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Chuong 1
MOTSO VAN DE COBANVE BATDANG
THAIC

1.1 Khdiniém vd cdc tink chdt cia bdt ding thitc

1.1 S0 thue dionyg, s0 thuc dm
e Néu x 1a s6 thuc duong, ta ky hiéu x>0

Néu x 1a s6 thuc am, ta ky hiéu x <0

Néu x 1a s6 thuc duong hodc x = 0, ta néi x 1a sb6 thuc khong
am, ky hiéu x>0

e Néu x 1a s6 thuc 4m hodc x = 0, ta néi x 1a s6 thuc khong duong,
ky hiéu x <0.

1.1 Khdi niém bdt ding thitc

Pinh nghia 1.1. S6 thuc a dude goi 1a 16n hon sb thuc b, ky hiéu
a>b néu a—b la mot s6 duong, tic 1a a — b > 0. Khi d6 ta ciing ky
hiéu b <a.

Tacéo:a>beoa—-b>0.

Néua>b hoica=>b,tavitta>b.Tacé:a>boa-b>0.



4  Chuong 1. MOT SO VAN BE CO BAN VE BAT PANG THUC

Pinh nghia 1.2. Gia sit A, B 1a hai biéu thiic bang s6. Khi d6 céc
ménh dé c6 dang:

"Alén hon B ", ky hiéu: A >B

"Anho hon B ", ky hiéu :A <B

" A 16n hon hay bang B " ky hiéu A > B

" A nhé hon hay bang B " ky hiéu A <B
dudc goi 1a mot bat dang thic.

Quy udc :

e Khi néi vé mot bat dang thic ma khong chi r6 gi hon thi ta
hiéu rang d6 12 mét bat dang thic diung.

e Chitng minh mét bat dang thic 1a chiing minh bat dang thic
do6 dung.

1.1  Cdc tink chit co bdn ciia bdt dang thitc

p P ; a>b
Tinh chat 1.1. (Tinh chat bac cau) néu { thia>c
b>c

Tinh chit 1.2. a>boa+c>b+c

Héqual:a>boa-c>b-c.
Hé qua2:a+c>beoa>b-c.

; 2 a>b
Tinh chat 1.3. >a+c>b+d
c>d

ac>bc néuc>0

Tinh chit 1.4. a > b < )
ac<bcnéuc<0

Hé qua 3:a>b < —a<-b.
b
g>— néuc>0

Héquad:ia>bed ¢
—<—néuc<0
c ¢
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1.2. Mt sé van dé can luu y khi gidi bai todn vé bat dang thic 5

Tinh chit 1.5. {“ >0>0_ i obd
c>d>0

, 2 1 1
Tinh chat 1.6. a>b>0©0<—<g
a

Tinh chat 1.7. ¢ >b>0,ne N* = a” > b"
Tinh chat 1.8. a >b>0,neN* = Ya> Vb

Hé qua 5:

e Néu a va b 14 hai s6 duong thi: a > b < a? > b?

e Néu a va b 1a hai s6 khong am thi: ¢ > b © a? > b2
Tinh chét 1.9. Véi moi a,b €R ta ¢6:

* la+bl<lal+1b|

* la—-bl<lal+1b|

e la+bl=lal+|blea.b>=0

* la—-b|=la|l+|ble a.b<0.

1.2 Mot s6 van de can lwu v Khi giai bai todn ve

bdt ding thitc

1.2 Dy dodn diu ‘=" xdy ra

“_»

Trong chiing minh bat déng thic, viéc du doan dau “=” xay ra khi
nao c6 y nghia rat quan trong. Trong mot s6 trudng hop, viéc du
doan dau “=” xay ra gitp dinh huéng tim 16i giai. Thong thuong, véi
cac bat dang thiic d6i xiing ba bién thi dang thic xay ra khi ba bién
bang nhau, véi cac bat dang thiic hoan vi thi déng thic ¢6 khi hai
bién bang nhau, véi cac bat dang thic c6 bién thudc doan [a;B] thi
déng thic xa ra khi ¢6 mét bién bang « hoic ,---
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6 Chuong 1. MOT SO VAN DE CO BAN VE BAT PANG THUC

Vidul.l

Cho céc sb thuc x,y,z > 0 thoa x + y + z < 3. Chiing minh rang

3 3 3
\/x2+;+‘/y2+ﬁ+\/22+2—2>6.

Loi giai. Ta du doan dau “="xayrakhix=y=2z=1.
. N N 3 A e A 2 2
Khix=1thix?=1va — =3 nén ta ap dung bat dang thauec AM-GM
x
cho 4 so ta dudc

Xt—S=x"t S+t +—5=

» 3 5, 1 1 1 4
x2 22 a2 x27 &

Tuong tu

2

3
y+—

y

4 .,
>—vaz‘+—>

Do do

2+3+ 2+3+ 2+3>2(1+1+1)> 18
x4+ — — 2+ =22 —=t—=t—=| > =
2 7T 22 NVERVAIRVEY MRV R VARV

Mat khac vx+/y+vz<y/3(x+y+2z)<3nén tacod

/ 3 / 3 / 3 _ 18
x2+;+ y2+ﬁ+ Z2+Z_2>§:6(dpcm)'
Vi du 1.2

Cho cac s6 thuc khong am «x,y,z d6i mot khac nhau. Chiing
minh ring

1 1 1

(xy+yz+zx) + + = 4.
TyETer x-y?2 (y-2? (z-x)?
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1.2. Mt sé van dé can luu y khi gidi bai todn vé bat dang thic T

Loi gidi. Vix,y,z>0 nén ta du doan dau “=” xay ra khi c¢6 mét sb
bang 0. Ta gia st z = min{x, y,z}, ta c6

+yz+zx > 1 > 1 a 1 > 1
x ztzx>xy, ——=>-—va —— > —.
Suy ra
1 1 1 1
VT > xy sttt :x—+f+zz_+t
(x=y)7 x* ¥ 129 x  t-2
y X

Véit:£+z>2.
y x
Ta chitng minh
1
t—2+t24©1+t2—2t>4t—8©t2—6t+9>O©(t—3)220.

Bat déng thic cubi ludn ding. Vay bai toan dude chitng minh.

. , : 3£v5
Déngth{xcxayrakhlz:Of+z:3©x: V5

y X
Vidul.3

Cho a,b,c >0 thoa a +4b + 9¢ = 6.Chiing minh ring

y, y>0. ]

1
a®+b3+c8 > —.
6
Lai giGi. Ap dung bat ddng thic C6 si cho ba sé thuc dudng ta cé
a® +x% + 13 > 3x%a hay a® + 2x > 3x%a.
Tuong tu: b3 +2y° > 3y2b, ¢3 + 223 > 3z%¢ v6i x,y,z 1a céac s6 thuc
duong.
Céng ba bat dang thiic trén theo vé ta c6 dudc:

a®+b03+c3+2(x® + 93 +2%) = 3(x%a + y%b + 2%¢).

Ta chon x,y,z sao cho

2 2
xZ:y—:z—:k23x:k,y:2k,z:3k.
4 9
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8  Chuong 1. MOT SO VAN DE CO BAN VE BAT PANG THUC

Ma
1 1 1 1
a+4b+9c=6=>k+8k+2Thk=62>k==-=2x=—-,y=—,2=—.
6 6 3 2
3,23, 3<1 e . s . 1 1 1
Suy ra a®+b°+c¢ 26.Dangthmxayrakh1a:6,bzg,c:é. |

1.2 K3 thudt chudn hida
« B4t dang thic thuan nhat: Bat déng thic c6 dang
f(ai,a9,-+.,ap)=>0(1)véia;eD .
Pudc goi 1a thuan nhat néu
f(kai,kas, - ., ka,)=f(a1,a9, - .,a,) V6imoi k€ D.

« Néu (1) 12 bat déng thic thuan nhét thi ta c6 thé gia st g(a1,a2, - .,an) =
0 v6i g(a1,az, - .,a,) 12 mot biéu thitc thuan nhat.

Vidu 1.4

Cho céc s6 thuc duong a,b, c. Chitng minh rang

a(b+c) b(c+a) cla+b) > 6

+ < -
b+cY+a?2 (c+a)+b2 (a+b)+c2 5

Loi gidi. Khong méat tinh tong quat, ta gia st a +b + ¢ = 3. Khi d6,
bat dang thitc can ching minh trd thanh

a3—-a) N bB-b) N c(3-¢) <6
B-a)2+a2 (B-b2+b2 (3-c)2+c2 5

Hay la
1 .\ 1 . 1 _
202—-6a+9 2b2-6b+9 2¢2-6¢+9
Ta tim danh gia

(1).

ol w

<m(a-1>+§ @).
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1.2. Mot sé van dé can luu y khi gidi bai todn vé bat dang thic 9

Ta tim m sao cho (2) diing véi moi a € (0;3) va dang thic xay ra khi
a =1. Ta bién ddi (2) nhu sau

1 L 1)>o@2“2_6“+4+5 @-1)>0
————F—+m(a— —————t+tom(a—
5 2a2-6a+9 - 202 —6a+9 -
2(a —2)
s@-1)|——"+5m|>0 3).
@D |52 6ar9 """ ®)
2(a —2)

Ta chon m sao cho phudng trinh 5 +5m =0conghiéma =1,

a?-6a+9
hay la

-——+6m=0 =—.
5 m <om 25

Khi do6 (3) tuong duong véi

(@a-1)

a—2 1 9 N
2%9®—6a+9 5 >0 (@-1)(2¢°-a-1)20(a-1)*(2a+1)>0.
a® —oa

Bat dang thic cubi hién nhién dung. Vay bai toan dude chiing minh.

|
Vidu 1.5

Cho cac sb thuc a,b,c. Ching minh ring

6(a+b+c)a?+b%+c?) < 27abc+10y/ (az +b2+ 02)3.

Loi gigi. Khong méat tinh tong quat, ta gia st a2+ b2+c¢2=9 va
la| >1b] > |c| . Khi @6 , bat dang thiic can ching minh tré thanh

2(a+b+c)<abc+10e 2(a+b+c)—abe <10.

Ap dung bét déng thic Cauchy — Schwarz ta cé

2(@+b+c)—abc=a(2-bc)+2(b+c) < \/[a2+(b+c)2].[(2—bc)2+4]

= \/(9 +2bc) (b2c? —4bc +8).
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10 Chuong 1. MOT SO VAN PE CO BAN VE BAT PANG THUC

Ta ching minh
(9+2b¢) (b2 —4bc +8) <100 © 2(bc)® +(be)® —20bc — 28 < 0

& (2bc—T)((be)® +4(be)+4) <0 o (2bc—T)(bc+2)2 <0 (4).
Vi
9:a2+b2+c2<3a2:>a2>3:>b2+02<6.

Suy ra 2bc—7 < b%2+¢?-7<-1<0 nén (4) diang. Vay bai toan dudc
ching minh. |

Vi du 1.6

Cho céc s6 thuc duong a,b, ¢ théa abe = 1. Chitng minh rang

1 N 1 N 1 <
a+b+1 b+c+1l c+a+1l

Loi gigi. Ta viét lai bat déng thic can chiing minh nhu sau
1 N 1 N 1 < 1
a+b+Vabe b+c+ Vabe c+a+\/3abc\\/3abc'

Hay la
1 1 1 1
<

+ + )
3+y3+xyz y3+23+xyz 23+x3+xyz  xyz

Véix=¥a, y=vb, z=¥c. Taco

x3+y3>xy(x+y):x3+y3+xyz>xy(x+y+z)

Do d6
1 1 z
< . .
w3 +y3+xyz  xyz x+y+z

Tuong tu:
1 1 X . 1 1 y
< . va < . .
y3+z234+xyz  xyz x+y+z 22 +x3+xyz  xyz x+y+z

Cong ba bat dang thic trén ta c6 dpem. |
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1.2. Mt sé van dé can luu y khi gidi bai todn vé bat dang thic 11

Vidu 1.7

Cho x,y,z>0 va x+y +z = 1. Chiing minh réng :

x?+y2+22 > 3%y + y22 + 2%x).

Loi giGi. Ta bién d6i bat dang thic can ching minh nhu sau
(x2 +y° +22)(x+y+z) > 3(x2y+y22+22x)

Hay

2+ y3+ 23+ 6%z + yPx + 2%y > 2 (x%y + y22 + 2%x) (5).

Ap dung bét déng thic AM-GM ta cé

3

3 +xy? > 2x%y; v+ y22 > 2y%2 va 23 + 2a2 > 22%x.

Cong ba bat dang thic trén ta c6 bat dang thitc (5). Vay bai toan

dudc chiing minh. |
1.2 ‘Baitdp

Bai tap 1.1. Cho a,b,c > 0.Ching minh:

abcla+b+c)+(@®+b%+ 02)2 >4/ 3(a2+ b2+ c2)abe.

Bai tap 1.2. Cho a,b,c > 0. Chitng minh rang:

(a+b+c)2+1 al+b3+c3 a?+b%2+c2 54
a2+b%2+¢2 2 abce ab+bc+cal”

Bai tap 1.3. Cho cac s6 thuc duong a,b,c. Chitng minh rang
T(@+b+c)ab+bec+ca)<9abe+2a+b+c).

Bai tap 1.4. Cho cac sb thuc duong a,b,c théa man a+b+c = 1.

Chiing minh rang

2 2 2
a b c
—+—+—23(a2+b2+02).
b c a

Nguyén Tat Thu



12 Chuong 1. MOT SO VAN PE CO BAN VE BAT PANG THUC

Bai tap 1.5. Cho cac sb thuc duong théa man Va2 + Vb2 + V2 = 3.
Chiing minh rang

a?+ b2+ > Vat+ Vot+ Vet

1.3 Hudng din, ddp so

Nguyén Tat Thu



Chuong 2
CAC BAT DANG THIUC O PITN

2.1 Bdt dang thitc AM-GM

Bat dang thiic AM - GM 1a bat déng thic c6 dién dude st dung

nhiéu trong cac bai toan ching minh bat déng thic. Ta biét trung
2 a1tag+---+ay,

A

binh cong cta nsd thuc ai,as,---,a, 12 sb -
binh nhan cta n sb6 d6 12 {aias---a, (véi diéu kién 1a yajaz-—-a,
ton tai). BAt dang thiic AM — GM cho ching ta danh gia giita trung
binh c6ng ctia cac s6 thuc khéng Am va trung binh nhan cta ching.
Cu thé nhu sau:

va trung

2.1 Bit dang thilc AM-GM

Pinh li 2.1. (BDT AM-GM) Cho n s6 thuc khong Gm a1, as, -+, an.

ta co
ayjtag+---+a
> Yati-az-a,
n
dang thicc xay ra khi a1 =ag=---=a,.

Chitng minh. C6 nhiéu cach dé ching minh bat dang thic AM —
GM, duéi day ta sé chiing minh bat déng thic AM—-GM bing phuong

phap quy nap.
Trudc hét ta ching minh bat dang thic AM —GM cho trudng hop



14 Chuong 2. CAC BAT PANG THUC CO PIEN

n =2. Tic 13, can chiing minh

ailtas
2

Zyai.ag
Bat dang thiic nay tuong dudng véi

a1 +as >2Vajas < (vVai—vaz) =0

Bat dang thiic cubi hién nhién ding. Pang thic xay ra khi a1 = as.
Tiép theo ta ching minh cho truong hop n = 4. Ttc 1a can ching

minh
aitagt+agtag

1 > Yai.a9.a3.a04
Ap dung truong hop n =2 ta c6
alt+ag
2 Z/ay.ag
va
ag+ayq
2 = \ag.ay
Do do
ai1+ag agtag
+
ai+ags+asg+ay P) 2 vaiag +/azay .
= > = 4/a1a90304

4 B 2 - 2
Nén truong hop n =4 dudc ching minh.
Tiép dén ta chiing minh trusng hdp n = 3, tic 1a chitng minh

a1 t+ag+as

3 > Yaq.as.a3
o a1 t+agt+ag ¢ < .
bat ay, = ——— . Ap dung cho truong hdop n =4 ta c6
ai1tagt+agtaq 4
1 = 1/01.09.03.04
Hay
a1 t+agt+as
a1+a2+a3+T></ ait+ag+as
ai.as.a3.————
4 - 3

Nguyén Tat Thu



2.1. Bat dang thiic AM-GM 15

Suy ra
ai1t+agt+as

3
(dpem). D& chitng minh cho trudng hdp tong quat ta chiing minh
theo hai buéc sau:
Buéc 1: Ta chiing minh bat dang thitc dung véi n = 2™
+) V6i m = 1, ta ¢6 n = 2nén bat dang thic ding véi m =1
+) Gia st bat dang thic ding véi n = 2™, ta chiing minh bat dang
thic dung véi n = 2™.

} \3/(11.(12.(13

Tuc la
a1+(12+"'+a2m—1+"'+an
> Yajag-a, (1)
n
bat
a1+a2+"'+a2m—1 azm—1+1+a2m—l+2+"'+a2m
xX= gm-1 LA gm-1

Theo gia thiét quy nap ta cé

-1 -1
x> " Vatagagm-1,y = ¥\ fQgm-1,1Qn

Ap dung cho trudng hop n =2 ta cé:

x+y
2

Z /Xy

Hay
aj+ag+ - +agm-1+agm-1,1+ - +a
1tas 2 gm-141 n

2m
Hay (1) dudc ching minh.
Budc 2: Ta chitng minh néu bat dang thiic dung véi n > 2 thi ciing
dting véi n—1
Gai st

m
> *Vaiaz--a,

Z Yaiaz---an
Ta ching minh

ayjt+ag+---+ap-1

> "Var.a2--an_1

n—-1

Nguyén Tat Thu



16 Chuong 2. CAC BAT PANG THUC CO PIEN

+ + oo + _ - 2 2
That vay: Dt a, = =22 @n-1 AP dung bat déng thitc C si

n—1

cho n so ta ¢o
ayit+tag+---+ay,

= {/aiaz--a,
n

Hay

aijt+ag+---+ap-1

artagte+= n—-1 n aijt+ag+---+ap-1
Z\/aiag--ap-1.=

n n—-1

Suy ra
a1+ag+-+an_1

— > "Var.a2--an_1

(dpcm). Tu hai budce trén ta c6 bat dang thic AM — GM dude chiing
minh. O

2.1 Cdché qud

Cho céc sb thuc duong a1,a9, - ,a,. Ta c6

1 1 1 n2

——|——+...+_>

ax az an aij+ag+:--.+a,
Pang thic xay ra khia; =as =--- = a,.

2.1 Cacvidu
Vidu 2.1
Cho a,b,c >0 thoa a2 + b2 + ¢2 = 3. Chitng minh ring
a? +b5+c° > 3.
Léi giGi. Ap dung bAt déng thic AM-GM ta ¢

a®+ad+1+1+1>3a? hay 2a° +3 > 3a2.

Tuong tu

Nguyén Tat Thu



2.1. Bat dang thiic AM-GM 17

2b°+3 > 3b2 va 2¢® +3 > 3¢
Coéng ba bat dang thiic trén ta cé dpem. |
Nhan xét 1. Ta c6 bai todn tong qudt nhu sau Cho a,b,c > 0 théa
man a+b+c =3 (hodc abc=1) va m,neN,m > n. Khi do
a+b"+c" =a” +b" + " (1).

Bét dang thiic (1) con ding khi m,n la cde sb hitu ti duong. Va ta c6
thé'tong qudt 3 bién thanh k bién.

Vi du 2.2

Cho a,b,c >0 thoéa ab + be + ca = 3. Chitng minh réng

a3+b3+c323.

Léi giGi. Ap dung bAt déng thic AM-GM ta ¢
a’+b3+1>3ab
b3+ce3+1>3bc

¢3+a®+1 > 3ca. Cong ba bat déng thic trén ta c6 dpem. |

Vidu 2.3

Cho cac sb thuc duong a,b,c. Ching minh ring
a* b4 ct a+b+c
+ + >

b2(c+a) c2(a+b) a?(b+c) 2

Léi giGi. Ap dung bAt déng thic AM-GM ta ¢

at b b c+a
——t—+—+
b2(c+a) 2 2 4

> 2a

hay
o

c+a
— 4+ b+ — > 2a.
b2(c+a) g 7

Tuong tu, ta cing co

Nguyén Tat Thu



18 Chuong 2. CAC BAT PANG THUC CO PIEN

bt ct

a+b . b+c
——4c+——>2bva
c2(a+b) 4

+a+
2b+co) T4

> 2c.

Cong ba bat dang thic trén theo vé ta c6 dpem.

Vidu 2.4

Cho a,b,c > 0. Chiing minh rang
2 2 3
(R e e
b+c c+a a+b

Lai gigi. Ap dung bat déng thic AM-GM ta ¢

b+c b+ec 3| (b+c)?

a+b+c=a+ >31/a YR
suy ra
3(2a 2 3a
b+c] T a+b+ec’

Ching minh tuong tu, ta ciing co

3 3b . 3( 2¢ \? 3¢
> va = .
a+b+c a+b a+b+ec

Coéng ba bat dang thiic trén theo vé ta cé dpem. |

Vi du 2.5

(BPT AM-GM suy réng) Cho a; >0 (i = 1,n) va cac sb hitu ti

n S
duong a; théoa man Y a; =1. Ching minh rang:
i=1

3(2b

c+a

n
a
Z a;a; > a‘fl.agz ceapn”.
i=1

Nguyén Tat Thu



2.1. Bat dang thiic AM-GM

19

£ 1~ - R A A .o
Lgi giai. Vi a; la cac so6 hitu ti duong va Y a; = 1 nén ton tai cac

i=1

2z k - Z 2
so nguyén duong N,kq,kse,---,k, sao cho a; = Nl Ap dung bat dang

thitc AM-GM cho N sb, ta c6

a1tar+octartotantantoota, L
n A % _ _

k1 sO kn s0 N N a
Zal.al = N 2a1 Y 2y :all.

Bat dang thic dudc ching minh.

Vi du 2.6

Cho cac sb thuc duong a1,a9,---,a,. Chiing minh ring

(1+ap)d+ag)--(1+a,) > (1+ Yar.az-—a,)".

Loi giai. Bt dang thic can ching minh tusng dudng véi

1 aias---an

n

+ <1
YA +a)d+ag) - (1+ay) (1+a)d+az)---(1+ay)

Ap dung bat déng thic AM-GM ta c6
1d 1 1d

VTa1)<— —
= nizzll+al nz’

1+al

Bai toan dudc ching minh.

Vi du 2.7

Cho a,b,c > 0. Chitng minh r:éng

a b c
+ +
b+c c+a a+b

(Bat déng thic Nesbit).

Loi giai. Bt dang thic can ching minh tusng dudng véi
a b c 9

+1|+ +1|+ +1| > =

(b +c ) (c +a ) (a +b ) 2

Nguyén Tat Thu
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Hay

(a+b+c) 1 + 1 + 1 >9 (1)

@ ¢ a+b b+c c+a) 2 '
Ta co

1 1 1 9 9
+ + = =
a+tb b+c c+a” a+b+b+c+ct+a 2(@+b+ce)

Nén (1) dung. [ |

Vi du 2.8

Cho céc sb thuc duong a,b,c théa a +b + ¢ = 1. Chitng minh
rang

1 1 + 1 + 1 >30
az+b2+c2 ab  be -

Lgi giai. Ta co:
a+b+c) 1
ab+bc+ca<;:—

3
1 N 1 N 1 9
ab be ca’ ab+bc+ca
1 1 9

+ + > =
a?+b2+c2 ab+bct+ca ab+bct+ca” (a+b+c)
Do d6 1 9

+
a?2+b2+c¢2 ab+bc+ca
1 1 1 7
= 2.2t + +
a‘+bs+c ab+bc+ca ab+bc+ca ab+bec+ca

VT >

=9+ —=30.

ORI RN

Ta c6 diéu phai ching minh. |

Vi du 2.9

Cho céc sb thuc duong «x,y,z théa mén : xy + yz + zx = 3.Chiing

minh rang:
1 4

+ Z
xyz (x+y)y+z)z+x)

DN | W

Nguyén Tat Thu
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Ldi giai. Ta co:

x(y+z)+yz+x)+z(x+y)

Vxyz(x+y)(y+2)(z +x) < 5 2.
Suy ra
4 o, XY2
(x+y)(y+z)(z+x)/ 2
Do do

VT 1 xyz 1 xyz 1

+ + + >1+
xyz 2 7 2xyz 2 2cyz

N W

1
2
Bai toan dudc chiung minh. |

Vi du 2.10

Cho céc sb thuc dudng a,b,c théa a +b + ¢ = 3. Chitng minh

rang
ab be ca

+ + <
vVe2+3 Va2+3 Vb2+3

N | o

Lgi giai. Ta co

3(ab+bc+ca)<(a+b+c)2:9:ab+bc+ca<3

Suy ra
1 1 1 1( 1 1
< = <o + .
VeZ+3 VeZvab+bet+eca Via+eo)b+ce) 2\la+tc b+c
Do do:
ab 1( ab ab)
<z +
Ve2+3 2\la+c b+c
Tuong tu:
be 1( be be . ca 1/ ca ca
<z + a <—( + )
a2+3 2\a+db a+b VbZ+s 2\b+a b+ec

Coéng ba bat dang thiic trén theo vé ta cé:
ab be ca
+ +
Ve2+3 VaZ+3 Vb2+3

1 3
<§(a+b+c):§.

Nguyén Tat Thu
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Vi du 2.11

(IMO 2001) Cho cac s thuc duong a,b,c. Ching minh rang

a? b2 c2

+ + >1.
vVa?+8bc Vb2+8ca Vc2+8ab

Loi giai. Goi P 1a vé trai cia bat dang thic can ching minh. Khong
mat tinh téng quat, ta gid stta+b+c=1.
Ap dung bét déng thic AM-GM ta c6 :

O a(a®+8bc)>3a e ——2 1a(a®+8bc) > 3a.
Va2 +8bc Va2+8bc Va2 +8bc
Tuong tu :
2b 2¢
——  +b(b%+8ca >38b; ——+c¢ c2 +8ab >3c
Vb2 +8ca ( ) V2 +8ab ( )

Céng ba bat dang thic trén lai véi nhau ta dude :
2P +a%+ b3 +c3 +24abce >3
Mat khac ta lai ¢6 :
1 :(a+b+c)3 :a3+b3+c3+3(a+b)(b+c)(c+a)>a3+b3+c3+24abc.
Suy ra :

2P >3~ (a®+b%+ ¢+ 24abc) >3-1=2=P > 1 dpcm.

Nguyén Tat Thu
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Vi du 2.12

(IMO 2005) Cho cac s6 thuc dudng x,y,z théa xyz > 1. Ching
minh ring

B x2 y5 — 42 25 52
I - e R s e
X°+y44+2z4 yo4zé4+x4 z2+x4+y

Lai gidi. Bat dang thiic caAn ching minh tuong duong véi

. B 52 y5 o2 55 _ 52

x5+ y2 422 2 +22 + 2 25 +xZ+y2

1 1 1
2, .2, .2
o x"+y“ +z + + <3 1).
(" ) XPy2+z2 yh4224u2 S +aZ+y2) =

Ta ¢o

xt 2x% + (y2+22)2 (x2+y2+z2)2

x5+y2+z22—+y2+222
yz

2
/3-

y2 +22 y2+22

Do do
1

x5+ y2 + 22

y2+22

3
<_
T2 (x2+y2+z2)2

Chiing minh tuong tu

1
2 +22 + a2

22 + 22 . 1 3 x2+y2
va = .
2 542442 S 9242442422

(x2 + 32 + 22) 2P+xc+ys " 2x°+y°+z

3
S5

Suy ra

1 1 1 3
5 2 2+ 5 2 2+5 2 2 N .2 2 2
X°+y44+2z4  yo4zé4+x zo2+x44y x4 +y“+z

Hay (1) dung. |

Nguyén Tat Thu
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Vi du 2.13

(IMO Shortlist 2009) Cho céc s6 thuc duong a,b,c thoa ab +
be + ca < 3abe. Ching minh réng

2 72 2, 2 2, 2
\/a o +\/b e +\/c ta +3<\/§(\/a+b+ b+c+ c+a).

a+b b+e c+a

Loi giai. Ta co

/z(a+b)2 a +b2 2ab
/2 =
(a+b)= \/ a+b a+b

\/a2 +b2 2ab
> + .
a+b a+b
Suy ra

2ab 2bc 2ca \/a +b2 \/b2+c2 \/02+a2
P> + + + X
a+bd b+e c+a a+b b+ec c+a

Mit khac ap dung bat dang thiic

1 1 1 2
x_2+37+z_2 (x+y+2) =27
ta suy ra
x+y+z>3\/§
Do d6
2ab+ 2bc 2ca 1
a+b brc c+a a+b) brc\ cra\’
( 2ab) +( 2bc) 1V 2ca
_3 3abc 3
B ab+bc+ca
Tu do, ta c6 dpem. |

Nguyén Tat Thu
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Vi du 2.14

(IMO 2012) Cho céc sé thuc duong as,as, - .,a, théa man
asas---.an = 1. Ching minh réng

(1+a9)’(1+as)d-- .(1+a,) >n".

Ldi giai. Ap dung bat dang thic AM-GM ta c6
k k
(1+ak)k = k—i1+k—il+”.+k—il+ak = (kli%.
Suy ra
22 33 44 n"
T2F o
Ta thiy khong c6 déng thiic xay ra. Vay bai toan dudc ching minh.

n
Vi du 2.15

(Moldova TST 2014) Cho cac sb thuc duong a,b,c théa man
abc = 1. Chiing minh réng

(1+a9)?.(1+a3)?’ -(L+ay)* > ajas---a, =n".

©

3 ab be ca
+

a®+b3+c

+ + >
a2+b2 b2+c2 c2+a27 2

Lai gidi. Bat dang thiic cAn ching minh tuong duong véi

2ab 2bc 2ca
0L2+b2+bz+cz+c2+a229 (1.
Ta c6 22 + y3 > x%y + y%x v6i moi x,y > 0 nén

c(a?+5?) . b(c?+a?) +a(b2+c2)

2(a®+b%+c%) +

a3+b3+c32

2 2 2
Suy ra
c(a?+b?%) 2ab b(c?+a?) 2bc a(b?+c?) 2ca
VT)> + + + + +3ab
(L) 2 a? + b2 2 b2 + c2 2 2ia2| o0
Bai toan dudc chiing minh. |

Nguyén Tat Thu
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Vi du 2.16

Cho cac sb thuc duong a,b,c. Chting minh rang

a’ b3 3 a+b+c

o -
a2+b2 b2+¢2 c2+4a27 2

Lgi giai. Ta co

a’ a(a®+b%) - ab? ab? b
= =a-—- zZa——.
a? + b2 a? + b2 a? + b2 2
Tuong tu
b° >b-<va i >e-2
——>b-—-va—5——5>c——.
b2 +c? 2 c2+a? 2
Cong cac bat dang thic trén theo vé ta c6 dpem. |

Vi du 2.17

Cho céc s6 thuc a,b,c théa abe <0 va a +b +¢ = 0. Chiing minh
rang:

12abc—8
a°%¢=° - 16,

1 1 1
(—+—+—)(1—ab—bc—ca)+—/
ab+bc+ca

a b ¢

Loi giai. Goi P 1a vé trai caa bat dang thiec.

bat m=-(ab+bc+ca),n=—-abc
Doa+b+c=0=2ab+bc+ca)=—(a?+b2+c?)<0=>m,n>0
Khi do:

_m(1+m)+12n+8

n m

P
Ap dung bat dang thiic Co sita cé:
m3+8n2+8n>12mn va m2+4n2 > 4mn

Nguyén Tat Thu
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Suy ra
m2+m?+12n2+8n > 16mn

Do dé: 1 197 +8
P:m( +m)+ n+ > 16

n m
Péng thic xay ra khi va chi khi m =2,n = 1, ticla a, b, c 12 ba nghiém
cta phuong trinh

-1

x3—2x+1:Oc»(x—l)(x2+x—1):0©x:l,x:

[\

2.1 ‘Baitdp
Bai tap 2.1. Cho cac s6 thuc duong a,b,c. Chiing minh rang

3 , L
1. (1+a)(1+b)(1+c)> (1+ \3/abc) . Hay tong quat héa 1én n bién
va ching minh.

1+

b
1+-—
C

9, (1+%) a+b+c).

Vabe

Loi giai. 1. Bat dang thtc can chiing minh tuong duong véi

(1+2)>2

3 1.11 3 abc
+ <1
A+a)A+b)1A+c) 1+a)@A+b)A+e)

o3 1.1.1 L3 abc
VA +a)1+b)(1+e) (1+a)(1+b)(1+c)

1 1 1 1 1 a b c
T< = + + + = + +
3|1+a 1+b 1l+c 3l1+a 1+b6 1+c¢
1[a+1 b+1 c+1 1
<= + + =-=3=1
3|1+a 1+b 1l+c 3

D4u dang thic xay rakhia=b=c¢>0.

Nguyén Tat Thu
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Bai tap 2.2. Cho cac s6 thuc a,b,c théa man a +b + ¢ = 1. Ching
minh ring
1+a)(1+b)(1+c)>=64abc.

Bai tap 2.3. Cho 27 s6 thuc duong ay,az, - .,an,b1,b2, -+ ,b,. Ching
minh ring

V(a1 +b1)(ag+bg)(an+by) > Yajaz--—a,+ Y/ biba--by,.

Bai tap 2.4. Cho 3n sb thuc duong ay,az, - ,an; b1,bs, -+ ,by; €1,C2,+ ,Cn.
Chiing minh rang

n n n n n
Hai+Hbi+Hci <H(a?+b?+c?)
i=1 i=1 i=1 i=1

Bai tap 2.5. Cho cac sb thuc duong a,b,c. Chiing minh rang
(@a+b+c)>ad+0%+c3+24abe.

Bai tap 2.6. Cho n s6 thuc duong ay,as, - ,a, va sb nguyén ducng
k. Ching minh rang

af+ak+---+ak >(a1+a2+-~-+an)k

=

n n

Bai tap 2.7. Cho a,b,c > 0. Chitng minh rang

1 N 1 N 1 S 1 N 1 N 1
a+3b b+3c c+3a  a+2b+c b+2c+a c+2a+b’

Bai tap 2.8. Cho a,b,c > 0. Chitng minh rang

1 1 1 27
+ + > .
ba+b) c(b+c) alc+a)” 2a+b+c)

Bai tap 2.9. Cho a,b,c¢ >0 théa man diéu kién a®b% +53¢3 + c3a® = 3.
Chiing minh rang:
a’+b"+c” > 3.

Nguyén Tat Thu
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Bai tap 2.10. Cho a,b,c > 0. Chitng minh rang

4 4 4

dtibiicts (a+2b) +(b+2c) +(c+2a) .
3 3 3

Bai tap 2.11. Cho céc sb thuc duong a,b,c. Chiing minh rang

a b c
<1.
a+\/(a—|-b)(a+c)+ b+\/(b+c)(b+a)+ c++vV(ic+a)c+b)

Bai tap 2.12. (Baltic Way 2014) Cho c4c s6 thuc duong a,b,c thoa

l+l+1:3. Ching minh rang
a b ¢
1 1 1 3
+ + < —.
Vad+b Vb3+ce Ved+a V2
1 1 1 4 1\? 1 1 1 3
HD:y <X ==X (—) 2 Z( ) N
vad+b Vovads V2 ¢ 4\/_ vz

Bai tap 2.13. (USA 2011) Véi a,b,c 14 cac s thuc duong thoa o +
b2 +c? +(a+b+c)? <4, ching minh rang

ab+1 bec+1 ca+1
5+ 5+ 223.
(a+b)* ((Bb+c)y (c+a)

2ab+a?+b%2+c2+ab+be+ca 3 (@+b)2+(c+a)(c+b)

HD:Taco 1> -
acoab+ 5 5

Bai tap 2.14. Cho céc s6 thuc duong a,b,c théa abc = 1. Chiing
minh ring

3, p8 b3 4 3 3443
{’/a 5 +3 zc +3 ¢ za +6<3(@+b+c).

HD: Bai toan nay c6 thé ching minh bang cach s dung danh

3/a3+b3 <0L2+b2
2 T a+b

gia sau:

Nguyén Tat Thu
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. 242 2ab
Chd § ring: —a+b- 2
a+b

a-+
Nhu vay ta phai chiing minh:

ab be ca

2 + +
a+b b+c c+a

+a+b+c>6

Ap dung bét déng thic AM-GM véi abe = 1,ta ¢6 ngay:

2ab a+b 2bc b+c 2ca c+a
+ + + + + =6
a+b 2 b+ec 2 c+a 2

Vay ta c6 iiéu phai ching minh.Pang thitc xay rakhia=b=c = 1.

Bai tap 2.15. Cho cac sb thuc duong a,b, ¢ théa man abe = 1. Chiing
minh bat déng thiic:

1 1 1 1

+ + <—.
VaZ+2b2+15 Vb2+2c2+15 VeZ+2a2+15 V2

Bai tap 2.16. Cho cac sb thuc duong x,y. Chiing minh rang

1 N 1
Va+3y /y+3x

Bai tap 2.17. (JBMO 2014) Cho cac s6 thuc duong a, b, ¢ théa man
abc = 1. Ching minh réng

e |<2

2 12
+(c+—) >3a+b+c+1).

1)2 ( 1
a+—| +|b+-
b c a

Lgi giai. Ta co
1 2
Y(e+3] =X

Ap dung Z% =YavaYab+Y%>2Y a.tacodpcm.
Cach 2: Ta c6

2+1+b>33 , 1 b g7 a? g7 a?-abc 3
a’+—5+—>3{/a?- =-—=3{/—= =3a.
b? ¢ b2 ¢ be be

Nguyén Tat Thu
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Tuong tu
1
b>+—+—>3b,
¢ a
va .
9 a
c™+ E + g > 3c
Két hop véi
a b sla b
—+—+=23\/-"—"— =3
C a
ta c6 dpcm. [

Bai tap 2.18. Cho cac sb6 thuc duong a,b théa man ab > 1. Ching
minh ring

a+2b+

2 2
)(b+2a+—)>16.
a+1 b+1

Loi giai. Taco b+2a+-—— b + a nén

)(b+2a+—)>(§+§a)(2+ib)

va
5 3 5 3 25 15 9
—+=all= —(@+b)+-ab>1
(2 za) (2 2b) 4 1 (a+b) 4ab 6
nén ta cé dpcm. |

Bai tap 2.19. Cho céc sb thuc duong a,b,c thda:

7—abc

Va2 +b2+Vb2+c2+Vc2+a2=
V2

Chiing minh rang:
a? b2 c? 3
+ + > —.
b+c c+a a+b” 2
Bai tap 2.20. (IMO Shortlist 2009) Cho céc s6 thuc duong a,b,c

1 1 1 N
théaa+b+c= _+Z+_' Ching minh rang
a C

1 1 1 3

+ + < —.
2a+b+c)? @2b+c+a)® (Q2c+a+b)® 16

Nguyén Tat Thu
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Bai tap 2.21. Cho céac s6 thuc duong a,b,c. Tim gia tri nho nhat
ctia biéu thic

R e e e 12

Bai tap 2.22. Cho a,b,c 1a céc sb thuc duong théa man:

Va3 +b3+ Vb3 +¢3+Ve3+ad+abe=3.

Chiing minh rang gia tri nhé nhét cta biéu thic:

a’ b3 e3

P= + +
b2+¢2 c2+a?2 a?+02

bing 2% trong d6 m 14 nghiém ctia phuong trinh #3 + 54¢ — 162 = 0.

V2
Bai tap 2.23. (VN TST 2010) Cho cac s6 thuc duong a,b,c thoa

1 1 1 N
man 16(a+b+c)> —+ 3 + —. Ching minh rang
a C

1 1 1
+ + <
(a+b+v2(a+c))3 (b+c+\/2(b+a))3 (c+a+\/2(c+b))3

Bai tap 2.24. (USA TST 2010) Cho cac s6 thuc duong a,b,c théa
mén abc = 1. Chiing minh réng

1 1 1
+ + ==
a®(b+2c)? b2(c+2a)2 cda+2b)2 7 3

©| o

=

2.2 Bit dang thitc Cauchy-Schwarz

2.2 ‘Bdt ding thitc Cauchy-Schwarz dang da thitc
Dinh li 2.2. Cho 2n sé thuc ai,as,-,a,,b1,bs,--,b,. Khi dé, ta cé
(@2 +a%+---+a2) (B2 +b2+---+b2) = (a1b1 +agba +--+a,by).

Dang thic xdy ra khi a; = kb; véi moi i =1,2,--- ,n.

Nguyén Tat Thu
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Chitng minh. Néu a; = 0 Vi = 1,n thi bat dang thic hién nhién
dang.

. n
Néu ¥ a?>0, ta xét tam thic
1=1

o= (za%
i=1

x2 —2(2 ai.bi)x+ Z blz
i=1 i=1

Ta co
n

f(x)=) (aix—b;)>> VxeR
=1

Do do

<0

o (Bn) (B 5

Hay bat dang thitc dudc ching minh.
Pang thic xay ra khi ajx—b; =0 © a; = k.b;. O

2.2 Bit dang thitc Cauchy-Schwarz dang phin thic

Pinh 11 2.3. Chocdc n sb thuc a1,as, - an, va n sé thuc duong b1,ba, -, by,.
Khi do, ta co

a%+a§+ +a% (@1+ag+---+an)?

bl b2 bn/ bl+b2+---+bn '
2 L N < S a
Pang thuc xay ra khi va chikhi —=-2=...= 2,
by by by

Chitng minh. Ap dung bat ding thic Cauchy-Schwarz dang da
thic ta co

B (857 <[ (23

i=1 i=1 i=1
Hay
9 9 2 2
ai Qg a, _(a1+tag+--+ap)
— =4+ = dpcm
b, by b, > bitbst . tb, ‘dpem)
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2.2 Cdcvidu

Vi du 2.18

(Bat dang thiuec Mincopski) Cho cic 2n sb thuc
a1,a9, - ,an,b1,b9, -+ ,b,. Ching minh rang

\/a§+a§+~-~+a%+\/b§+b§+~-+b%2\/(a1+b1)2+(a2+b2)2+~-~+(an+bn)2.

Loi giai. Binh phuong hai vé va rut gon, ta ¢

\/(a%+a§+---+a%) (62+ b2+ +b2) > (a1b1 +agba +--+ayby).

Pay chinh 14 bat dang thic Cauchy-Schwarz dang da thic. Pang
thic xay ra khi a; = kb;. [ ]

Vi du 2.19
Cho céc s6 thuc duong a,b, c. Chitng minh rang

(@®+1) (6% +1)(c®+1) = (@+b)(b+c)(c+a).

Léi giGi. Ap dung bAt ddng thic Cauchy — Schwarz ta ¢6
(@®+1) (8% +1) = (a®+1) (1+52) = (@ + b)*.
Tuong tu, ta cing co

(62+1)(c2+1) = (b +¢)?, (c2+1) (a®?+1) = (a+c)?

Nhan ba b4t dang thiic trén theo vé ta dudc
(@®+1) (8% +1) (c*+1) = (a+b)(b+c)(c+a).

Pang thic xay rakhia=b=c=1. [
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Vi du 2.20

Cho a,b,c >0 théa man a +b + ¢ = 1. Chitng minh rang

1 1 1
\/a2+ﬁ+\/b2+c—2+\/c2+;>\/8_2

Lai giGi. Ap dung bat ddng thic Cauchy — Schwarz ta c6

1\/(1 a 3)\2
2
(a +ﬁ)(§+9)>(§+5)

hay

e rs 3 (E N §)
b2~ /823 b)
Tuong tu, ta cing co

1 3 (b 3) . 1 3 (¢ 3
b2+ =>—|-+—|va/?+=S>—|=+—].
c2” /82\3 ¢ a? 8213 a

Cong ba bat dang thic theo vé ta c6

1 1 1 3
2 2 2
\/a +ﬁ+\/b +§+\/C +¥>~/82

.1 1 1 9
Laico —+—+->
a b ¢ a+b+e

1 1 1 3 (1
24— 44 /b2+—+ 2+—>—(—+27):\/82.
\/a b2 \/ c? \/c a2” /823

: ) 1
Pang thuc xay ra kh1a=b=C=§. [

Vi du 2.21

Cho céc sb thuc dudng a, b, c théa man a+b+c = 3. Chiing minh

a+b+ec
3

=9 nén ta suy ra dudc
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rang

1 N 1 N 1
a?+2 b%2+2 c2+2)

2(a®+b%+c?)+3>9

Lai giGi. Ap dung bat ddng thic Cauchy — Schwarz ta c6

(@®+6%2+1)(1+1+c®) > (a+b+c)* =9

hay la
2, 22
a“+b +1>c2+2'
Tuong tu
9
b2+c?+1>——vacl+a?+1>——.
a?+2 bZ+2
Cong cac bat dang thic trén theo vé, ta dugc
1 1 1
2(a?+b%2+c%)+3>9 + + .
(@ <) a’?+2 b%2+2 c2+2
Pang thic xay rakhia=b=c=1. [

Vi du 2.22
11

p 1
Cho cac so thuc duong a,b,c théa man a+b+c = _+Z + -
a C
Chiing minh rang

\/a2+1+\/b2+1+\/c2+1<\/§(a+b+c).

Léi giGi. Ap dung bAt ddng thitc Cauchy — Schwarz ta c6

1 1 1
VaZ+1+Vb2+1+Ve2+1=vana+=+Vb. b+5+\/5. c+-
a C
1 1 1
<\/(a+b+c)(a+—+b+—+c+—):\/§(a+b+c).
a b c
Pang thic xay rakhia=b=c=1. [
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2.2. Bat dang thicc Cauchy-Schwarz 37

Vi du 2.23

Cho a,b,c >0 va a+b +c=1. Chitng minh réng

aVa2+8bc+bVb2+8ca+cVe?+8ab<1.

Léi giGi. Ap dung bAt ddng thitc Cauchy — Schwarz ta c6
VT =+va.Va3+8abc+Vb. Vb3 +8abe++vc.V 3 +8abe

g\/(a+b+c)(a3+b3+c3+24abc).

Mat khac
(a+b+c)3:a3+b3+03+3(a+b)(b+c)(c+a)>a3+b3+03+24abc

Suy ra

VT<\Aa+b+CKa+b+w3:m+b+cF:1.

C . . P L . 1
Bai toan dudc chiing minh. Pang thic xay ra khia=b=c= 3 [

Vi du 2.24

Cho cac sb thuc duong a,b,c. Chiing minh ring

\/a+b \/b+c \/c+a

Léi giGi. Ap dung bAt ddng thic Cauchy — Schwarz ta c6

2

) 2 o Vhra—2 Verh ) —C&
T _(\/a+c (a+b)(a+c) (b+c)b+a) (c+a)(C+b))
a b ¢
gz(a+b+c)((a+b)(a+0)+(b+a)(b+0)+(C+a)(c+b))

_4(a+b+c)lab+bc+cal
 (a+b)(b+c)c+a)
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Do d6, ta chi can chiing minh

4(a+b+c)(ab+bc+ca)<9 (a+b+c)(ab+bc+ca)<9

(@a+b)(b+c)c+a) 2 (@a+b)(b+c)c+a) 8

Pay 1a mot két qua quen thudc. |

Vi du 2.25

Cho cac s6 thuc a,b,c¢ >0 théa man a + b + ¢ = 3. Chiing minh

rang
a? b2 c2

+ + = 1.
a+2b2 b+2c2 c+2a?

Li giGi. Goi P 1a vé trai caa bat déng thic can ching minh. Ap
dung bat déng thiic Cauchy — Schwarz ta c6

) o . bt . A

a3 +2a2b2  b3+2b2¢2 3 +2¢2a2

N (a®+b2+ 02)2
~ a3+ b3+¢3+2(a2b2 +b2c? + c2a?)’
V6ia+b+c=3taco
(a4 +b%+ 04) (a2 +b24 cz) > (a3 +b3 4+ 03]2
(a3+b3+c3)(a+b+c)> (a2+b2+02)2
3(a®2+b%+c?) = (a+b+c)
Nhan ba bat dang thiic trén theo vé ta dudc

3(a4+b4+c3)>(a+b+c)(a3+b3+03)
Hay a*+b*+c¢* > a®+ b3 +¢3. Do d6
(a2+b2+02)2:a4+b4+c4++2(a262+b202+02a2)
2a3+b3+c3+2(azb2+b2cz+c2 2).

Vay P > 1. Pang thitc xay rakhia=b=c=1. [

Nguyén Tat Thu



2.2. Bat dang thicc Cauchy-Schwarz 39

Vi du 2.26

Cho a,b,c > 0 théa a +b + ¢ = 2. Chitng minh rang:

a b c

+ + <1
vV4da+3bc V4b+3ca V4c+3ab

BN .

Léi giGi. Ap dung bat ddng thic Cauchy — Schwarz ta c6:

a b c b

c

2
+ + ) <(a+b+c)(
V4a+3bc V4b+3ca V4c+3ab

a N b N c )
4a+3bc 4b+3ca 4c+3ab)’
Ta ching minh:

a N b N c
4a +3bc 4b+3ca 4c+3ab

1
<=
2

—

be ca ab
= + + > =
40 +3bc 4b+3ca 4c+3ab” 3

(%)

Ta co
(ab +be + ca)?

VT(x)>
(%) > 3 Ga T bo) + caldb + ca) T abldc 1 ab)

Do
bc(4da+be)+ca(db +ca)+ab(4c+ab)=3(ab +bc + ca)2.

1 °
Neén ta co: VT'(x) > 3 (dpcm). Pang thic xay ra khi va chi khia=56=

2
c=—. [ ]
3

Vi du 2.27

Cho cac sb thuc duong a,b,c. Ching minh rang:

2 b \2 2 3
(aib) - b+c) +(cf-a) 21’
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NP bca A LA .4
Loi giai. Vi o 1 nén ton tai cac so thuc duong x,y,z sao cho
abec
b yz ¢ zx a xy
a x2°b y2 ¢ 22

Bat déng thic can chiing minh tré thanh

4 4 4
x z
+ 4 =

2/

| oo

(x2+ yz)2 (y2+ zx)z (22 +xy)
Ap dung bat déng thic Cauchy — Schwarz ta c6

x4 y4 24 . (x2 +y2 +22)2

gt 2 27 2 2 2
(x2+yz)" (y2+2x)" (22+xy)”  (2+yz)"+(y2+2x)" + (22 +xy)
Ta chitng minh

(22 + 52 +z2)2

W~ o

(62 +y2)° + (y2 +2x)° + (22 +xy)° g

Bién d6i va rut gon ta thu dudc bat dang thic

xt+yt+ 24+ 5 (2% + y22% + 2%0%) > 6xyz(x +y +2) (%).
Ta c6
xt +y4 +24 > x2y2 +y222 + 2252 Zayz(x+y+2).
Nén suy ra (x) dung. Vay bai toan dudc chitng minh. |

Vi du 2.28

Cho cac sb thuc x,y,z > 0. Ching minh rang

x+y y+z z+x

< 3.

+
Va2+yZ+zx+zy Vy2+z22+xy+xz 22 +x2+yz+ay

Léi giGi. Ap dung bAt ddng thic Cauchy — Schwarz ta ¢6

(x +y)? (y+2)2 (z +x)?

2
VI"S3| 55 2. .2 21,2 :
X4+ y +zx+yz yi+zi+xy+xz zé+xc4zy+yx
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2.2. Bat dang thicc Cauchy-Schwarz 41

Mat khac

(x +y)? (x +y)? x? y? x y
= < + = +
2+y2+za+yz x(x+2)+y(y+z) x(x+z) yy+z) x+z y+z

Tuong tu

2 2
+ +
(y+2) <Y L 2w (z+x) PO
y2+22+xy+xz  y+x z+x 22+x2+zy+yx  z+y x+y
Suyra VT2 <9 e VT <3, ti day ta c6 dpem. |

Vi du 2.29

(VQB Can Cho cac sb6 thuc duong a,b,c théa mén a+b+c=6
va a? + b2 + ¢2 = 14. Ching minh rang

4a+b 31
< < —.

~ X
c 2

Loi giai. Ta co
4a+b
C

>20-4a-b6+2c<03a+6b+9%c<T(a+b+c)=42 (1).

Ap dung bét déng thic Cauchy — Schwarz ta c6

3a+6b+9c < /(32 +62+92) (a2 + b2+ c?) = 42.
Suy ra (1) ding. Pang thitc xay rakhia=1,b=2,¢=3.
Tuong tu

4a+b 31
a <5 ©8a+2b-3lc <0 57a+51b+18c <49(a+b+c) =294

(2).

c

Ap dung bat déng thic Cauchy — Schwarz ta c6

57a+51b +18c < \/(572 +512+18%) (a? + b2+ ¢2) =294

. 2 s . 19 17
Hay (2) dudc ching minh. Pang thic xay ra khi a = 7,19 ==
6
5 u
7
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2.2 ‘Baitdp
Bai tap 2.25. Cho céc s6 thuc duong a,b,c théa a?+b%+c? = 3.
Chiing minh rang:

a’ b3 3
+ + > 1.
b+2¢c c+2a a+2b

Bai tap 2.26. Cho céc s6 thuc duong a,b,c c6 tich bang 1. Chiing
minh ring:

1 1 1
+ + < 1.
ad+b3+1 b3+c3+1 c3+ad3+1

Bai tap 2.27. Cho céc s6 thuc duong x,y,z théa x+y+2z < 2. Tim gia

tri nhoé nhéat:
1 1 1
P=[4x2+ — +1[4y%+ — +[42% + .
x y z

2 2
x“+xy+y* =16 . N
Iy . Ching minh rang:

Bai tap 2.28. Cho x,y thda { 9 9
y +yz+2z4=3

xy+yz+zx <8.
Bai tap 2.29. Cho a,b > 0. Chiing minh rang:
(4va+3V5)(3va+4vb) < 25(a+b).

Bai tap 2.30. Cho a, b, ¢ 1a c4c s6 thuc duong théa: a® + b2 +c2 > 3.
Chiing minh rang:
a3 b3 3

+ + >1.
Vo2 +c2+7 Ve2+a2+T7 Va2+b2+7

Bai tap 2.31. Cho céac s6 thuc duong a,b,c ¢6 tong bang 3. Chiing
minh ring:

[t

1 1 1
+ + <=
4a2+b2+c2 a?2+4b%2+c?2 a2+b2+4¢2 "2
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Bai tap 2.32. Cho cic sb thuc duong a, b, ¢. Chitng minh rang:

a? b2 c?
< —.
(2a +b)(2a + ¢) * (26 +a)(2b +¢) * (2c+a)2c+b) 3

—

Bai tap 2.33. Cho ba s6 thuc duong a, b, ¢ théa man a+b +c = 3.

Chiing minh rang:
a? b2 c2
+ + > 1.
a+2b%2 b+2¢2 c+2a?

Bai tap 2.34. Cho céc sb thuc x,y,z > 0. Chitng minh rang:

+ + +
x+y y+z zZ+Xx <3

~X
VaZ+y2tzx+zy Vyr+z2+xy+xz 22 +xl+yz+xy

Bai tap 2.35. Cho ba s thuc dudng x,y,z théa man x +y +z = 3.
Chiing minh rang:

4x+5 4y+5 4z+5 162
w3 +xy2+3xyz  y3+y22+3xyz  23+zx2+3xyz  x2+y2+22+27

Bai tap 2.36. Cho a,b,c >0 théa man a +b+c = 1. Chitng minh rang

2 b2 CZ

=

4 + + ==
b+2c)@+b) (c+2a)%b+c) (a+2b)%(c+a) 2

Bai tap 2.37. Cho a,b,c >0 théa man a? + b2 + ¢ < 3. Chitng minh
rang:

a b c 2
+ + >—(@a+b+ec).
Vb+e Ve+ta Va+bdb o2

Bai tap 2.38. Cho a,b,c >0 théa abc = 1. Chitng minh rang

b+c+c+a+a+b
va  vb o Ve
Bai tap 2.39. Cho a,b,c € (1;2). Chiing minh rang

>Va+Vb++ec+3.

bva + evb + aye >1
4b\/c—cva 4cv/a—-aVdb 4a\/5—b\/5/ '
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Bai tap 2.40. Cho a,b,c >0 théa man a+b+c = 1. Chiing minh rang

a?+b b%2+c c%+a
+ +
b+c c+a a+b

= 2.

Bai tap 2.41. Cho a,b,c > 0. Chitng minh rang

a+b a +b+c b +c+a c
b+c 2a+b+c c+a 2b+c+a a+b 2c+a+b

3
>2

4
Bai tap 2.42. Cho a,b,c > 0. Chitng minh rang

a’ N b3 N e3 3(ab+bc+ca)
b2—be+c2 c2-ca+a? c2-ca+a?2”  a+b+c

Bai tap 2.43. Cho a,b,c > 0. Chitng minh rang

ab N be N ca a+b+ec
a+b+2c b+c+2a c+a+2b 4

Bai tap 2.44. Cho a,b,c > 0. Chitng minh rang

a b c
<1.
0L+\/(a+b)(a+c)+ b+\/(b+c)(b+a)+ c+v(c+a)c+b)

Bai tap 2.45. Cho x,y,z > —1. Chting minh rang

1+ 2 1+ y2 1+22
+ + < 2.
1+y+22 14z+422 1+x+y2

Bai tap 2.46. Cho a,b,c > 0. Chitng minh rang
(a2+2) (b2+2) (cz+2) >9(ab+bc+ca).

Bai tap 2.47. Cho a,b,c > 0. Chitng minh rang

a’ N b3 N 3 < 1
(2a% +b2%) (2a% +c2) (2b2+c2?)(2b%2+a?) (2¢2+a?)(2c2+b2) Sa+b+c

Bai tap 2.48. Cho a,b,c >0 théa man a? + b2 + ¢2 = 3. Chitng minh

rang
1 1 1

+ + >
2—-a 2-b 2-c¢
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Bai tap 2.49. Cho a,b,c > 0. Chitng minh rang

a N b N c
4a+4b+c 4b+4c+a 4c+4a+b

1
< -,
3
Bai tap 2.50. Cho x,y,z >0 théa man xyz = 1. Chting minh rang

1 N 1 N 1
1+x+x2 1+y+y2 1+z+227 7

Bai tap 2.51. Cho x,y,z >0 théa man xyz = 8. Chting minh rang

x2 y2 22

+ + > 1.
x2+2x+4 y2+2y+4 22+2z+4

Bai tap 2.52. Cho cac sb thuc x,y,z # 1 va xyz = 1. Chiing minh rang
2 2
95 ) e
x—1 y—1

z—-1
2.3 Bdt dang thitc Schur

2

2.3 ‘Bdt ding thitc Schur

Dinh li 2.4. Cho cdc s6 thuc khéng am x,y,z va sé thuc duong r. Khi
do, ta cé bat dang thitc sau

x(x—y)x-2)+y (y—x)y—2)+2 (z-x)z-y) > 0.
Dang thiic xdy ra khi a =b =c hodc ¢ =0,a = b va cdc hodn vi.
Chitng minh. Vi bt ding thic can ching minh 1a d6i xing ba
bién nén ta gid st x >y >z, khi d6 2"(z —x)(z —y) >0 va
X (x—y)x—2)+y (y—2)(y—2) = (x—y) (" (y —2) = y" (y — 2)) = (x—y)(y—2)x"—y") > 0.
Tu hai bat dang thic trén ta suy ra dpem. O
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2.3 Cdc truong hop dac biét
e Xét r=1ta co cac dang sau

1. 2+ 3 +28 +3xyz > xy(x + y) + yz(y + 2) + 2x(2 + x)

4a®+b3+c®)+15abe > (a+b+c)?

Ixyz > 2(xy +yz +2x)
— 2> 2(x zZ+zx
x+y+z yry

2.
3. xyz>2(x+y—2z)y+z—x)z+x—y)

4. > +y%+2%+

5. (x+y+2)°+9%xyz >4(x+y+2z)xy+yz +2x)
* r=2ta c6 cac dang sau

1. x*+yt+zt+xyz(e+y+2) > xy(x® +y2) + yz(y2 +22) + 2x(2% + x2)

2

2. 6xyz(x+y+2) > [20xy +yz+2x0)— (2 +y2 +2H)]| (22 +y2 +22 +

xy+yz+zx).

2.3 Bit dang thitc Schur suy rong

Pinh 1i 2.5. Cho cdc s thuc duong a,b,c,x,v,z sao cho cdc bé (a,b,c)
va (x,v,2) la cde bo don diéu. Khi do, ta cé bat dang thic

alx—y)x—2z2)+b(y—z)(y—x)+c(z—x)z—y)=>0.

Viéc chiing minh bat dang thic nay tuong tu nhu ching minh
bat dang thic Schur 6 trén.

2.3 Cacvidu

Vi du 2.30

Cho céc s6 thuc khong 4m a,b,c. Ching minh ring
(a+b)? (b+c)? (c+a)®
> 2V2.
\/ab(4a+4b+c)+\/bc(4b+4c+a)+\/ca(4c+4a+b) vE
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Loi giai. Goi P 1a vé trai cia bat dang thic can ching minh. Khong
mét tinh téng quat, ta gia st a +b +c = 3. Ap dung bat ddng thic
AM-GM ta c¢6

\/ (@+b)? \/ (@+b) abda+4b+c) 1

> — b
8ab(da+4b+c)  \ Bab(da+4b+c) 27 5atd)
Suy ra
(@a+b)? ab(da+4b+c) _ 1
> — .
\/Sab(4a +4b+c) " 54 - 4(a +0)
Tuong tu
(b+c)? be(4b+4c+a) _ 1
> —
\/8bc(4b Tdcra) 54 > 40+
va
(c+a)d ca(dc+4a+b) 1
+ > —(c+a).
8ca(4c +4a +b) 54 4
Coéng ba bat dang thiic trén ta ¢
1 P+A>B
2v2 -
V61
1
A= =1 [ab(4da +4b +c)+be(4b +4c +a)+ca(dec+4a +b)]
1
= §[4ab(a +b)+4be(b+c)+4calc+a)+3abe]
—i[4( +b+c)ab+be+ca)-9ab ]<i( +b+ )3—1
—54 a c)a cCT+ca ac\54a C —2.
va 1 3
B=-2(@+b+c)=—-.
4 2
Suy ra
1 3 1
— P>Z_--=1=>P>2V2.
22 2 2
Bai toan dudc ching minh. |
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Vi du 2.31

(APMO 2004) Cho cac sb thuc duong a,b,c. Chiing minh réng

(@ +2)(b% +2)(c® +2) > 9(ab + be + ca).

Loi gigi. Ta c6
VT =a?b%c? +2(a?b? + b2c% + c2a®) + 4(a® + b2 + %) + 8.
Mait khac

a?b?+b%2c2 +c2a?+3=a?b2 +1+0%c2+1+c%a®+1 >2(ab+bc+ca)

va
3ab
a2b2c® +2=a2b2c2+1+1>3Va2b2c2 = 3a_c
abce
9ab
> _22%C S 9(ab +be+ca)— (a2 +b2 +c2).
a+b+ec
Suy ra

VT >2ab+bc+ca)—(a®+b%+c2)+2.2(ab +bc +ca) +4(a® + b2 + c2)

=6(ab+bc+ca)+3(a®+b%+c?) > 6(ab+be+ca)+3(ab+be+ca) > HNab+be+ca).

Bai toan dudc ching minh. [ |

Vi du 2.32

(VMO 2014) Cho a, b, ¢ > 0. Chting minh ring
32 +b2+cH > P >(a+b+c),

véi P =(a+b+c)Vab+Vbc+yeca)+(@-b)2+((b-c)+(c-a)
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Ldi giai. Ta c6
3a2+b%+cA) > P oa+b+e>Vab+Vbe+ea.

Bat dang thiic nay 1a két qua quen thudc.
Pit x = va, y = Vb, z = ve. Khi d6, bat dang thiic

g@>(a+b+C)2@Zx4+xyzzx+zxy(x2+y2)>4Zx2y2 (1)
St dung bat dang thic Schur (véi trudng hop r = 2) ta c6
Yattayz) x> Yy +y?)

do d6
VT1) =2 xy(x®+y%) >2.) xy2xy=4) x%y2

Hay (1) dudc ching minh. |

Vi du 2.33

Cho a,b,c > 0. Chitng minh rang

a?+be b2+ ca cZ+ab 1 1

1
a2(b+c)+b2(c+a)+cz(a+b)/a+g+c'

Ldi giai. Ta c6
a?+bc _1_a2+bc—a(b+c)_(a—b)(a—c)
a2(b+c¢) a a2(b +c)  a?(b+eo)

Do d6, bat dang thic can chiing minh tuong duong véi

x(a-b)a—-c)+yb-c)b-a)+z(c—a)c—-b)=0 1).
1 1 1
V61 x = = = .
1y a2(b+c)’y b2(c+a)’z c2(a+0b) s
e . , 1 1 ab(b—a)+c(b®—a”)
Gia su b t - = 0
lasta=>06=>c, taco a2(b+c) b2(c+a) a?b2(b+c)c+a) g
hay x < y.
Do dé, bé (x,y,2z) 1a bé don diéu giam. Do d6, theo bat dang thic
Schur suy rong, ta cé6 (1) dung. |
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2.3 ‘Baitdp

Bai tap 2.53. (Hello IMO 2007- Tran Nam Dung) Ching minh
rang v6i moi a,b,c¢ > 0,ta cé:

2a?+b%2+c%)+abc+8>5(a+b+ec).

HD: St dung bat dang thic AM-GM,ta c6:

12(a? + b2+ c?) + 6abc +48-30(a + b +¢)

=12 +b%2+c%)+3Q2abc+1)+45-5.2.3(a+b +c¢)
>12(a2+ b2+ 2 +9Va2b2c2+45-5.(a +b+¢)2 +9)
=7(a?+b%2+c2)+ 9abe —10(ab +bc+ca)

Vabe
>Ta?+b%2+ce2)+ —10(ab + bc +ca)
a+b+c
Mat khac st dung bat dang thic Schur,
9
a+b+c

Do d6
Ta?+b%2+c2)+ ! —10(ab + bc +ca)
> T(a?+b%+c2)+6(ab 3— be+ca)—3@2+b2+c¢2)—10(ab + be +ca)
=4(a®+b%2+c2—ab-bc—ca)>0.

Bat dang thiic dudc chitng minh.

24(ab+bc+ca)—(a+b+c)2:2(ab+bc+ca)—(a2+b2+02)

Bai tap 2.54. Cho cac sb thuc duong a,b,c théa man abc = 1. Chiing
minh ring

1 1
a—2+ﬁ+z+3>2(a+b+(f).
I-ID:I 1 1
Patx=—, y= e Bat dang thiic can chiing minh tré thanh
a C
2

@(x+y+z)(x2+y2+zz+3)22(x+y+z)(xy+yz+zx)

Hay

x3+y3+z3+3(x+y+z)2x2(y+z)+y2(z+x)+z2(x+y)+6 1).
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Ta c6

x3+y3+23+3(x+y+z) >x3+y3+23+9 :x3+y3+23+3xyz+6 >VP(1).
Vay bai toan dudc chiing minh.

Bai tap 2.55. Cho a,b,c > 0. Chitng minh rang

a2+bc+b2+ca+cz+ab
b+c c+a a+b

>a+b+e.

Bai tap 2.56. Cho a,b,c > 0. Chitng minh rang

a®+b3+c2+3abe>abV2a2+b2)+beV2b2 +c2) + caV2(c2 +a?).

Bai tap 2.57. (Iran 1996) Cho céc s6 thuc duong x,y,z. Ching
minh ring

1 N 1 N 1
x+y)2 (y+2)2 (z+x)?

9
(xy+yz+zx)( 21.

2.4 Hudng ddn, dap so

2.5 ‘Tai liéu tham Khdo

1. V6 Qubc Ba Cén, Tran Quéc Anh, Stt dung bat dang thic AM-GM
dé chiing minh bat dang thitc, NXB PHSP.

2. V6 Quéc Ba Cén, Tran Qubc Anh, St dung bat déng thic Cauchy-
Schwarz dé chiing minh bat dang thic, NXB PHSP.

3. Tuyén tap cac dé thi HSGQG THPT tit ndm 1990-2006, NXBGD
4. Céc chuyén de trén mang va cac 19i giai va binh luan dé thi VMO,
VN TST ctia Thay Tran Nam Diing cht bién.
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