x* +x-1) ¢ chit s6 tan
cung la: 1, 5 hoac 9. (*)

Mat khac: 32*1a luy thura bac 1€ caa 3 nén co tan cung la 3 hoac 7. (**)

Tu (*) va (**) suy ra phuong trinh v6 nghiém.
Vidu3: Tim x;y ez* thoa man: x*—6xy+13y* =100 (3)

(3) = (x_3 =4(25y2):>{|>'|<5 o
(25-y*)=n’(neN)
Do d6: y e{-5,—4;-3,0;3;4;5} = x  {3,9;11;13)
Phuong trinh ¢6 nghiém nguyén: (x;y) e {(-5;3);(—4;9);(-3;11);(0;13);(3:11) ;(4;9) i( 5:3)}
PHUONG PHAP 6: Phuong phap IUi vo han (xusng thang)

Phuong phap: Phurong phap nay thurong si dung véi nhiing phuwong trinh ¢6 (n — 1) dn ma

hé sé ¢6 wéc chung khéc 1
- Dua vao tinh chat chia hét ta biéu dién an theo an phu nham “ha” (giam bét) hang sé
tu do, dé c6 dugc phuong trinh don gian hon.
- Sir dung linh hoat cac phuong phép dé giai phuong trinh do.
Cac vi du minh hoa:
Vi du 1: Giai phuong trinh: x*-3y*-92°=0 (1)
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+ Nhdn xét — Tim huong giai:
Tathdy x*-3y*-9z° =0= (x*~3y*-92°):3 ma (-3y*-9z°):3nénx*:3
Taco: (1)=(x*-3y°-92°):3= x*13= xi3=> x =3,
Khi d6: (1)=(27%°-3y*-92°):3= (9%~ y*~37°):3= y* 3= yi3=> y =3y,.
= (9%°-27y,°-32°)i3=72°13=7i13= y =3z,.

* Tiep tuc sy bicu dién trén va néu goi x,;y,;z, la nghiém cua (1) vathi 3eu, . va

%03¥0iZ0)
0<X,: Yo 2, <9. Thuc hién thir chon ta dugc: x, =y, =2,=0

Vay nghiém cua phuong trinh la: x, =y, =2,=0
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CAC BAI TAP KHAC

1/Dung dinh nghia

N 2
1) Choabc =1va a®>36..Chirng minh réng%+ b%+c”> ab+bc+ac
Gial
Ta cé hiéu:
2 2 2
%Jr b%+c%- ab- bc —ac =%+ i—2+ b%+c’- ab- bc — ac

= (a__l_ b2+C2_ ab— ac+ ZbC) +a——3bC :(E'b' C)Z +a —36abc
4 12 2 12a

¥ _36abc

:(%-b- c)? +2 >0 (viabc=1 vaa’>36 nén a>0)

2 ) - -
Vay : a?+ b?+c?> ab+bc+ac DBiéu phai chirng minh

2) Chang minh rang
a) x'+yt+z?+122x(xy? —x+2z+1)
b) véi moi sb thuc a, b, cta co : a?+5b? —4ab+2a—6b+3>0
C) a’+2b*-2ab+2a-4b+2>0
Giai :
a) Xét hiéu :
H= x+y* +22 +1-2x°y2 +2x% —2x2 = 2x = (x> = y2 ) +(x—2)° + (x—1)?
H>0 ta co diéu phai ching minh
b) V& trai co thé viét
H=(a-2b+1f +(b-1)° +1
— H >0 taco diéu phai chiang minh
c) Vé trai co thé viét
H= (a—b+1f +(b-1y

— H > 0 ta c6 diéu phai chizng minh
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li / DUng bién dbi twong duong

1) Cho x >y va xy =1 .Chiing minh rang : ()(( +y)2) >8
X—y

Giai :
Tacd xX+y?=(x—y)f+2xy=(x-yyf+2 (vixy=1)
= (x2+y2)2:(x—y)4+4.(x—y)2+4

Do d6 BDT can chting minh tuong duong véi
2
(x—y) +4(x—yf +428(x-yf < (x—y)' -4(x-yf+4>0 = [(x— y)2 —2} >0

BDT cudi dang nén ta co diéu phai chitng minh
1 1 2
>

2

+ >
+x° 1+y® 1+4xy

2) Cho xy > 1 .Chtng minh rang : :
Giai :

PPN S S NS
1+x° 1+y° 1+xy 1+x° 1+y 1+y° l+xy
Xy —x’ xy-y* X(y =) y(x-y)
>0 >0
(1+x2)(1+xy)+(1+y2)(1+xy) e (1+x2)(1+xy)+(1+y2)(1+xy)

o =xfly-1) 4
L)y JLeny)

BDT cudi nay dung do xy > 1 .Vay ta ¢ diéu phai chirg minh

lii / dung bt ding thic phu

1) Choa,b, clacac sb thuc vaa+b +c =1
Chung minh rang a2 +b? +¢? z%
Gial :
4p dung BBT BunhiaCopski cho 3 s6 (1,1,1) va (a,b,c)
Taco (La+1b+1cf <(+1+1)(a® +b?+c?)
& (a+b+cf <3(a%+b?+c?)
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& a’+b’+c? z% (viatb+c=1) (dpcm)
2) Cho a,b,c 14 céc sé duong
1

Chutng minh rang (a+b+c).(§+%+z}29 (1)

Giai :
1) 1+E+E+9+1+9+£+£+129<:> 3+[E+Bj+(i+£j+(9+gj29
b c a cC a a b a c a c b
ap dung BDT phu L B IAVAT X,y >0
y X

Ta c6 BDT cudi cing lubn dang

Vay (a+b+c).(§+%+%j >9 (dpcm)

Iv / dung phwong phap béc ciu

1) Cho 0 < a, b,c <1 .Chang minh rang :

2a®+2b%+2c® <3+a’b+b’c+c’a

Giai :
Doa<l = a’<l va b<l Nén (1-a?){l-b?)>0=>1+a’h—a>~b>0
Hay 1+a’h>a’*+b Q)

MatkhacO<ab<l = a’>a® ; b>b® = 1+a’>a’*+b°

Vay a®+b®<1+a’b
3 3 2
Tuong tutaco : ° *C <1+bc
a’+c®<1+c’a
= 2a’+2b’+2c® <3+a’b+b’c+c’a (dpcm)
2) Sosanh 31" va 17"
Giai :
Ta théy 3111 < 3211 — (25 )11 _ 255 < 256
Mat khac 2% =244 =(2*)" =16* <17"

Voy 31* <17%  (dpcm)
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V/ dling tinh chét ti sb

vidu4: Cho 4 sda,b,c,d batky, chang minh rang:

J@+c)? +(b+d)? <va? +b? ++/c? +d?

Giai: Dung bat dang thic Bunhiacopski

tacd ac+bd < Va2 +b?A/c?+d?

ma (a+c) +(b+d)* =a® +b? +2(ac+bd)+c® +d? < (a® +b?)+ 2Va® +b2 e +d? +c? +d°

= J(@a+c)? +(b+d)? <va?+b? ++/c? +d?
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