Chuyén dé 1: RUT GON VA TINH GIA TRI CUA BIEU THUC

RUT GON BIEU THUC PAI SO

D€ rut gon biéu thirc ta thwong thuc hién cac budc sau:

o Dadt diéu kién d€ biéu thic c6 nghia. Luu y:
Ja cdnghia < a>0;

%Cénghia <b=0;

1 /4 ~ \
——  cOnghia ©@a>0,b>0 va a=b.
NPEN R

e Van dung cac phép toan dodi vdi da thire, phan thire, th tu thuc
hién cac phép tinh, cic hang dang thitc dang nho, ...

I. RUT GON PHAN THUC HUU TI
Phuwong phap: Phan tich t& thitc vd mau thikc thanh nhan t, roi rat gon
nhan t& chung (luu y phai dat diéu kién cho mau thiee khac 0).
Vi du 1: Rat gon biéu thiec:
x*—x®—2x—4
2x* —3x> +2x% —6x—4

Loi giai:
Ta co:
x4—x3—2x—4:(x4—4)—(x3+2x):(x2+2)(x2—2)—x(x2+2)
:(x2+2)(x2—x—2)=(x2+2)(x+1)(x—2).
2x4—3x3+2x2—6x—4:(2x4—8)—(3x3+6x)+(2x2+4)
=2(x" —4)-3x(x* +2)+2(x* +2)
=(x*+2)(2x* -3x—2) =(x* +2})(x—2)(2x +1).
Piéu kién xac dinh A la x=2 va x#—L . Ta co:

_ (x2+2)(x+1)(x—2) _ x+1
(" +2)(x-2)(2x+1) 2x+1

x+1
2x+1"

Vay voi x¢2,x¢—% th1 A=

Vi du 2: Rut gon biéu thiec:



B:2xy—x2+zz—y2

Pzt -yt +2xz
Loi giai:
zz—(x2—2xy+y2)_ zz—(x—y)2 (z+x-y)(z-x+y)
(x2+2xz+z2)—y2 _(x+z)2—y2 C(xtzry)(xrz-y)

Ta cod: B=

Véix+y+z¢&x—y+z¢0thiB:Z_x+y.u
X+y+z

II. RUT GON BIEU THUC CO CHUA CAN THUC
> Ta thuong dung céc hang dang thiic:
a—b=(a-b)a+b) v6i a=0,b>0.
aa+bb =(Na+b)a—-~ab+b) véi a=0,6>0.
aJa —b\b = (\a -~b)a+~ab +b) véi a=0,b>0.

b, azb
(a—mzﬁa—bh{a ‘

b—a, a<b’

Vi du 3: Rut gon biéu thiec:

C=x+2y—x* —4xy+4y> .
Loi giai:
Ta co: C:x+2y—\/(x—2y)2 :x+2y—|x—2y|.

Néu x>2y thi [x—2y|=x-2y.Do d6 C=x+2y—x+2y=4y.
Néu x <2y thi [x—2y|=-x+2y.Do d6 C=x+2y+x—2y=2x.

A 4y, x=2
VayC:{yx Y o

2x, x <2y’

Vi du 4: Rut gon biéu thiec:

D—[ a-b _a\/gb\/EJ(‘/;J”/E)Z
- Ja-b a—b awa+bb

Loi gigi: Diéu kién xac dinh a>0,6>0,a=b. Khi d6

(\/;+\/E)(\/;—\/E) (\/;—\/E)(cw ab+b)]. (\/;+\/E)2

_{ Ja—+lb ) (\/;—\/E)(\/Z+\/E) (\/Z+\/E)(a—\/%+b)

B a+~Jab+b)| Ja+b
‘M*ﬁ‘ Ja+ b J\/_bb




(\/E+\/E)2—(a+ ab+b). \/;+\/E B \/%
Ja++b a— ab+b_a—\/%+b'
—\/E i

Vay v6i a20,b20,a=b thi D=

—Jab+b
Vi du 5: Rt gon biéu thirc:
2 1
44 - \/_ 1++2 \/_+§
(1 2 \f] 1+2
Loi giai:
Dt 42 =a thi a* =2, ¥4=0>=2. Ta co:
2 22 1+£+l
E:(a —a+1+a ] B a2 o
1-a a 1+a’

Vay E=0. o

Loi giai. Dat a=45 thi a* =5: > =425; &® =4125. Ta c6
1 —(a3+3a+2a2+4)

1 —
4-34542425 44125 (a+3a)—(207 +4) (a" +3a) —(20* +4)

—(a3+2a2+3a+4) a’+2a*+3a+4
2 +6a* +9a> —4a* 164> -16  24°+6

(0 +20° +3a+4)(a*=3) 45 420" ~20° ~90-12 _[a+1]2
2(a*-9) - -8 L2 )7

Suyra F=2 (a;rlj —a+1=45+1.0

e DaGi voi biéu thiec c6 dang tong hay hiéu cta hai biéu thiic lién hop
bac hai M=va+bJo, M'=+a-bdc, ta cb (M+M') =2a+2va* ~bc;
(M-M')' =2a-2ya* - bc..

Vi vay co thé dung phép luy thira bac hai d€ khtr b6t can.



¢ Thi du 7. Rut gon biéu thirc

G:\/a+b+c+2\/ac+bc +\/a+b+c—2\/uc+bc,

trong dé a, b, c la cdc s6'khong dm.

Loi giai. Binh phuong biéu thic G ta co

G*=2(a+b+c)+2y(a+b—c) ~4(ac+be)

=2(a+b+c)+2y(a+b—c) =2(a+b+c)+2)a+b+d|.
Né&u a+b>c thi G*=2(a+b+c)+2(a+b-c)=4(a+b)=G=2Va+b.
Néu a+b<c thi G?=2(a+b+c)-2(a+b—c)=4c=>G=2Vc.

2Na+b khi a+b>c 5

Vay G=
Y {2% khi a+b<c

e DaGi voi biéu thire ¢d dang tong hay hiéu ctia hai biéu thiic lién hop
bacba M=3a+be, M'=3a-bc, ta b
(M+M') =M+ M°+3MM'(M+M')=2a+3Va* ~b*c(M+M’)

nén M+M' la mot nghiém cua phuong trinh

x*-3a* —b*cx-2a=0.
Twong te M-M' la mot nghiém ctia phuong trinh

x*+3%a* ~b*cx—-2a=0.
Vi vay c6 thé dung luy thira bac ba dé kht bt can.
¢ Thi du 8. Riit gon biéu thirc

H=310+6+3 +310-63 .

Loi giai. Lap phwong biéu thirc H ta co
H®=20-3310° -6*3.H <> H>+6H-20 =0 < (H-2)(H* ~2H+10) =0.

Do H?-2H+10=(H-1) +9>0 nénsuyra H-2=0< H=2.0
e Khi gap biéu thikc chita cdn bac hai, néu bién ddi duoc thanh VA* =|A|
thi viéc thue hién phép tinh sé don gian hon nhiéu.

Xuat phat tir dang thtec

1 1.1y 1 1.1 .2 2 2 1 1 1 2atb+c)
— 4+ —+— :—2+—2+—2+—+—+—:—2+—2+—2+—.
b> ¢ ab ac bc a b abc



2
Néu a+b+c=0 thi (1+%+1J :%+i+%.
a C

Suy ra: VOi abc#0, a+b+c=0 thi

Zalil )

Van dung dang thtic (*) vao rat gon biéu thiec chiracan rat hiéu qua.
¢ Thidu9. Cho a, b, c la cic s6 hiru ti doi mot khdc nhau. Chirng minh rc‘i’ng

1 1 1 NV
~ la cdc s0 hitu ty.

J@—b)”(b—c)“(c—a)

LbighﬁﬁNhénthgy(a—b}ﬂﬁ—c%{c—ﬂzi)Véa—biO,b—c¢0,c—aiOHAp

dung (*) choba s a-b, b-c, c—a ta cd

S=|1+1+1|.
|a—b b-c c—ﬂ

Ma a, b, c la cac s6 hitu ti d6i mot khac nhau nén S phai la sO hitu ti. o

¢ Thi du 10. Rut gon biéu thirc

P= 1 + 1 +i+i+;.
x2 + yz (x+y)2 x4 y4 <x2 +y2 )2

Loi gidi. Dieu kién x#0, y#0, x=-y. Nhan thdy x* +y* +(-x-y*)=0. Ap

dung (*) choba sg x*, y*, —(x*+y’) ta dwoc

4,0, gt J 1,1 1
x4 y4 (x2 +y2 )2 xZ yZ —(x2 +y2) X yZ xZ +y2
Do d6 P= lz+i2+ L -
Xy (x4—y)
Lai ap dung (*) véibas6 x, y, —(x+y) taco
1 1 1 1 1 1
:—2+—2+ 2:—+——
XY (x+y)| XY xHY

¢ Thi du 11. Tinh tong gdm 2010 s hang



1 1 1 1 1 1
S=T+—+5+,[l+—F+—F5+..+,[1+ ~+ = .
2 3 3 4 2011° 2012

Loi giai. Moi s6 hang ctia tong c¢6 dang

\/1+(n—11)2+71_12\/1l2+ g =l (1=3,.,2012).

Tt do, ta co

S: 14‘1—l + 1+l—l 4| 1+ 1 _ 1 :2010+l_ 1 :20101005.|:|
2 3 3 4 2011 2012 2 2012 2012

I11 - VAN DUNG TiNH CHAT NGHIEM CUA PA THUC DE RUT
GON BIEU THUC HUU Ti

1. Co s6 li thuyét

Ménh dé

a) Néu nhi thitc dang f(x)=ax+b (a, b 1a cdc tham s6) c6 hai nghiém
phan biét thi a=b=0, ticla f(x) dong nhat bang 0.

b) Néu tam thirc f(x)=ax’+bx+c (a, b, c 1a cac tham s6) c6 ba nghiém doi
mot khac nhau thi a=b=c=0, tizc1a f(x) dong nhat bang 0.

Chiing minh

a) Gia st vOi x, #x, ma f(x,)=f(x,)=0 thi ax, +b=0 va ax,+b=0. Tlt d6
a(x,—x,)=0.Vix —x,#0 nén a=0 suyra b=0.

b) Gia str x,, x,, x, d6i mot khéc nhauma f(x,)=f(x,)=f(x,)=0 thi

ax; +bx, +c=0; ax; +bx, +c=0; ax; +bx,; +c=0.

Twr d6 suy ra a(xf—x§)+b(x1—x2):0; a(xf—x§)+b(x1—x3):O.Do X, #£X,y, X, # X,
nén a(x1+x2)+b:0; a(x1+x3)+b:0.

Suy ra a(xz—x3)20,v‘1 x,#zx,nén a=0.Tedosuyra b=0, c=0.0

e Khi rat gon phan thic hitu ti, néu khai trién cac phép tinh gdp phai nhitng bién doi
phtic tap thi ta nén coi né nhu mot da thic theo mét bién roéi dp dung ménh dé trén.
Luc d6 cdng viéc tro nén dé dang hon.

2. M6t s6 thi du ap dung



* Thi du 12. Riit gon biéu thikc

(d-b)(d-c) (d—c)(d-a) (d-a)(d-b)

+

(a—b)(a—c) ’ (b—c)(b—a) (c—a)(c—b) .

Loi giai. Diéu kién xac dinh a#b, b#c, c#a.

Xét da thiic f(x)z(x—b)(x—c) (x—c)(x—a)+(x—a)(x—b)

(a—b)(a—c) " (b—c)(b—a) (c—a)(c—b) '

Khi d6 biéu thitc da cho chinh la f(d).

Nhin thay 7 (a)=\"—")

Tuong tw co f(b) = f(c) =1.

Nhuw vay f(x)-1 la tam thtic dang Ax’ + Bx+C nhan ba s6 khacnhau a, b, ¢ lam

nghiém.
Vay f(x)—l dong nhat bang 0, hay f(x) =1 v6imoi x. Suy ra f(d) =1.0
* Thi du 13. Don gidn biéu thirc

a—b+b—c+c—a+(ﬂ—b)(b—c)(0—ﬂ).
(c+a)

a+b b+c c+a (a+b)(b+c) c+a

¢ 2

Loi giai. Diéu kién xac dinh a#-b, b#—c, c#—a.

Sau khi quy dong mau s6 chung (a+b)(b+c)(c+a), ta co tie thirc la

P=(a-b)(b+c)(c+a)+(b—c)(a+b)(c+a)+(c—a)(a+b)(b+c)+(a=b)(b-c)(c-a).
Xét

f(x)=(x=b)(x+c)(b+c)+(b=c)(x+b)(x+c)+(c—x)(x+b)(b+c)+(x=b)(b—c)(c—x)
thi P=f(a).

Ta thay
f(b)=(b—c)(b+b)(b+c)+(c—b)(b+b)(b+c)
f(c)=(c—b)(c+c)(b+c)+(b—c)(c+b)(c+c)=O;

£(0)==be(b+c)+(b—c)bc+be(b+c)—be(b—c)=0.

0;



- Néu b #c va déu khac 0 thi f(x) c6 dang Ax*+Bx+C nhan b, ¢, 0 d6i mot khac
nhau lam nghiém nén f (x) dong nhat bang 0 va P=0.
-Néu b=0 hodc b=c hodc ¢=0 thisuyra P=0.

Vay biéu thitc da cho bang 0. O

BAI TAP

1. Rat gon céac biéu thic sau

_ _ 2
1) M= x+2 2 _3 :2 4x_3x X +1'
3x  x+1 x+1 3x
x> -1 1 1—x*
2) N = - dat+ )
) (x4—x2+1 x2+1J( 1+x2]
2_ 2_ 2_
3) P= a- —bc b”—ac c-—ab

(a+b)(atc) (b+c)(b+a) (cta)(c+b)
2. Chiing minh réng vdi a, b, c 1a cac sO d6i mdt khac nhau thi

a’ (x—b)(x—c)ij2 (x—c)(x—a)+c2(x—a)(x—b) 2
o oy ey

3. Rut gon cdc bi€u thitc chita can thiec

Na*+4a+4

o] -2
2) B=3x—4—-23x-5 .

2\/;—9 _\/E+3_2\/;+1
a-5Ja+6 Na-2 3-a’

_\/E(—H)B. l—a\/; 1+a\/;
4 D=—"— .[1_& +\/Z]£m—x/2}.

4. Rat gon cac biéu thic

1) E=%\/7+5%+3@+\4/125 .

2 P on (S o B
27 27

1) A=

3)C=




J7-L
3) G=2 37 J7_, 6 7

7

H/_/
nch+se9

5.Cho S, = 1+(99 9] + 0 99...9 9 I—Iéy viét S dwdi dang s6 thap phan.

n ch— se 9

TINH GIA TRI CUA BIEU THUC DAI SO MOT BIEN

Tinh gia tri cta bi€u thirc dai s6 mot bién ma gia tri ctia bién la mot bi€u thirc phtic
tap hodc thoa man diéu kién nao do la dang toan gap nhiéu trong cac ki thi vao
THPT, thi hoc sinh gidi vdi nhitng bai tap hay va kho, doi héi si van dung linh hoat
va sang tao cac phép bién doi. Ta thuwong stt dung phuwong phap phan tich tir diéu
kién da cho ctia bién dé bién doi.

& Bai toan 1. Tinh gid tri ctia biéu thirc

2012
) J5-1

3

A:(x5+x4—x +1 khi x =

2012 (x2+x—3
)+

5 4yt x3 _p2n2

Loi giai. x=ST_1:>2x+1=x/§:>4x2+4x+1=5:>x2+x—1=0.
Ta cé x5+x4—x3+1:x3(x2+x—1)+1:x3.0+1:1;
X +x-3=x"+x-1-1=0-2=-2;

5t — % 02012 _ 3 (xz e _1)_22012 23.0-2212 _ 2012

(_ )2012 22012
Khi dé A=1""2+ =1+——=0.0

_p2012 _p2012

& Bai toan 2. Cho biéu thizc B = (4x5 +4x* —5x% +5x — 2)2 +2011.

1 [V2-1
2\ V2 +1°

Tinh gid tri ciia biéu thirc B khi x =



—2x+1=+/2

NP 1\/6—1 1] (2-12  J2-1

Loi giai. Tacox=— == =
2\V2+1 2\W2+1)(2-1) 2

= 2x+1)° =2 4x* +4x-1=0 => (2x+1)> =2 < 4x* +4x-1=0

Suy ra

4x° +4x* —5x° +5x -2

= (4 +4x—1) = x (42" +4x—1)+ 42" +4x -2

=x*-0-x-0+40-1=-1

Vay B=(-1)*+2011=2012

Bai toan 3: Goi a la nghiém duong ctia phuong trinh J2x% +x-1=0. Khoéng giai

2a—-3

phuong trinh , hay tinh gia tri ctia biéu thic C =
J2(20" ~2a+3)+ 22

Loi giai. Do a la nghiém cua phuong trinh V2x* +x-1=0 nén \24* =1-4 suy ra

O<a<1 va2a*=1-2a+a*. Tir d6, ta co

2a-3 _(261—3)(\/2(2a4—2a+3)—2a2)
\/2(2a4_2a+3)+2a2 Bl 42 —da+6—44

C=

(2a—3)(\/2(2a4—2a+3)—2a2) \/2(2a4—2a+3)—2a2
- “2(2a-3) - 2

1 S ) 278, 0-2 1
=—E(«/2(2—u) _2u )_ VISt

Bai toan 4: Chizng minh rang phwong trinh x* +x —1= 0 c6 hai nghiém trai dau. Goi

x, la nghiém 4m ctia phuong trinh . Tinh gia tri cua biéu thite D =[x} +10x, +13 +x,

1

Loi gidi. Do a.c =-1<0 nén phuong trinh x* + x—1=0 ¢6 hai nghiém trai d&u.

Vi x, 1a nghiém ctia phwong trinh nén x7 +x, -1=0= x] =1-x,. Do d6
x=(1-x,) =1-2x +x7 =1-2x,+1-x,=2-3x,

%6 =(2-3x,) =4-12x, +927 =4-12x, + 87 +x7 =4 -12x, +8(1-1x, ) + x>

1
=12-20x, +x;

x8 +10x, +13=12-20x, +x7 +10x, +13=25-10x, +x* =(5-x,)’



Suy ra/x; +10x, +13 =[5 x|

Vi x, <0 nén 5-x, >O:>|5—x1|:5—x1

Do d6 D=/x} +10x, +13+x, =5-x, +x, =5

Bai toan 5. Tinh gia tri cua biéu thirc

x°=3x°-10x+12 . x 1
F = " > vOi — ==
x*+7x"+15 x“+x+1 4
Y , X 1 ) )
Loigiai. Tacd) ——=—<4dx=x"+x+1<x" =3x-1
x“+x+1 4

Do d6 x° =x.x* =x(3x—1)=3x"—x=3(8x-1)—x=8x-3
x'=x"x=(8x-3)x=8x"-3x=8(3x—-1)-3x=21x-8
x’=x*x=(21x—-8)x =21x* —8x =21(3x-1)—8x = 55x - 21
Twr d6, ta cod

x°—3x° —10x+12 =55x—21-3(8x—3)-10x +12 = 21x
x*+7x* +15=21x-8+7(3x—1)+15=42x

x°-3x°-10x+12 21x

Vay F =
Y x*+7x*+15 42x

1
=—(vix#0

2( )
BAI TAP

1. Tinh gid tri cua bi€u thitc A =x>+Vx* +x+1vébi x:%J\/E—i-%—%

a+1

2. Tinh gia tri cua biéu thirc B= , trong d6 a la nghiém duwong cua
Vat+a+1-a°

phuong trinh 4x* +2x =2 =0
5_ 3_
3. Tinh gid tri cita biéu thie C =X =X 99 o x* 1
x*+3x"+11 x“+x+1 4

TINH GIA TRI CUA BIEU THUC NHIEU BIEN CO PIEU KIEN

Dé€ tinh gia tri cta bi€u thirc cd nhiéu hon moét bién s6 voi diéu kién cho trude, ta co
thé st dung phuwong phap phan tich tir diéu kién da cho, phuong phap hé s6 bat
dinh hay phuong phéap hinh hoc. Sau day la mot s6 vi du minh hoa.

I. PHUONG PHAP PHAN TICH



* Vi du 1. Cho céc s6 thuc duong x,y thoa 7x* —13xy —2y* =0(1).

2x -6y
7x+4y

Tinh gia tri cta biéu thiec A =

Loigiai. Tacod (1) < (7x+y)(x-2y)=0< x=2y(do x>0,y > 0)

2.2y -6y _ -2y :_1. Vay ,1=_1
72y+4v 18y 9 9

Thay vao biéu thiic A, ta thu dwgc A =

* Vi du 2. Cho céc s6 thye duwong X,y thoa man

2012 2012
+1=——
x y
x+2y = —70;2

S e x
Tinh gia tri cta biéu thiec B=—

y
Loi giai. Dat a=2012,b=2012 vOi a,b >0 thi hé diéu kién da cho trd thanh
X y
a+1=>b
1 2 7
——=—
a b 6
1 2 7 )
Suyra —+——=—-71"-11a-6=0=a=2(doa>0)
a a+1
Véyngzézé
y a 2

* Vi du 3. Cho cac s0 thuc duong x,y,z,t thdoa man

5
tx=(t-2)y=|t——
( )y( 2]
s_7_s
x 2 z
, cr s o qam 1 s s
Tinh gia tri cua biéu thiec C =——-—
Xy

N\ . D) \ A - A 2 N . Va 5
Loi giai. Tt diéu kién ctia bai toan suy ra ¢t #2,t # 5
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\ tx 2tx

T (2)suyra, y= ,Z= )

(2)suyra, y=1—.2=5 "2
Thay vao (3) ta dwoc s__S _7.8_7
X 2tx 2 tx b5

2t-5

Dodé CcoS_S_5_ s _sf; t=2) s 14
Cx y_x tix_x t tx 5
-2
II - PHUONG PHAP HE SO BAT PINH

Thi du 4. Cho cac sd x,y,zthoa man

(x-y)(x+y)=2 @
4y* =5+7z7°

Hay tinh gia tri ctia biéu thitc D =2x" +10y° —232°.
Loi giai

x2_y2_22=0

Ta co (4)
® {4y2—722:5

Goi a,bla cac s6 thyc thod man a(x2 —y’ —zz)+b(4y2 —722) =2x* +10y* — 232

a=2
=2
o ax’ +(4b—a)y* —(7b+a)z* =2x* +10y* —232° < {4b—a=10 @{2_3.
7b+a=23 -

Vay D=2(x*-y’ -2*)+3(4y’ -72")=2.0+35=15.

Thi du 5. Cho cacsd «x,y,z,t thoa man

1

. ——
X+2y+2z
Y (5)
11
z—3x 2
Hay tinh gi4 tri cta biéu thiec E=— .
x+8y+9z

Loi giai



Tacd B)={f ¢t T va2=2487,92
z t t t

Goi a,bla cac sO thuce thoa man

a| 2e2d 02 hp| 3212 =288 492
t t t t t t t t

a-3b=1
(a-3b)%+2aL+(20+1)2=248L 192 = 1208 @{
b Et ot
2a+1=9

-1 41412-6 Vay E=1.
E 6

II - PHUONG PHAP HINH HOC

Thi du 6. Cho céac s6 thuc dwong x,y,zthoa man

x> +y* =9
v +z° =16

Yy =xz
Hay tinh gia tri ctia biéu thiec G = xy +yz.

Loi giai (h.1.1)

a=4
b=1

(6)

Hinh 1.1




Xét tam gidc ABC vudng tai B, BC=4, AB=3va duong cao BD.Dat
BD=y, DA=x va DC=z.

Ta thdy x,y,z hoan toan thoa mén diéu kién (6). Khi d6
G:xy+yz:y(x+zyzz S s =12.

Vay G=12.

Thi du 7. Cho cac sd x,y,z v6i y>0 thoa man

x+y’ _®

4
y'-z=2 (7)
Yy =x-142-z

Hay tinh gia tri ctia biéu thtc H = y.(\/x—l + 2—2).

Loi giai (h.1.2)

Hinh 1.2

Tt (7)suy ra x>1,z<2.

(\/x—1)2+y2 224—5
Ta viét hé (7) dudi dang |y +(v2-z) =4
Yy =~x-1~2-2z




Website: tailieumontoan.com
Xét tam gidc ABC vudng tai B, va duwong cao BD, AB =g, BC =2.Dat
BD=y, DA=+x-1 va DC=+2-z.

Ta thay x,y,z hoan toan thoa man diéu kién trén. Khi d6
H=y.(Vx-1+2-2)=28,, =2

225,
2

Vay H=5.

Thi du 8. Cho céac s0 thuc duong x,y,zthod man

y> +z> =50
2
x2+xy+y?:169 (8)

ZZ
x? +xz+?:144

Hay tinh gia tri ctia biéu thitc K = xy + yz + zx.

Loi giai (h.1.3)

Y 13

12

Hinh 1.3

2
Ta viét hé (8) dudi dang { x* +xy + ?/7 =132

Z2
xz +XZ+?:122

Xét tam gidc ABCvudng tai C, AC=5, AB=13 BC=12. Goi O la diém
nam trong tam gidc ABC thoa man, AOC = 90°, BOC =135°. bat OB=x,
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oA=L L 0C=-2.Tadé dang kiém tra duoc x,y,z hoan toan thoa man

V2 V2

cac diéu kién trén. Ta cé
1 1 1
S 108 :ny; S aoc :ZyZ;SBOC :sz .

.5.124 =120.

N | =

T ddsuy ra K=xy+yz+zx=4(S,0; +S,0c +Suoc ) =4S 5 = 4.
Vay K =120.
BAI TAP

1. Cho cac s6 thye duong x,y,zva x>y thoa man

_+£:6
Xy

2 _4
x+y 3

Hay tinh gid tri ctia biéu thite M =——.
-y

2. Cho céc s6 thue dwong x,y =z,t,s thda man:

S 1

x+y+z 4

2s 1

x+2y—t 3
s

1

2x—y—z+t:

7x—4z+t

Hay tinh gia trj ctia biéu thtc N =
S
3. Cho ba s0 thuc x,y,z thoa man

3

x2+xy+y?:25

2
L 42229
3

22 +xz+x* =16

Hay tinh gia trji ctia biéu thitc P =xy+2y =+3xz
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Chuyén dé 12.

TiM PIEU KIEN PE BIEU THUC PAI SO
THOA MAN PIEU KIEN CHO TRUOC

Sau khi rat gon biéu thirc, dé thi ¢ thé yéu cau thém
e Tim diéu kién d€ biéu thic nhan gia tri la s6 nguyén.
e Chuting minh gia tri cua biéu thirc khong la s6 nguyén.
e Tim diéu kién d€ biéu thirc khong am (hodc twong duong) hoac

thda man mot bat dang thirc, mot dang thikc nao do.

e Tim diéu kién d€ biéu thirc c6 gia tri 16n nhat, gia tri nho nhat.
Dang 1. Tim diéu kién dé biéu thitc nhdn gid tri la s6 nguyén.
Phwong phap. Bién ddi bi€u thirc vé dang phan thitc hodc tong cua da
thirc véi hé sO nguyén va mot phan thiec c6 dang % (aeZ, Ala da
thirc hé sO nguyén).

Dé biéu thitc nhan gia tri la sd nguyén thi A nhan gia trj la wdc sO ctia

a.

Trong treong hop can tim gia tri ctia bién so thuc d€ biéu thitc nhan
gia tri nguyén thi nén tim tredc cac gia tri nguyén co thé cé ctia biéu
thirc, tir d6 suy ra gia tri ctia bién sG.

at-16

* Vi du. Cho biéu thitc A=————
a —4a’+8a° -16a+16

Tim cdc gid tri nguyén ciia a dé’ A c6 gig tri nguyén.

Loi gidi. Truedce hét rut gon biéu thiec A. Ta ¢d

a’+4)(a+2)(a-2 .
P G (G ) 842 1 4 (60 didu kién ax2)
(4 +4)@-27 a-2  a-2

A nhan gia tri nguyén khi a-2 la wdc sO ctia 4, tic la
a-2e{-4;,-2,-1;1;2;4}.

Lién h¢ tai li¢u word toan SDT hoéac zalo: 039.373.2038
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Suy raue{-2:0;1;3;4;6}

* Vi du 2. Cho biéu thitc B= Vm+d/m—4 +m—4m—4

Tim cic gid tri nguyén ciia m dé’B co gid tri ngquyén.
Loi giai. Trudc hét rat gon biéu thic B. Ta ¢
- JOm—4+27 + J(fm—4-27 Jm—a+2+1Jm—4-2|
TR
m m
vm—-4-2 khim>8

2—-m—-4 khi4<m<8

Nhan thay I\/m—4—2|—{

1—i khi m >4 hodacm <0
4 m
121 khiO<m<4

m
e N&u 4<m<sthi p=2" _4, 16
m—4 m—4

V6i m nguyeén, d€ B nguyén thi m-4 1a wdc s6 cua 16, nhung
4<m<8 nén me{5;6;8}.

e N&u m>8 thi B=_2"

m—4
V6i m nguyén, dé B nguyén thi vm -4 :k(keN*). Suy ram=k>+4
2(k* +4) 3

Do d6B=———=2k+—
k k

B nguyén thi k 1a w6c cia 8, ma k>2 (vi m>8) nén ke {4;8]
Suy ra me{20;68}
Vay vOi me{5;6;8;20:68} thi B nhan gia tri nguyeén.

, 1 2 Jx
* Vidu 3. Cho C= - | 1-
PRS0 (&_1 II1M x+1]

Tim tat ca cac gia tri nguyén ctia x d€ P nhan gia tri nguyeén.

Loi giai. Dieu kién x>0,x#1
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TacéC:[ 1 2 } x+1

-1 (@+D)Wx-1)) x—vx+1

x—1 x+1 J;+1

Tt D)W -1) x-vx+1 x—x+l

Dt Vx=a (220,a21). Néu ton tai x d& P cd gid tri nguyén thi phuong

a+1

> —a+1

Cu® —(C+1u+(C-1)=0co nghiém.

trinh C = (an a, tham s6 C) c6 nghiém. Tt la

S A=-3C"+6C+1>0 < 3(C-1)><4 <:>1——SCS1+T

23 23
3

Dé thdy C>0 va C nguyén nén C e{1;2}

\/;+1

x—vx+1

\/;+1

x—vx+1

Véi C=1 thi =1 x-2Jx =0 x=0hodc x =4 (thoa dk).

Véi C=2 thi =2 2x-3Jx+1=0<x=0,25(do x=1)

Vay xe{0;0,25:4} thi C nhan gia tri nguyén

Dang 2. Chitng minh gid tri biéu thiic khong la sé nguyén.
Phuwong phap. Ta thuwong stt dung mot trong cac cach sau

e Chi ra gid tri ctia biéu thitc nam gifta hai s6 nguyén lién ti€p.

e Hodc bién doi biéu thiec vé dang phan thirc hoac tong cuia mot da
thitc v6i hé s6 nguyén va mot phan thic, r6i chiing minh rang ti
thitc khong chia hét cho mau thtc.

e Hodc chi ra gia tri ctia biéu thiec 1a mot s6 vo ti.

a_ b L ¢

Thi du 4. Cho a,b,c 1a cac s6 duwong va C = .
a+b b+c c+a

Chting minh rang gid tri cia C khong la s6 nguyén.

L(‘rigiéi
Ta cod
a b c a+b+c
C> = =1.
a+b+c a+b+c a+b+c a+b+c
Lai co

ol UL N I SN O U O O PO S
a+b b+c c+a a+b+c a+b+c a+b+c
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Do dé 1<C<2. Vay gia tri cia C khong la sO nguyén.

Thi du 5. Chitng minh rang gia trj ctia D = \/ X+ \/ 4x* ++/36x* +10x+3 (VOi
x la sO tu nhién) khong la s6 nguyén.

Loi giai
Do xeN nén

(4x+1)" <36x> +10x+3 <(6x+2)

= 4x+1<+/36x> +10x+3 <6x+2
= (2x+1)" <4x® +36x% +10x+3 <4x® +6x+2 <(2x+2)’

:>2x+1<\/4x2+\/36x2+10x+3 <2x+2
:>(x+1)2 <x2+\/4x2+\/36x2+10x+3 <x2+2x+2<(x+2)2

= x+1<D<x+2.

Gia tri cia D nam gitta hai s0 tu nhién lién tié€p nén khong la s6 nguyén.

3n? 1 .. N
+ vOi n nguyén va n=+1,n=0).
2n* +n-1 n+1( sy )

Thi du 6. Cho biéu thitc E=

Chting minh rang gid tri ctia E khong 1a s8 nguyén.
Loi giai
Rat gon biéu thirc

3w, 1 _(3n—1)(n+1)_3n—1_1+ n
(2n-1)(n+1) n+1 (2n-1)(n+1) 2n-1 = 2n-1'

Goi d=UCLN(n;2n-1) thi nid,(2n-1)id, suy ra 1:d hay d=1.
Laico n#0,n#1 nén 2n-1+1.
Vivay n}(2n-1). Do d6 E khong la s6 nguyén v6i moi sd n nguyén va
n=0,n==+l.
Thi du 7. Cho p la tich ctia n s6 nguyén t6 dau tién (n>1). Chiztng minh
rang /p+1 khong la s nguyén.

Loi giai

Gia st \Jp+1=k (keN) thi p=k*-1=(k-1)(k+1).
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Vi p la tich cta n s6 nguyén t6 dau tién nén p:2, suy ra k-1 va k+1 déu
chdn nén pi4 (diéu nay vo li vi pi2 va pl4).
Vivay p+1 phaila s v ti. Suy ra dpem.
DANG 3. Tim diéu kién d€ biéu thirc thod man mot bat dang thirc hoic
mot dang thitc
Phwong phap. Trudc hét rat gon biéu thiic, 16i tir didu kién da cho dan
dén giai phwong trinh hodc bat phuwong trinh (an la bién sd da cho)

Thi du 8. Cho biéu thirc

3 XNX+Xx

3

a) Tim x sao cho F=6.

b) Tim x sao cho F>2.
c) So sanh F véi 1,5.
Loi giai

. ~ . |x=320
F c6 nghia khi {x>0 < x23.
X

3(\/§+\/;)+3(m_\/;)+x:@+x:x—2m.
-3

Khi do F=

x—3—-x

a) F=6< x—2x-3 :6<:>(\/x—3—1)2 —dofr-3=3cx=12.
b) F>2x-2Vx-3>2o (x-3)-2x-3 +1>0<:>(\/x—3—1)2 >0

{x—320 {ng;
=

= .
Vx=3#1 x#4
c) Xét hiéu F—1,5:x—2\/x—3—1,5:(\/x—3—1)2+0,5>0.

Vay F>1,5.

Thi du 9. Tim cac sd thuc x,y,z thoa man diéu kién
Jr+y-1+4z-2 :%(x+y+z).
Loi giai
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Bién ddi dang thtec da cho thanh dang

JE—l:o -1
(&—1)2+(\/ﬁ—1)2+( z—2—1)2=0<:> Jr-1-1=0& ;=2.
Jz—2-1=0 [2=3

DANG 4. Tim diéu kién d€ bi€u thirc 6 gia tri 16n nhat, gia tri nho
nhat

Thi du 10. Tim x d€ biéu thitc G =(x~2010)" +/(x~2011)" +,/(x-2012)" ¢
gia tri nho nhat.
Loi giai

Ap dung cong thikc Ja? = A, ta co

G =|x —2010|+|x - 2011 +|x - 2012]..
Nhan thay
|x —2010| +|x = 2012| = |x — 2010| +|-x +2012| > |[x - 2010 — x + 2012| = 2
Va [x-2011/20 véi moi x. Suy ra G>2.

(x—2010)(-x+2012)>0
x—2011=0

G =2 khi va chi khi { < x=2011.

Vay khi x=2011 thi G ¢ gia tri nho nhat bang 2.
Thi du 11. Tim x d€ biéu thitc H=+v6-x+x+2 c6 gia tri 16n nhat.
Loi giai
6-x>0

Diéu kién xdc dinh H la o -2<x<6.
x+22>0

Nhén thdy H>0 nén H 16n nhat khi H* 16n nhét. Ta c6

H? =8+2V12+4x—x* =8+2,/16—(x-2) .

Do d6 H? <8+2y16 =16. D&u “=" xay ra khi va chi khi x=2.
Vay H c6 gia tri 1én nhatla 4 khi x=2.

2. S&t dung hing dang thitc quen biét

Thi du 5. Cho a,b,c khac 0, théa man l+%+1=2;a+b+c=abc.
a C
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Chting minh rang; lerbl2+l2 =2.
a

Loi giai
2

Ta co: i+i+l: 1+1+1 ) l+l+l
a> v \a b c

a+b+c
abc

=4-2. =2.

Thi du 6. Cho cac s6 dwong a,b,c vOi b#c:

\/E+\/E¢\/E;a+b:(\/5+\/5—\/z)2.

oo e
be(vb Ve Vb=

Chting minh rang;

Loi giai
Ta co:
o= (Vo i <=M s
= (Va +2vb e )(Va-+e).
b=(Na+\b-e) ~a=(a+b-e)-a
=(2va +b —c ) (Vb -e).

a+(\/;—\/2)2 _(2\/;4—2\/5—\/;)(\/;—\/;) _\/;_\/E

D ) (a2 e[ E) e

Thi du 7. Cho ba s6 4,b,c théa man a+b+c=0. Chitng minh réng:
2(a5+b5+c5):5abc(a2+b2+c2).

Loi giai
Ta co: a3+b3+c3—3abc=(a+b+c)(u2+b2+cz—ab—bc—ca)

(a+b+c)2 :a2+b2+c2+2(ab+bc+ca)
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a* +b*+c*

Tt a+b+c=0 suy ra a’ +b° +¢’ =3bca va :—(ab+bc+ac).

Ta co: (a3 +b° +c3)(a2 +b? +c2):3abc(a2 +b° +c2)
S+ +c +a2b2(a+b)+b202 (b+c)+cza2 (c+a):3abc(a2 +b? +c2)
sSa+b+¢° —abc(ab+bc+ca):31117(:(112 +b? +c2)

2 2 2
a- +b-+c
<:>a5+b5+c5+abc.T=3abc(a2+b2+c2)

=S 2(515 +b° +c5) = 5abc(a2 +b’ +c2) (dpcm).

II - PHUONG PHAP POI BIEN

Thi du 8. Choba s6 a,b,c khac khong théa man ab+bc+ca=0.

Chting minh rang; b—f+z—?+@ =3.
a c

Loi giai
Pat x=ab,y=bc,z=ca thl x+y+z=0 va xyz=0. Ta co:

be ca ab b+’ +b’a’ X +y’+2°

a b a’b’c’ xyz

(x+y+z)(x2+y2+zz—xy—yz—zx) Bxyz 3
xyz Coayz

Thi du 9. Cho ba s0 4,b,¢ d0i mdt khiac nhau thoa man
(b-c)d1-a +(c—-a)d1-8> +(a-b)V1-c =0.
Chiing minh rang: (1-a*)(1-5")(1-¢*)=(1-abc) .
Loi giai
Dit x=(b-c)d1-a*, y=(c-a)Y1-0°, z=(a-b)V1-C thi x+y+2=0,

suy ra: x° +y° +z° =3xyz.

Do do: (b—c)s(l—a3)+(c—a)3(1—b3)+(a—b)3(1—03)

=3(a-b)(b-c)(c-a)j(1-2)(1-17)(1-¢)
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= 1—abc :f{/(l—as)(l—bS)(l—f)
& (1-27)(1-6%)(1-c*) =(1-abc) .(dpem).

Thi du 10. Cho 4,b,c la ba s6 thyc duwong théa man

a+b+c:\/;+\/g+\/_:2.
o b e >

Chting minh rang; TPRETTAETY \/(1+a)(1+b)(1+c).

Loi giai
Dit x=va,y=Vb,z=c thi ¥+ +22=x+y+z=2.

Suy ra: 2(xy+yz+zx):(x+y+z)2—(x2+y2+zz):22—2:2

= xy+yz+zx=1.
Do do6:

l+a=xy+yz+zx+x =(x+y)(x+z2)
l+b=xy+yz+zx+y’ =(y+z)(y+x)

l+c=xy+yz+zx+z" =(x+z)(y+z2)

Vivay
Vo b e vy
1+a 1+b 1+c (x+y)(x+z) (y+z)(y+x) (z+x)(z+y)
:x(y+z)+y(z+x)+z(x+y)

(x+y)(y+z)(z+x)

2(xy+yz+zx) B 2

() y+2) () e (ieb)(iee)

Thi du 11. Cho cac s6 thuc x,y,a4,b thoa man

x+y=a+b;x*+y* =a" +b*.
Chting minh rang: x"+y" =a"+b",VneN .
Loi giai
Khong mat tinh tong quat, ta co thé gid st: x>a>b>y.
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Dat: x=a+k vbi k>0 thé'thi y=b-k. Khi d6: x* +y* =a* +b* tro
thanh

(a+k) +(b—k) =a* +b*
< at +4a’k + 6a°k? + 4ak® + Kk + bt —4b°k + 6b°k* —4bk® + k* =a* + b*

& 4(a =0 )k+4(a-b)k> +6(a* +b7 )k + 2k =0 (*).

Né&u k>0 thi v& trai ctia (*) ludn duong, diéu nay mau thuan. Vay k=0,
tedosuyra x=a, y=b. Dodo x"+y"=a"+b", VneN

II - PHUONG PHAP SU DUNG BAT PANG THUC

*Thi du 12. Cho a, b, ¢, x, y, z thoa man

Cry+z o y z
NSRRI E R
Chitng minh rang x™2 +y™2 4+ 722 =
Loi giai. Ta c6
ry+z o y z
2+b+c? e b2 CZ
2 2 2 2 ) )
X X z .
PR SR S AN A B

IR UE SN SN ) OE S SN P O S S
a>  a*+b* +c? Y b*  a*+b* +c? & a+b*+cf

& x=y=2z=0 (Do mdi sd hang khong am).

Vl Vay x2012 2012 + 22012 — O .

*Thi du 13. Cho ba s6 dwong 4, b, c thdéa man

a\/l—b2 +b\/1—c2 +C\/1—a2 :% .
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Chitng minh ring a* +b* +c* :%.

Loi gidi. Ap dung bt dang thirc Cauchy cho hai s6 khong am ta c6

a\/l—b2+b\/1—C2+C\/1—a2 Sa2+1—b2+b2+1—6’2+€2+1—a2 :E.
2 2 2 2
Déng thiic xay ra khi
a=V1-b" (g2 =1-p?
b=v1-¢* & b2:1—c2:a2+b2+c2:%

c=N1-a* | =1-a°
BAI TAP
1. Cho ba s6 thyec 4, b, c khac khong thda man

o Ll Ll Ll o va @ err e =1
b c c a a b

Chting minh rang l+%+l=1.
a c

2.Cho a,b,c#1, d théa manac—-a—-c=b*>-2b, bd-b—-d=c*-2c

Chiing minh rglng ad+b+c=bc+a+d.

4 4

3. Cho cacsG thuc a, b, ¢, x, y théaman x* +y> =1, 2 +L = 1 Chtng

a b a+b
minh rang
2n 2n 2

xn zy” = ",VI’ZEN* .
a b (a+b)

4. Cho ba s6 thuc a, b, ¢ thoa man a+b+c=0 va abc#0. Chitng minh réng

(S U B
V+c’—-a> E+ad - A+ +E
5. Cho ba s6 thuec 4, b, ¢ thoa man L b +—5 _—0 va abc=0.

Chting minh rang
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a+b+C:0.

(b—c)2 (c—a)2 (a—b)z

11 1

6. Gia stt a, b, ¢ 1a ba s3 thyc thoa man 211 - . Chitng minh
a b ¢ a+b+c
réng
LI SR B
at b " a"+b"+c"

7. Cho 4, b, ¢ 1a ba s8 thuec khac nhau. Chitng minh rang

a+b b+c+b+c cta_ c+a a+b

. . . =-1
a-b b—-c b-c c-a c—a a-b
8. Gia stt ax+by+cz=0 . Chitng minh rang
ax® +by® +cz’ 1

bc(y—z)2+ca(z—x)2 +ab(x—y)2 Tatbec

N ~ . . 2 2 2
9. Chttng minh rang néu ~+2+2=1 va 2,00 thi x—2+y—2+2—2
a b ¢ X Yy z a b

=1.

10. Cho ba sd thyec 4, b, ¢ thoa man a+b+c=0. Chiing minh réng

a) 2(a4+b4+c4):(a2+b2+cz)2 .

a®+b°+¢° a*+b* +c?
b) = abc. .

) A+ A+ +c a’+b+

C .
3 2 5

d) a+b +c a4+ @+ +C
7 2 ' 5

e) a+b+cd a2+ + at+bt+c!
7 3 ' 4
11. Cho ba s6 thuc g, b, ¢ khac khong va théoa man a+b+c=0. Ching
minh rang
2
1 1 1 4111
2 v 2 \a b ¢

Lién h¢ tai li¢u word toan SDT hoéac zalo: 039.373.2038



Website: tailieumontoan.com

12. Cho ba so thuc duong a4, b, ¢ thoa man (ab)3 +(bc)3 +(ac)3 = C—B(abc)2 )

G G G

13. Cho cac s6 thuc dwong 4, b, ¢,x,y,z thoa man ax’ =by’ =cz’ va
1 1 1

Chting minh rang

—+—+—=1. Ching minh rang
Xy z
%/sz2+by2+cz2 =Ya+3v+3e.
14. Cho cac s6 thuece 4, b, ¢ thoa man a® +b* +¢? +i2+bi2+i2:6. Chtng minh
a Cc
r%ng
[12012 +b2012 +C2012 :3 .

N1~ i .~ .a b ¢ b ¢ a

15. Choba sO hitu ti 4, b, c thOaman abc=1 va —+—+—=—+—+—

v o2 b a b o
Chttng minh rang it nhat mot trong ba s6 4, b, ¢ 1a binh phuong ctia mot
sO hi ti.

16. Cho a4, b, ¢ la ba s6 nguyén khac khéng thoa man %JFRJFE =3. Ching
c a

minh rang tich abc 14 1ap phiong ctia mot s6 nguyén

TiM HE THUC KHONG PHU THUOC VAO THAM SO

Cé nhitng hé phuong trinh hodc cac dang thitc ma tir d6 ta 6 thé tim
duwgc mot hé thiee gitra cac an hodc cac cht khdng phu thudce vao cac

tham s6. D€ tim hé thitc d6 ta thuwong sit dung cac phwong phap sau day.

1. S&t dung hang dang thikc.
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*Thidul. Cho a=a+b, y=a*+b*>, z=a>+b>. Tim hé thiec lién hé gitta x, y, z

khong phu thudc vio a, b, c.

Loi giai.

2 (2,92
Ta co z=a3+b3:(a+b)(a2ab+b2)(a+b)[<a2+b2)_(a+b) 2(” +b) .

2_
Suy ra zzx[y—xz—yJ < x° +2z=3xy (Khong phu thudc vao a, b, c).

2. S&t dung tinh chat day ti s6 bang nhau.

* Thi du 2. Cho ﬁ:%i Vd a+b+c=a*+b?+c* =1. Tim hé thikc lién hé giira x
a C

, v, z khong phu thudc vao a, b, c.
Loi giai.
Ap dung tinh chat day ti s6 bang nhau ta c6

2
=x+y+z (Do a+b+c=1) :>x—2:(x+y+z)2.
a

X_Yy_z_x+ty+z
b

¢ a+b+c
2 2 2 2 2 2
< (X 22 X +yt+z
Mat khac —2=y—2=—2—y— =x"+y*+z° (Do @ +b*+c* =1).

B b+
Do dé (x+y—|—z)2 =x’+y’+z" @ xy+yz+zx=0 (Khong phu thudcvao 4, b, ¢
)-
3. Tinh moi bién hoac biéu thitc chtta moi bién theo cac tham s6 r6i tim
quan hé gitra cac bién
*Thidu 3. Cho by+cz=a, ax+cz=b, ax+by=c. Tim hé thirc lién hé gitra x, y,
z khong phu thudc vao a, b, c.
Loi giai.
Cong ba dang thikc trén theo vé ta duoc

2c

a+b+c=2(ax+by+c) =2(c+cz) 2c(1+z):> o7 aibic’
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1 2a 1 2b
Tuong tu = ; = :
1+x a+b+c 1+y a+b+c

, 2(a+b+c
Do do 1 + 1 + 1 _ ( )—1
1+x 1+y 1+z a+b+c

4. Skt dung phuong phap thé

* Thi du 4. Cho phwong trinh x* —(2m-3)x+m* —=3m=0. Tim h¢ thirc giita hai
nghiém x, va x, khong phu thugc m.

Loi giai.

X, +x,=2m-3 (1)

x,x, =m* —3m (2)

Theo dinh 1i Viete ta co {

X +3

1%

Tt (1) suy ra m= , 101 thay vao (2) ta duoc

2
3 3
xlxzz(—x1+;2+ ] —3(—x1+;2+ j <:>(x1—x2)2=9.

4. Skt dung phuong phap thé

* Thi du 5. Xét phuong trinh (m-1)x* +2(m+1)x-m=0 (m=1). Tim hé
thitc lién hé gitra hai nghiém khong phu thudc vao m.

Loi gidi.

Dbiéu kién d€ phuong trinh c6 hai nghiém la m=1.

—2(m+1) 4
1 |t s —
Theo dinh li Viete ta co m—1 m—1
X, +x :—2(m+1)=_2_ 4 (1)
- 1 T4 —1 1
—4x,x, =4+ 4 (2)

m-—1

Cong theo tltng ctia (1) va (2) ta 6 x, +x, —4x,x, =2.
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* Thi du 6. Cho x=2=2, y=Y=C . _S=% Tim h¢ thirc lién hé giita x, y, =
a+b b+c c+a

khong phu thudc vao a, b, c.
Loi gidi.
Cong ba dang thtkc trén theo vé ta c6

a-b b-c c—a
X+y+z= +

a+b b+c c+a

ab(a—b)+bc(b—c)+ca(c—a) (a—b)ar—c

J(c—a) _
(a4—b)(b4—c)(c4—a) - (a—kb)(b—kc)(c—ka) -
Vay x+y+z=-xyz.
6. St dung phwong phéap thé

*Thidu7. Cho ax+by=z, ay+bz=x, az+bx=y. Tim hé thirc lién hé giira x,
y, z khong phu thugc vao a, b, c.

Loi gidi.
Cong ba dang thitc da cho theo vé ta co

x+y+z=0
a+b-1=0"

a(x+y+z)+b(x+y+z)=x+y+z < (x+y+z)(a+b-1)=0.
Xét a+b=1

Khi x tir hai dang thiie dau ta dugc (a*+b)y =(1-ab)z.
Khir z tir hai dang thite dau ta duoc (a+b)y =(1-ab)x.
Via+b=1nén a’*+b=a+b*> va 1-ab#0.

Do d6 (1-ab)z=(1-ab)x =x=z.

Tuwong ty x=y.Suyra x=y==z.

A =O
Vay[x+y+z o’ +y’+2° =3xyz.

Ylx=y=z
*Thi du 8. Cho x* =a*(b+c), y’=b*(c+a), 2 =c*(a+b) va xyz=abc#0. Tim
hé thiec lien hé gitra x, y, z khong phu thupc vao a, b, c.
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Loi gidgi.
Nhan ba dang thitc dau theo vé ta duoc
y’z’ =a’b’c* (a+b)(b+c)(c+a).
Két hop xyz=abc =0 suy ra
xyz=(a+b)(b+c)(c+a) =a*(b+c)+b* (c+a)+c*(a+b)+2abc.
=x’+y’ +2° +2xyz.
Doddé »°+y’+z°+xyz=0.

BAITAP
1.Cho a+b=1, a’+b’ =x, a° +b° =y. Tim hé thtrc lién hé gitta x va y
khong phu thudc a4, b.

2. Tim hé thttc lién hé gitta x, y, z khong phu thudc vao 4, b, ¢ thoa
man cac dang thitc sau

a)l Coy o, e b,
cb'acy’ba'

b) b* +c* —2abx =c* +a* —2cay =a’ +b* —2abz =0

a b c b ¢ a v (a b\(b c)c a
C) —+—+—=2x; —+—+—=y va|—+—||—+—||—+—|=z
b ¢ a a b c b c)\c a)la b
2 2 2

9. Chitng minh rang néu il io1va E+2+£:0th‘1x—2+y—2+‘z—2:1

a b ¢ X Yy z a b ¢
10.  Cho 3 s6 thuc a,b,c thoa man a+b+c = 0. Chiing minh r?mg:

a. 2(a*+b*+c*)=(a® +b*+c?)

a+b+c’ a’+b* +c*
b. ———— =—gbe.—————
5
. A +b’+c A+ +c* A’ +b+c
3 ' 2 5
d a4+ +c" a4+ @ +b 4
' 7 2 ' 5
o a+b"+c a2+ + at+bt+c!

7 3 4
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11. Cho a,b,c, 1a ba s6 thuc khac khong théa man a+b+c = 0 .Chting minh rang
1 1 1 1 1 1,
S+S+5=(=+—+=
a b (a b c)

12.Cho a,b,c la ba s6 thuc duwong thoa man (ab)3 +(bc)3 +(C11)3 = ?)(ubc)3

Chtrng minh réng: (1 +%j£1+gj(l +£j =8

c a

13. Cho a,b,c,x,y,z thoa man ax’ =by’ =cz’ va 1 +l i 1_ 1
x Yy oz

Chting minh rang: i/ax2 +by* +cz> =a+ b +3e

14. Cho céc s6 thuc a,b,c thoa man a® +b* +c? +l2+bi2+l2 =6
a c

Chtng minh rang a?? y 12 4 202 3

. e .a b ¢ bV & 4
15. Cho a,b,c la ba s6 hiru ti ,théa man abc=1 va b—2+—2+—2 =—+ m +—
cc a a c

Chiing minh réng it nhat mot trong ba s6 a,b,c la binh phwong ciia mot s6 hiru
ti.
c

16. Cho a,b,c 1a ba s6 nguyén khac khong théa man 2, B+ —=3
c a

Chttng minh rang tich abc 1a 1ap phurong ctia mot s6 nguyeén.

TIM HE THUC KHONG PHU THUQC VAO THAM SO
C6 nhitng hé phuong trinh hoéc cac hang dang thitc ma tir d6 ta c6 thé tim duwoc mot
hé thirc gitta cac an hodc cac chit khong phu thudc vao cac tham sd .D€ tim hé thirc
do ta thwong st dung nhitng phuwong phap sau day

1. St dung hing dang thirc
*Thi du1.Cho x=a+b,y=a"+b*,z=0a’+b’.Tim hé thtc gitta x,y,z khong
phu thudc a,b,c.
Loi giai :Ta c6
(a+b)2 —(112 +b2)
2

z=a’+b’ :(a+b)(a2—ab+b2):(a+b) (a2+b2)—

2 —
Suy ra: z = x[y —%} < x° +2z = 3xy (khdng phu thudc vao a,b,c)
2. St dung tinh chat day ti s6 bang nhau
*Thi du 2. Cho ﬁ:%i va a+b+c=a’+b>+c* =1.Tim hé thic gifra x,y,z
a c
khong phu thudc vao a,b,c.
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Loi giai: Ap dung tinh chat day i s§ bang nhau ta c6
X Y z X+y+z _ x° 2
—=Y=—=—-—=x+y+z (doatb+c=1) = —==(x+y+z) .
a b ¢ a+b+c yrz ) a* ( 4 )

2 2 2 2 2 2

o , X z X"+ +Z

Matkhac —2=y—2=—2=%=x2+y2+22(d0 ﬂ2+b2+C2:1)
as b° & a+b +c

Do dé (x+y+ 2)2 =x’ +y’> +2z° < xy +yz+2zx = 0 (khong phu thudc vao a,b,c).
3. Tinh méi bién hoic biéu thirc chita méi bién theo cac tham s6 r6i tim quan

hé giira cic bién

*Thi du 3. Cho by +cz = a,ax+cz=b,ax+by =c. Tim h¢ thttc gitta x,y,z khong phu

thudc a,b,c vdi a+b+c #0.

Loi giai. Cong ba dang thitc trén theo vé ta duoc

a+b+c=2(ax+tby+cz)=2(c+cz)=2c(1+2) = 1 __ 2
1+z a+b+c
Tuong tu _ 2 ’_ 12
1+x a+b+c 1+y a+b+c
Do d6 - 1 N 1 N 1 _2a+2b+2c:2

“l+x 14y 1+z  a+b+c

4. St dung phuong phap thé
* Thi du 4. Cho phuong trinh x* — (2m —3)x + m* —3 =0.Tim hé thirc gitta hai
nghiém x1 va x2 khong phu thudc vao m.
x, +x,=2m-3(1
Loi giai. Theo dinh i Vi-éttaco: {° ' % @
x,.x, =m" —3m(2)

Tw (1) suy ra m= LN T i thay vao (2) ta dugc

X +x,+3 ? X +x,+3
1,x2:(%j —3(%}@(%—%)2:9.

5. St dung phuong phap cong dai s6
+Thi du 5.Xét phuong trinh (m—1)x* +2(m+1)x—m =0(m = 1).
Tim hé thitc gitta hai nghiém x1 va x2 khong phu thudc vao m.
Loi giai. Diéu kién dé€ phuong trinh ¢ hai nghiém la m # 1.
Theo dinh li VI-ét ta co

e ULt W S, U PV S BIE
m-1 m—lC:) m—1
-m 1 4
X, ==l “Ax x, =4+ 2
x1x2 m—1 m—1 x1x2 m—l( )

Cong theo v€ ctia (1) va (2) tacod x, +x, —4x,.x, =2 .
a-b  b-c ,_C=1

* Thi du 6. Cho x= Y= ,
a+b b+c c+a

. Tim hé thitc gitra x,y,z khong phu

thudc vao a,b,c.
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Loi giai.Cong ba dang thikc trén theo vé ta ¢6

a-b +b—c+c—a _ab(a—b)+bc(b—c)+ca(c—a)

X+y+z= =
a+b b+c c+a (a+Db)(b+c)(c+a)
_ (a=b)(b—c)(c—2) R
(a+Db)(b+c)(c+a)

Vay x+y+z=—xyz.
File can word hda cho dot 3 trang 37, 38,39 duoc phan cong ddy lén danh 41,42,43

Lai ¢6 x* +y* > 2xy .VOi moi x,y nén ta cd
xz+y2+x+y2%(x2+y2)+xy+x+y20(dl'mgv‘l x+y+xy=0).

D&u déng thitc xay rakhi x=y=0hay a=b=1.
BAI TAP

1. Cho a+b+c>3.Chting minh rang a* +b* +c* >a’ +b° +¢°
2. Cho x,y1a cic s8 duong thda man x+y =1. Chttng minh rang
2 3

—+

>14.
xy  x*+y’

3. (]K)a+b+c+d:1.Chﬁngnﬁnhr§ng(a+ch+d)+2ac+2hiS%n

4. Cho a+b>8va b>3.Chting minh rang 274> +10b° > 945.

AP DUNG BAT PANG THUC CAUCHY HAI SO P CHUNG MINH BAT
PANG THUC

Trudc hét ta nhic lai cac dang bat dang thitc (BDT) Cauchy hai s§ thuong gép :

a*+b*

DANG 1. ab < 5

1)
Déng thttc xay ra khi a=b
DANG 2. %Esfgé )
Déng thttc xay ra khi a=b

Bay gio ta ap dung bat dang thiec CAUCHY hai s8 dé giai cac bai toan sau

Thi du 1. Cho a,b,cla cic s6 thuc dwong sao cho a>c,b>c. Chttng minh rang

\/c(a—c) +\/c(b—c) S\/E.
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Loi giai. BDT can chiing \/%E +\/£.% <1.
a

Ap dung bat dang thiic (2) ta ¢ :

Cong theo vé ctia hai bat ddng thikc trén ta duoc bat ddng thikc can chitng minh.

Déng thtic xay ra khi va chi khi -2 £:E. Ttc c:a—b.
a a b a+b

Thi du 2 Cho a,bla cac s6 thiee dwong . Chiing minh réng :

2 2

%+b—2«/2(a2+b2).
a

Loi giai. BDT can chitng minh twong duong voi a° +b° > aby/2(a® +b%) , hay
(a+Db)(a> +b* —ab) > Nab ~/2ab(a®> + %) .
a+b

Ap dung cac bat dang thiec (1) va (2) ta c6 0 < Jab < —

2 2
Va 0 <2ab(a® +b%) swgaz +0? <2(a? + b —ab).

Nhan theo v& hai bat dang thtic trén ta duoc bat dang thikc can chirng minh.
D&u déang thitc xay rakhi a=b.

Thi du 3. Cho a,bla cac s6 thiee dwong . Chitng minh rang

2 2

%+%+7(a+b) > 8.\2(a> +1?).

Loi giai . BDT can chitng minh twong duong véi

@+ +7ab(a+b) > 8aby2(a® +b7)

Hay (a+b)(a*+b” +6ab) > 8ab\[2ab(a> +b7) 3)

Ap dung bat dang thtkc (2) ta 6

2ab+(a* +b*) (a+Db)
0 <+/2ab(a® +b*) < =
<+j2ab(a” +b7) 5 >

Ttr d6 suy ra
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8Jaby2ab(a® +b?) < 4ab(a+b) *)
Lai ap dung bat dang thttc (2) ta c6

(a+b)(a® +b” +6ab) = (a+b)((a-+b)* +4ab) > 4/ab(a+b)’ (**)

Tir (*) va (**) ta c6 BDT (3).

. 2ab=a’+b’
Dang thitc xay ra khi va chi khi PETTY Tacla a=b.
(a+b)* =4ab

Thi du 4. Cho a,b,cla cac s8 thuc duwong . Chitng minh rang :

a’ b’ c’ a+b+c
2 2+ 2 2+ 2 2 2 :
a-+b> b +c° ¢ +a 2

Loi giai. BDT can chiing minh twong dwong véi

. a’ o b’ e c’ <a+b+c
a* + b? b* +c? A+at ) 2

ab® bc? ca’ a+b+c
2 2 2 2+ 2 2 S
a+b° b +c" ¢ +a 2

Hay

Ap dung bat dang thirc (1) ta ¢ :

2 2 2 2
2ab __», Zabng. 112+b2 b nén 2ab 2S2‘
a-+b a-+b 2(a”+b7) 2 a-+b- 2

Tuwong tu ta dugc

bc? c . ca’
2 2S_Va 2 2
b-+c° 2 ¢ +a

L4
2

Cong theo vé ctia ba bat dang thikc trén ta duoc diéu phai chiing minh. Dang thitc

xay ra khi

a=b=c.

Thi du 5. Cho 4,b,c1a cac s6 thuc duwong sao cho abe > 1. Chting minh rang :

a’ —a? b’ —b? ¢’ —c?

+ + >0.
A +b*+c* b+t +at S +at+ b

(Thi Olimpic toan qudc t€ lan thit 46 — nam 2005)

Loi giai. BDT can chitng minh tuwong duong véi
5 2 5 12 5 2

1- 5a zu > |t 1- sb zb 2|7 1- sc 2C 2 <3
a+b°+c b>+c“+a c’+a +b
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1 1 1 3
ha + + < 4
y P+b*+c® VP +ct+ad C+at+b® AR+ +cR @

Ttr abc >1 va ap dung BDT (1) ta co

2 2

: 12 < 1 - 1 < : 1 3 b”+c
a’+b"+c a a 2a
— 40+ —+P T

abc be b +c

+b +¢? _2’14+(b2+62)2 |

Do 4u? +v* > 4uv < 2u* +0° 2§(u+v)2 nén
2 2 2
2a4+(b2+c2) 2§(a2+b2+c2) )

1 . e 3(b2+cz)

Suyl‘a a5+b2+cz_2g4+(b2+62)2_2(a2+b2+cz)

5 -

1 3(c2+a2) 3(u2+b2)
Tuwong tu RS > < 2 T szg e
te +a 2(a +b +c) ¢ +a + 2(a +b*+c )
Cong theo vé& ba BDDT trén, ta duwgc BDDT (4).
Déng thitc xay ra khi va chikhi a=b=c=1.
BAI TAP

Cho a,b,c 1a cac s6 thuc dwong. Chiing minh réng

1. Néu a+b+c=1 thi\/ ab +\/ be +\/ ca SE.
c+ab a+bc b+ca 2

2. (ab+c2)(bc+a2)(ca+b2)2abc(a+b)(b+c)(c+a).

b c_a+b b+c
+—+—2>—+——+1.
c a

a
b b+c a+b
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MOT SO PHUONG PHAP CHUNG MINH
BAT PANG THUC CO CHUA BIEN O MAU

Trong ki thi vao 16p 10 THPT chuyén trong ca nuiede va céc ki thi hoc sinh gioi,
ta gdp rat nhiéu bai toan chitng minh bat déng thikc (BDT) c6 chira bién &
mau. Trong bai viét nay, tac gia xin gidi thiéu mot sd ki ndng giai bai todn
dang dé.

1. Stt dung cac bat dang thitc co ban

Vi a,b,c laba so thuc duong tuy y, ta cd

4 (1) déng thirc xay ra khi a=b.
a+b

ol+l+12 ?
a b ¢ a+b+c

(2) dang thuc xay rakhi a=b=c.

*Thi du 1. Cho ba s thiec dwong a,b,c théa man a+b+c =1. Chitng minh ring
1 1

—+—2>16.
ac be

Loi gidi. Ap dung BDT (1) ta c6

1 1 1(1 1 4 4
— = 4+ > > 5 =16.
ac bc cla b c(a+b) £C+a+bj

2

Déng thitc xay ra khi c=%,a=b=i.

*Thi du 2. Cho ba s6 thuc duwong a,b,¢ thdéa man a+b+c <3.Chtng minh

réng
L2912 Lo
a’+b”+c> ab+bc+ca
Loi gidi. Ap dung BDT (2) ta c6
1 1 1

2 2 2+ +
a - +b>+c> ab+bc+ca ab+bc+ca

9 9
2612+bz+c2+2(ab+bc+ca)_(,ZerJrC)z21 ©)

Mit khéc, ta c6 3(ab+bc+ca)< (a+b+c)?, suy ra:
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ab+bc+ca  (a+b+c) ()

Tt (3) va (4) suy ra diéu phai chitng minh.
Déng thitc xay rakhi a=b=c=1.0
2. Pat mau la cac bién méi
* Thi du 3. Cho 3 s6'thuc dwong x,v,z. Chitng minh ring

25 + 4y + oz >12 (5)

y+z z+x z+y

Loigidi.Dat a=y+z,b=z+x,c=x+y(véia>0,b>0,c>0).Suyra

‘e b+c—-a  c+a-b __ a+b-c
2 7 - - .

7

2 2

Ta co:

25x+ 4y N 9z _25(b+c—a)+4(c+a—b)+9(a+b—c)
y+z z+x x+y 2a 2b 2c

25b  4a 25¢ 9a 4c 9b
= —+— |+| —+— |+| —+— |19
2a  2b 2a  2c 2b 2c
>10+15+6-19=12.
Déng thiic xay ra khi va chi khi
5b=2a o
=5b+5c=5a=x=0 (voli).
5¢=3a
Vay BDT (5) dung. O
3. Danh gia nghich dao

* Thi du 4. Cho a,b,c la dj dai ba canh ciia mgt tam gidc . Chieng minh rang

\/ a +\/ b +\/ ¢ >3
b+c—a c+a-b a+b-c

Loi gidi. Ap dung BDT Cauchy ta c6

5 /b+c—aSb+c—a+1:b+c:> / a S 2a .
a a a b+c—a b+c
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