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Giao vién: Nguyén Tang Va Bai tap theo chuyén dé on thi vao 10.

1 Tém tat ly thuyét

l.a Ly thuyét va vi du

Dinh nghia 1 Cho a,b la cic s6 nguyén v6i a # 0. Néu ton tai s6 nguyén m sao cho b = am ta néi
b chia hét cho a, hay a chia hét b.

Ki hiéu b:a hay alb.

Dinh nghia 2 Néu b chia hét cho a thi b dugc goi 1a badi clia a va a dude goi u6e clia b.

Tinh chat 1 Mot s6 tinh chat co ban:
a) Néu a # 0 thi a|0 va da.
Véi moi a thi 1|a.
c¢) Néu alb va alc thi v6i moi s6 nguyén x,y ta c6 al(xb + yc).

)
)
d)
)
)

e) Néu b # 0 va alb thi |a| <
f) Véi a,b > 0. Néu alb va bla thi a = b.

Dinh nghia 3 Néu a hoiic b khac 0, thi tap cidc uéc chung ctia a va b 1a khac rdng va hitu han nén
c6 phan tit 16n nhat. Khi d6 s6 16n nhat trong tap hop cac wde chung cia a, b duge goi 1a wdc chung
16n nhat ciia a va b. Ki hi¢u 1a ged(a, b) hay (a,b).

Dinh nghia 4 Néu udc chung 16n nhat ctia a va b bang 1 thi a va b duge goi 14 nguyén t6 cing
nhau.

Tinh chat 2 Cho a,b la hai s6 nguyeén.
a) (a,b) = (a,a—0).

b) d = (a,b) thi (5’2) _1
¢) (ca,cb) =c-(a,b).
d) Néu ax + by =m thi (a,b)|m

Dinh nghia 5 Cho hai s6 b, c. Néu a 1a bai ciia b, ¢ thi a duge goi 14 boi chung ciia b, c.

Dinh nghia 6 Cho b,c la s6 nguyén khac 0, khi d6 tap cac s6 nguyén duong boi chung ctia b, ¢ 1a
tap khac rong (vi |be| 1a boi ctia b, ¢) nén ¢6 s6 nho nhat. Khi dé s6 nguyén duong nhé nhét trong céc
boi chung ctia b, ¢ dude goi 1a boi chung nhd nhat.

Ki hiéu 1a Imc(b, ¢) hay [b, c].




Tinh chit 3 Boi chung nhé nhét ciia b, ¢ 1 udc ctia moi boi chung khéc.

Dinh nghia 8 Mot s6 nguyén duong dude goi 1a s6 nguyén té néu né chi c6 hai wéc duong 1a 1 va
chinh né. S6 nguyén duong khong phai 13 s6 nguyén t6 duge goi 1a hop sb.

Dinh 1y 1 V6i mdi s ty nhién n > 2 ti hodc n 1a s6 nguyén to, hodc n la tich ciia cic sd6 nguyén t6.

Tinh chat 4
a) Hai s6 nguyén t6 bat ki phan biét 1a s6 nguyén t6 ciing nhau.
b) Cho s6 nguyén t6 p, néu a 1la mot s6 nguyén thi hodc pla hodc (a,p) = 1.
¢) Néu p la s6 nguyen t6 va plab, khi d6 p|a hodc plb.

Dinh nghia 9 Cho hai s6 nguyén a, b va s6 nguyén duong n. Néu a, b chia cho n ¢ cling s6 du, ta
n6i rang a va b dong du khi chia cho n va ki hieu a = b( mod n) (doc 14 a dong du b theo modul n).

Tinh chat 5 a=0b( mod n) < (a—b)n

Dinh Iy 2 Cho a,b,c la cac sd nguyén, n la s6 nguyén duong.
a) Néu a = b( mod n),b=c( mod n) thi a =c¢( mod n)
b) Néua =b( mod n) thia+c=0b+c( mod n) véi moi s6 nguyén c.
c) Néu a =b( mod n),c=d( mod n) thia+c=0b+d( modn)
d) Néu a = b( mod n) thi c.a = ¢.b( mod n) véi moi s6 nguyeén c.
e) a = b( mod n) thi a* = v*( mod n) véi moi sé nguyen duong k. Dic biét néu a = 1( mod n)
thi a* = 1( mod n)

2 Bai tap

2.a Bién doéi dai so

2

Bai 1. S6 nguyén duong n dugce goi 1a sé diéu hoa néu nhu tong cac binh phuong clia cic ude ctia né (ke
cd 1 van ) ding bang (n + 3)% .
a) Chitng minh rang s6 287 1a s6 diéu hoa.
b) Chiing minh ring s6 n = p?( p nguyen t6 ) khong phai la sé diéu hoa.
c¢) Chiing minh rang néu s6 n = pq ( p, ¢ 1a cac s6 nguyeén t6 khac nhau) 14 s6 diéu hoa thi n + 2 1a s
chinh phuong.

Bai 2. Cho s6 nguyén duong n théa man 2 + 2v/12n2 + 1 1a s6 nguyén. chiing minh 2 + 2v/12n2 + 1 1a s6
chinh phuong.

Bai 3. Cho S la tap sb6 nguyén duong n ¢6 dang n = 22 + 3y?, trong dé z,y 1a cac s6 nguyén. Chiing minh
rang:
a) Néua,be S thiabe S

£ . ) N
b) Néu N € S va N chan thi N chia hét cho 4 va 7 € S

Bai 4. Chiing minh ring néu 22 + 2y 13 mot sé chinh phuong véi z, y nguyen duong thi 22 + vy 1a tong cla
hai s6 chinh phuong.




2.b Chia hét

Bai 5. Cho n 1a s6 tu nhién n > 3. Chting minh ring 2" + 1 khong chia hét cho 2™ — 1 v6i moi s6 tu nhién
m sao cho 2 <m <mn.
Bai 6.
a) Cho P = (a+0b)(b+c)(c+a)— abc, véi a,b,c la cac s6 nguyen. Ching minh rang néu: a + b + ¢
chia hét cho 4 thi P chia hét cho 4
b) Cho a,b la cic s6 nguyén va p la s6 nguyén t6 18. Chitng minh ring néu p* 1a uée clia a? + b? va
ala+b)? thi p* ciing 13 uée cta a(a + b)

Bai 7. Cho ba s6 nguyén duong a, p, g thda man cac diéu kién:

i. ap + 1 chia hét cho gq. ii. aq+ 1 chia hét cho F.

bq

Ching minh ring a > ————
2(p+aq)

14 mot s6 nguyen.

. . a
Bai 8. Cho cac s0 a, b nguyén to cing nhau thoa
a [R—

a) Tim mot cap s6 a,b thoa dé bai ma a — b > 1.
b) Chiing minh ring ab + 1 hodic 4ab + 1 1a mot s6 chinh phuong.
1 1

. 1
Bai 9. Cho cac s6 nguyén duong a,b théa — + i
a c

a) Chitng minh ring a + b khong thé la s6 nguyén to.
b) Chiing minh rang néu ¢ > 1 thi a + ¢ vi b + ¢ khong thé dong thai 1a s6 nguyén to.

Bai 10. (PTNK 2016 - CT) Cho z,y 1a hai s6 nguyén duong ma 22 + y2 + 10 chia hét cho zy.
a) Chitng minh réng z,y 1a hai s6 1& va nguyéen t6 cting nhau.

2+ 9> 410 )
b) Chitng minh k = =Y 12 hia hét cho 4 va k > 12.
Ly
Bai 11.
a) C6 bao nhiéu gia tri nguyén duong ciia n dé boi chung nhé nhat ctia 3n + 1,2n + 1 khong vugt qua
2020.

b) Cho a,b la cac s6 nguyen duong sao cho ton tai s6 nguyén t6 p thoa
BCNN(a,a+ p) = BCNN(b,b+ p)
Chiing minh rang a = b.

Bai 12. (PTNK 2018 - CT)

Cho A,, = 2018™ + 2032"™ — 1964™ — 1984™ v6i n 14 s6 tif nhién.
a) Ching minh v6i moi s6 ty nhién n thi A, chia hét cho 51.
b) Tim tat cd nhitng s6 tu nhién n sao cho A, chia hét cho 45.

2.c Phuong trinh nghiém nguyén



3 L&i giai

Bai 1.

a) S6 n = 287 c6 cac wée duong la 1, 7, 41, 287. Ta c¢6 12 + 7% + 412 + 2872 = (287 + 3)2 nén 287 1a 56
diéu hoa.

b) Cac udc duong ctia n = p? 1a 1, p, p?, p®. Gid stt n 1a s6 diéu hoa, ta c6 (n+3)2 = 12+ p> +p* +p°% &
p* +p? = 6p> + 8. Suy ra p|8 ma p nguyén té nén p = 2. Thit lai thiy khong thda, vay n = p® khong
phai la s6 diéu hoa v6i moi s6 nguyén to p.

c¢) Cac uée duong ciia n = pg 1a 1,p,q,pg. Vi n 1a s6 diéu hoa nén ta co:
1+ + P +p* = (pg+3)? = p* +¢%> =6pg+8 < (p+¢)? = 4(pg + 2). Do 4 1a s6 chinh phuong
nén pqg + 2 ciing 1a s6 chinh phuong hay n + 2 1a s6 chinh phuong.

Bai 2. Do 2 +2v/12n2 + 1 14 s6 nguyén, ma 12n? 4 1 1a s6 1é nén ton tai s6 tu nhién k théa man
1202 +1=(2k+ 1) 120> + 1 =4k* + 4k +1 < k(k + 1) = 3n?

Vi (k;k + 1) = 1 nén xdy ra 2 truong hgp:

k =a? 2 2 _ - 2 5 15
TH 1. { K+ 1—3b2 (a,b€ N)=a*—3b*=—-1=2(mod3) & a* = 2(mod3) (vo li)
TH2 { =3 = b? (b? — 1) = 3n* Tir d6 suy ra
" k+1=0b?

2421202 +1 =2+ 2¢/4b* — 462 + 1 =2+ 2 (267 — 1) = 4b® = (2b)?
Do d6 2 + 2v/12n2 + 1 1a s6 chinh phuong.
Bai 3.
a) Gia sit: @ = m? 4+ 3n? |, b = p® + 3¢%, khi d6 a,b thuoc S va: ab = (m2 —|—3n2) (p2 —|-3q2) =
(mp — 3nq)* + 3(mq + np)? € S, vay ab thuoce S.
b) Gia sit: N =22+ 3y%2 € S vi N | 2. Ta c6 cac trudng hgp sau:
. . N
Trudng hgp 1: x chan, y chan. bat x = 2z, y = 2y;. Ta cé: 1= 24+32 €S
N . N
Truong hgp 2: x va y cung 1é. Ta can tim hai s6 u va v sao cho: i w430 e N=4 (u2 + 3’02) =

(u — 3v)* + 3(u + v)% Xét cac he sau:

T+ 3y 3y —x
u—3v==z N U= 1 u—3v=—=x - u = 1
u+v:y v:y—.jb ’ U+U:y vzﬂf‘i‘@/
4
T+ 3y

Néu z = y (mod4) thi: z + 3y : 4 vA y — x : 4. Khi d6: u = EZVaU:%EZ. Suy ra:

N
i u? + 3v2 thuoc S.

Néu z # y (mod4), Do N = 22 + 33?2 : 2, nén x,y phai ciing tinh chin 1& khi chia cho 2, ma s6 du
khi chia cho 4 chi ¢6 4 trusng hop 14 0, 1,2, 3. Khi d6 ta xét cac trusng hop déu thu duge: x +y : 4

. 3y — N
va 3x —y : 4. Khi dé: u = i xGZvaU:xT_‘_yEZ.Suyra:Z:u2+3v2thuc}cS.

Bai 4. Dat 22 + 2y = k2. Suy ra 2y = (k — x)(k + ). Suy ra k,z cung tinh chan 18.
e Néu k =2m,z =2n thi y = 2(m —n)(m +n).
Khi d6 22 +y = 2n2 +2(m — n)(m +n) = 2m? = m? + m>.
e Neuk=2m+1l,z=2n+1thiy=2(m—n)(m+n-+1).
224y = (2n+1)2+2(m—n)(m+n+1) = 4n’+4n+1+2m%—2n?+2m—2n = 2n?+2n+2m?+2m+1 =
(m+n+1)24+ (m—n)



Bai 5. Cach 1 Ta c6 28 — 1:2m — 1. Tit 22" = (2" + 1)(2" — 1) chia hét cho 2™ — 1.

Dat 2n = km + q(0 < ¢ <m).

Khi d6 22" — 1 = 2km+a — 29 4 20 — 1 = 24(2km — 1) 4 29 — 1 chia hét cho 2™ — 1, suy ra 2¢ — 1 chia hét
chomma0<27—1<2™—1,suyraq=0.

Do dé 2n = km.

Trudng hop 1: Néu m 16, suy ra k chin, k = 2k, suy ran = k'm, 2" +1 = 2™ 4 1 = 2Km _ 1 1 9 chia
hét cho 2™ — 1, suy ra 2 chia hét cho 2™ — 1 vo ly.

Trudng hop 2: Néu m chin m = 2m/ thi n = km/, suy ra 28 + 1 chia hét cho 2™ — 1, ma 2™ — 1 chia
hét cho 2" — 1 nen 28 4+ 1 chia hét cho 2™ — 1, suy ra 2 chia hét cho 2™ —1 vo Iy vi m’ > 1.

Cach 2 Ta c6 2" (2™ —1):2™ — 1, suy ra 2" — 2"~ ™2™ — 1, ma 2" + 1:2™ — 1 suy ra 2"~ + 1 chia hét
cho 2™ — 1.

Ly luan tuong tu ta c6 2" %™ 4+ 1 chia hét cho 2™ — 1. Gia st n = km + ¢,0 < ¢ < m. Chon k nhu trén ta
c6 27 + 1 chia hét cho 2™ — 1. Ma g < mnén 29 +1=2" — 1 gidira g = 1,m = 2 (vo Iy).

Bai 6.

a) Dat: S =a+b+c,tacot: P=(S—c¢)(S—a)(S—0b)—abc =S (ab+ bc+ ca)—2abe. Néu S = a+b+c
4 thi S (ab+ bc + ca) : 4. Ta can chiing minh: 2abe : 4 hay abe : 2. Do a+ b+ ¢ : 4 suy ra trong ba
s6 a, b, c phai c6 mot s6 chin, vi néu a, b, c déu 1a s6 1é thi a + b + ¢ 1& s6 1é nén khong chia hét cho
4. Tt d6 ta c6 abc : 2. Tt do ta c6 diéu phai ching minh.

b) Ta c6: a® + b2 i p* v a(a +b)? i pt. Tt d6 suy ra: 2b (a? +b%) : p* va a(a® + 2ab+b?) : p*. Nhu
vay: 2b (a2 + b2) —a (a2 + b2) —2a%b : p* hay 2b° —a (a2 + b2) cpt vay B3 1 pt o suyrar b p? (vip la
s6 nguyen t6), nhu vay: b2 : p*. Do a® + b : p* va b? i p? nén a? : p* hay a : p%. Do d6 ta cé: a (a + b)
pt.

Bai 7. T gia thiét ta duge (ap + 1)(ag + 1):pg suy ra (a*pq + ap + ag + 1) pq.
Ma a?pq:pq nén ta duge (ap +aq+ 1):pg. Do a,p,q la cAc 86 nguyén duong nén ap + ag + 1 va pq 1a cac sb
nguyén duong. Suy ra ap + aq + 1 > pq.

Ma do a(p + ¢) > 1 nén ta dugc 2a(p + q) hay a > ba

————. Bai toan dugc chiing minh xong.
2(p+q)
Bai 8.

a) Cho a =5,b =3 théa dé bai.

2b 2 2 £
ath _ +1, suy ra b € Z,dat k = 7b, ta c6 b(2 + k) = ak. Do d6 ak chia hét
a—b a-0> a—b a—2>b

cho b ma a,b nguyén t6 ciing nhau nén k chia hét cho b, dit k = gb ta c6 b(2 + ¢b) = abq, suy ra
2=¢(a—"b). Suyraa—b=1hodca—b=2. (gid st a>0D).

Néua—b=1, suy ra 4ab+1=4b(b+ 1)+ 1 = (2b+ 1)? 14 s6 chinh phuong.
Néua—b=2,suyraab+1=>5b(b+2)+1=(b+1)?1asd chinh phuong.

b) Ta c6

Bai 9.

a) Tu dé bai ta c6 c(a + b) = ab, suy ra ab chia hét cho a + b.
Gia st a + b nguyen t6. Ta ¢6 a < a + b, suy ra a,a + b nguyén t6 cung nhau, suy ra b chia hét cho
a+bvolyvib<a+b.

b) Gia st a + ¢, b+ ¢ déu la cac sd nguyen t6. Khi do:
cla+b)=ab< ca=ab—bc< alb+c) =b(2a — c).
Va b(a +¢) = a(2b — ¢).
Dé thay b+ ¢ nguyén t6 va b+ ¢ > b nén b+ ¢ va b 1a nguyén to ciing nhau; tuong tit a + b v a
nguyén té ciing nhau.
Ma a(b + a) chia hét cho b, suy ra a chia hét cho b, b(a + ¢) chia hét cho a, suy ra b chia hét cho a.
Suy ra a = b = 2c¢, suy ra a + ¢ = b+ ¢ = 3c khong phai 1a s6 nguyén té do ¢ > 1.



Vay khi ¢ > 1 thi a + ¢, b+ ¢ khong thé ddng thsi 14 sé nguyen t6.

Bai 10.

2)

Gia st trong hai s6 z,y c6 mot s6 chin, vi vai trd x,y nhu nhau nén cé thé gia st = chin. Suy ra
22 4 9% + 10 chia hét cho 2, suy ra y chin. Khi dé 22 + y? + 10 chia hét cho 4, suy ra 10 chia hét cho
4 vo ly.
Vay trong hai s6 déu 1a sb 18.
Dat d = (z,y), * = d.o’,y = d.y' ta c6 2% + y? + 10 = d?(2'? + y?) + 10 chia hét cho d?az'y’. Suy ra
10 chia hét cho d?. Suy ra d = 1. Vay x,y nguyén t6 cling nhau.
4m*+m+n®>+n+3

(2m+1)(2n+1)
Ta c6 4, (2m+1).(2n+1) nguyén t6 cting nhau. Suy ra m?+n?+m+n+3 chia hét cho (2m+1)(2n+1).
T d6 ta c6 k chia hét cho 4.
Chitng minh k& > 12 bang hai cach.
Céach 1: Ta c6 22 + 4% + 10 = kay.
Néu trong hai s6 x,y c6 mot s6 chia hét cho 3, gia st  chia hét cho 3. Ta c6 y? 4 10 chia hét cho 3
vo 1y vi 42 chia 3 du 0 hoac du 1.
Vay x,y khong chia hét cho 3, suy ra 22 + y? + 10 chia hét cho 3 va 3, zy nguyén t6 cting nhau. Do
d6 k chia hét cho 3.
Do d6 k chia hét cho 12, vay k > 12.
Céach 2: Xét k =4 ta c6 22 +y? + 10 = day (x) & (v — 2y)? = 3y — 10.
Ta ¢6 (z — 2y)? chia 3 du 0 hogic 1 ma 3y? — 10 chia 3 du 2, nén phuong trinh (*) khong c6 nghiem
nguyén duong. Xét k = 8 ta c6 22 + y? + 10 = 8zy(*) < (z — 4y)? = 15y% — 10.
Ta c6 (z —4y)? chia 3 du 0 hodc 1 ma 15y — 10 chia 3 dur 2 nén (**) khong c6 nghiéem nguyen duong.
Vay k > 12.

batz=2m+1l,y=2n+1,suyra k =

Bai 11.

2)

b)

batd=0Bn+1,2n+1)=d3n+1,d2n+1=dn=d1=d=1.
Suy ra BONN(3n+1,2n+1) = (3n+1)(2n + 1) = 6n? + 5n + 1.
6n2 + 5n + 1 < 2020 ma n nguyén duong, suy ran € {1,2,--- ,17}.
e C6 17 gia tri n thoéa dé bai.
Chtu y néu d = (a,a+p) =d=1hodcd=pvad=p< pla.
Ki hi¢u [z,y] = BCNN(z,y).
e Néu a khong chia hét cho p suy ra (a,a+p) = 1, khi d6 [a,a + p] = a(a+p). Va [b, b+ p| khong
chia hét cho p. Suy ra b, b+p khong chia hét cho p. Do d6 (b, b+p) = 1. Suy ra [b,b+p] = b(b+Dp).
Khi d6 a(a + p) = b(b+ p) = a = b.

e Néupla= (a,a+p)=p=[a,a+p| = a(ap+p)'
Hon nitta p|[b, b + p] = p|b hoac p|b+ p. T d6 suy ra pl|b, p|b + p.
Dét a = pa’,b = pV'. Suy ra [a,a+p] = [pd’, p(a’+1)] = pa’(a’+1) va [b,b+p] = [pb',p(t/ +1)] =
PV (b +1).
dd+1)=vVUV+1)=d=V=a=b

Bai 12.

a)

b)

Do 2018 = 1964 (mod 3) = 2018" = 1964" (mod 3).

2032 = 1984 (mod 3) = 2032" = 1984" (mod 3).

= A, 3.

Ta lai ¢6 2018 = 1984 (mod 17) = 2018"™ = 1984™ (mod 17).
2032 = 1964 (mod 17) = 2032" = 1964" (mod 17).

= A, :17.

Do (3;17) =1nén A, : 51 Vn
A, = 2018™ + 2032" — 1964™ — 1984™.



e Ta xét cac trudong hop ctia n dé A, : 5.
Taco A, =(-2)"+2" -2 (—1)" (mod 5).
Dod6néunlé = A, =2 (mod5) (loai).
Néun=4k=A,=2-2"* -2=2-2=0 (mod 5) (nhan)
Néun=4k+2=A,=2-2"%+2 _2=8—-2=6 (mod 5) (loai).
Vay A, :5 & n 4

e Ta xét cac truong hgp ctia n dé A, : 9.
Ta c6

A, =2"+(-2)" = 2" —4"  (mod 9)

=2"—-4" (mod9) (Do n chén).
=2"(1-2") (mod?9)

Vi(2;9)=1=2"—1:09.
Xétn=3kvéikecN Taco A, =2%% —1=(-1)¥ =1 (mod 9) = k chin
Xét n =3k +1v6i k€ N. Ta co A, =23+ —
Xét n =3k +2véi k € N. Taco A, = 23++2 —

Vay A, t 45 < n 12
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