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Trong bai viét nhé nay toi xin gisi thieu mot sd bai toan lien quan dén cac tap hop sb
hitu ti v vo ti, mot s6 trong dé da xudt hién trong cac ki thi tuyén sinh vao 10 hay cac
ki thi hoc sinh gi6i. Dau tién ta xem lai mot s6 khai niém va tinh chit quan trong.
Dinh nghia 1. Tap hop cdc so c¢é dang L trong dé p,q la cdc s6 nguyén, g # 0
q
duge goi la s6 hitu ti. Ki hiéu la Q.

Dinh nghia 2. Tap hop cdc so khong phdi la s6 vo ti dude goi la so vo ti, ki hiéu
laI.

Tinh chat 1. Ta ¢é mot sé tinh chit sau ciia s6 vo ti va hitu ti.
1. Tong hiéu tich thuong ctia hai s6 hitu ti la hiau ti.
2. Tong, tich, thuong cia mot s6 hitu ti va vo ti la mot sé vo ti
Viéc chiing minh mot s6 14 s6 hitu ti hay vo ti chit yéu dya vao cac dinh nghia treén,
trong do6 viéc chiing minh mot s6 1& s6 vo ti hau hét 1a sit dung phuong phap ching
minh phan ching. Ta bat dau véi bai todn co ban sau:
Vidul. 1. Ching minh /2 la mot s6 vo ti.
2. Chiing minh V2 + /3 la mét s6 vo ti.
Loi gidi.
Ta st dung phuong phap chiing minh 1& phan ching.
1. Gia st /2 1a 6 hitu ti, tic 1a ton tai b trong do6 p,q € Z, (p,q) = 1,q # 0 va
q

vi-t.
q

Khi d6 ta c6 p? = 2¢?, suy ra p? chia hét cho 2 ma 2 nguyén t6 nén p chia hét
cho 2, p = 2k.
Suy ra ¢? = 2k%, 1f luan tuong tu thi ¢ chia hét cho 2, do d6 (p,q) # 1 (mau
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thuan).
Vay diéu gia sit sai, v/2 1a s6 vo ti.

a’—>5

2. Gié’nsﬁ\/i—l—\/g:ahﬁ’uti,suyra\/é:

tu trén ta ciing suy ra diéu vo Ii.

hitu ti. Ching minh tuong

]

Tt bai toan trén ta c6 thé chitng minh bai toan tong quat sau:

Vidu 2. Chon la s6 tu nhién néu \/n khong la so tu nhién thi /n la s6 vo ti.

Loi gidi.  Gid sit \/n khong phai vo ti va khong phai s6 nguyen, suy ra /n = d
q

trong d6 (p,q) = 1,¢ > 1.

Tuong t ta c6 p? = ng?. Do ¢ > 1 nén c6 udc nguyeén to, gia sit r 14 mot wée nguyen
to clia ¢, suy ra p* chia hét cho 7, suy ra p chia hét cho r, khi d6 (p,q) # 1 (vo li).
Vay can cila mot sd6 nguyén la mot s6 nguyén hoac 1a mot s6 vo ti. O

Diat V2 =z, ta c6 22 = 2 & 22 — 2 = 0, dén day ta thdy v/2 la mot nghiem cla
phuong trinh 22 — 2 = 0. Ta ¢6 thé ching minh phuong trinh 2 — 2 = 0 khong
¢6 nghiem htu ti, tit d6 suy ra v/2 khong 1a s6 hitu ti. Tt nhién viéc ching minh
nay khong khac may ching minh trén. Tuy nhién vdi cdc nhin khac, ta c6 bai toan
sau:

Vi du 3. Cho phuong trinh vdi cdc hé s6 nguyén ag,ai,- - ,ay:
™+ Gp 12" L+ a1z +ag=0

Khi d6 néu L véi (p,q) = 1 la mot nghiém hiu ti cia phuong trinh thi plag, q|a,. Ddt
q
biet néu a, = 1 thi néu phuong trinh cé nghiém hitu ti thi nghiém la so nguyén.
Loi gidi.
Thé £ vao phuong trinh va qui dong, ta c6
q
anp" + an1qp" ' 4 a1q"  p+ agg" = 0

Khi d6 a,p™ chia hét cho ¢, suy ra a, chia hét cho ¢, tuong tu thi ao chia hét cho
p. ]

Cling tuong tu, ta c6 bai toan sau:

Vi du 4. Cho phuong trinh az® + bx +c = 0, trong dé a,b,c la cic s6 tu nhién
lé. Chitng minh rang phuong trinh khong cé nghiém hiu ti.
Lot giaa.
Gia st E, (p,q) = 1 la mot nghiém hitu ti ctia phuong trinh trén. Khi dé ta c6
q

ple, gla, suy ra p,q déu 18. Mat khac ta c6 ap? + bpg + cq? = 0. Vé trai 1a mot s6 18
nén vo li. Vay phuong trinh khong ¢6 nghiém hitu ti. m
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Stt dung bai toan 3 ta c6 thé chting minh v/2-++/6 14 s6 vo ti theo mot cac khéc. Bing
cach ching minh ¢ = v/2+ /6 la nghiém ctia phuong trinh bac 4: z* — 1022 —1 = 0,
va dé thiy phuong trinh trén khong c¢6 nghiém hitu ti nén v/2 + /6 1a s6 vo ti.

Sau day ta di t6i mot s6 bai toan khac ciing lién quan dén s6 hitu ti va vo ti.

Vi du 5. Cho cdc s6 thic x,y, z khdc 0 théa zy, yz, xz la cdc so hitu ti.
1. Chitng minh x* + y? + 2% la so hiwu ti.

2. Gid st 23 + 3 + 22 cang la s6 hitu ti. Ching minh .y, z la cdc s6 hitu ti.

Loi giai.
x
1. Ta c6 xy,yz € Q, suy ra — € Q.
z

Ma zz € Q suy ra 22 € Q.
Tuong tu ta ciing c6 y?, 22 € Q.

2. Ta c6 x(x® +y> + 23) = (22)? + (zy)y* + (22)22 € Q. Suy ra x € Q.
Tuong tu ta cing ¢6 y, z € Q.

]

Ch y. V6i cach giai trén ta chap nhan khong thé xay ra z3 + 3 + 23 = 0 vi phuong
trinh nay khong c6 nghiém nguyén hay nghiém hitu ty.

Vi du 6. Tim tat cd cdc so tw nhién a,b sao cho

V2 +a
V3 + Vb

la so hitu ti.

Lo giai.
bat x = M 13 s6 nguyéen.
V34 Vb
Suy ra \/E—x\/gzx\/_—ﬂ
Binh phuong hai vé ta ¢6 a4 x2b — 2zvab = 32° + 2 — 226 = a+ 22b— 32% — 2 =
2x(vab — V6).
Suy ra vVab — V6 =y € Q.
Khi d6 ab = 6 + y> — 2yv/6. Vi /6 1 s6 vo ti nén déng thitc xay ra khi va chi khi
y=0vaab=06.
Ta xét cac truong hgp sau:

% Sl-
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ea=3b=2=z=1
° a:6,b:1:x:\/§v()ti.

Vay a = 3,b = 2 1a s6 can tim. O

p p 1 1
Vidu 7. Tim tat cd cic bo so hiu ti duong (z,y,2) sao cho x + —,y+ —, z+ —
y z %

la cac so nguyén.

Li gidi.

1 1 1
Dita=a+-(1),b=y+ —(2),c=z+ —(3).
at a x+y( b=y+-(2)c=2+-(3)

1 1 a—x
Tl\l’ 1 t 0 — — =
(1) tacoy a—z" b—y ab—1—bx

a—x 1 ,
ab_l__beF;—C@(bc—1)$+(a—b+c—a66)x+ab—1—0(4). Néu be =1

1 1 1
thib=1,c=1suyraa=1Khid63=a2+—-—+y+—-+2+—->6 (voly)
x Yy z

. Thé vao (3) ta co:

Néu be # 1, khi d6 ta xem (4) nhu phuong trinh bac hai ¢6 nghieém hitu ty x, khi
d6 A = (a—b+c—abc)*> —4(bc —1)(ab—1) = (abc —a — b — ¢)> — 4 1a 6 chinh
phuong.

Dit t = abc —a — b —c ta c6 t* — 4 = k?, giai ra duge t = 2 hodc t = —2.

e 0=abc—a—b—c+2=albc—1)—b—c+2>bc—b—c+1=(b—1)(c—1).
Suyrab=c=1 (voly).

e 0=abc—a—-b—c—2>0b—-1)(c—1)—4=(b—-1)(c—1) <4
Néu (b—1)(c—1)=4thib=2c=5;b=3,c=3;b=5,c=2. Trong cac
truong hop nay thi a = 1.
. , 13
Néua=1,b=2,c=05 giai dugc (z,y, 2) = (5,5,2).
. 1
Neua=1,b=3,c=3 thi (x,y,z):(E,Q,l).
. 2 .
Néua=1,b=>5,c=2thi (z,y,2) = (5,3,2). Néeu (b—1)(c—1)=3=bc=
b+c+2=abc—a=albc—1)=bc—1|bc = bc=1,a=1. (loai)
Khi(b—1)(c—1)=2=a=0b=c=2, giii ra dugc (z,y,z) = (1,1,1).

Vi du 8. Tinh tong binh phuong tat cd cdc s6 thic x sao cho z* + 6z va x + L
la cdc so6 nguyeén.

Lo gidi.

Xét s6 x théa man diéu kien nhu trén. Dat 22+ 6z = a,x+1/x = b 1a cac s6 nguyen

thi 22 + 1 = bx. Trit ting vé ¢

6r—1=a—bx
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nguyén hay (b+ 6)x = a + 1, ching t6  1a 6 hitu ty.

Dat = * véi u,v la cac s6 nguyén va nguyén t6 cing nhau. Suy ra z + 1 =
(u? +v?)/(uv) nguyén nén u? + v? chia hét cho uv hay u? chia hét cho v. Tuong tu
thi v? chia hét cho w, ma u, v nguyén t6 ciing nhau nén ching chi ¢6 thé nhan gia tri
1, —1. Thay ngugc vao suy ra x = 1 hoac —1. Téng binh phuong can tim 13 2. [

S

Trén day 1a mot s6 bai toan lien quan dén sé hitu ti, vo ti, hi vong cac em c6 thém
kinh nghiém dé lam bai trong cac tinh huéng nay. Sau day la mot sé bai tap ren
luyén.

Bai 1. Tum mot da thic hé s6 nguyén nhan o = 2+ /24 /4 lam nghiém. Chiing
minh o la so vo ty.

Bai 2. Cho cic s6 a,b sao cho a — vab va b — v ab déu la cic s6 hitu ti. Ching
minh rang a,b ciing la cdc so hitu ti.

Bai 3. Ta ndéi cic cdap so (a,b)a # b, la c¢6 tinh chat P néu a®> +b € Q va
b> + a € Q. Chiing minh rang:

14+2 1—+2

> b= > la cdc s6 yo t cé tinh chat P.

1. Cdc s6 a =
2. Néu (a,b) cé tinh chat P va a+b e Q\{1} thi a,b a cdc so hiu ty.

3. Néu (a,b) cé tinh chat P va % € Q thi a,b la cdc so hiu ty.

Bai 4. Vdi méi s6 hiu ty q dat V, = {x € Q|a® — 2015z = q}.
1. T¥m q sao cho V, c6 la tap rong va Vy, ¢ ding mot phan .

2. Goi S(V,) la s6 phan ti cia V,, tim tat cd cac gid tri cia S(V,).

Bai 5. 1. Cho s6 thuc x théa x* + x va 23 + 2x la s6 hiu ty. Ching minh x
ciing la so hitu ty).

2. Chiing minh rdng ton tai s6 vo tj x sao cho x* + x va x> — 2z la hau ty).

Bai 6. 1. Ching minh ring /2 + /3 + V5 + /7 la s6 vo ty.

2. Héi c6 ton tai hay khong s6 vo tyj x,y > 0 sao cho x¥ la o hitu tyj?
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