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A. Phwong phap giai bai toan cuc tri hinh hoc.

1. Dang chung cua bai toan cuc tri hinh hoc:

“Trong tit cd cdc hinh c6 chung mot tinh chdt, tim nhitng hinh ma moét dai luong ndo
d6 (A6 dai doan thing, s6 do géc, s6 do dién tich ...) c6 gid tri I6n nhdt hodc gid tri nhé
nhdt.” va cé thé€ duoc cho dudi cac dang :

a) Bai toan vé dung hinh.

Vi du: Cho dwong tron (O) va diém P nam trong dwong tron, xdc dinh vi tri clia ddy di qua
diém P sao cho ddy dé cé d¢ dai nhé nhit.

b) Bai toan vé€ chitng minh.

Vi du: Chitng minh rang trong cdc ddy di qua diém P trong mot dwong tron (O), ddy vudng
g6c v6i OP c6 dg dai nho nhat.

c) Bai toan vé tinh toan.

Vi dy: Cho duong tron (O;R) va diém P nam trong dwong tron c6 OP = h, tinh d¢ dai nhé
nhat cua ddy di qua P.

2. Huong giai bai toan cyc tri hinh hoc:
a) Khi tim vi tri cua hinh H trén mién D sao cho biéu thtic f ¢6 gid tri 16n nhat ta phai
ching to duoc :

+ Vi moi vi tri ctia hinh H trén mién D thi f<m (mla héng sO)
+ Xac dinh vi tri ctia hinh H trén mién D sao cho f=m
b) Khi tim vi tri cta hinh H trén mién D sao cho biéu thtic f ¢6 gia tri nho nhat ta phai
ching to duoc :
+ Vi moi vi tri ctia hinh H trén mién D thi f>m (m la hang s )
+ Xac dinh vi tri cia hinh H trén mién D d€ f=m
3. Cach trinh bay 10i giai bai toan cuc tri hinh hoc.

+ Cich 1: Trong cac hinh c6 tinh chat cta dé bai, chi ra mot hinh r6i chiing minh
moi hinh khac déu c6 gia tri ctia dai lwgng phai tim cuc tri nho hon (hodc I6n hon) gia tri
cta dai lugng d6 ctia hinh da chi ra.
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+ Cdch 2: Bién doi twong duong diéu kién d€ dai luong nay dat cuc tri bdi dai
lwong khac dat cuc tri cho dén khi tra 10i dwgc cau hdi ma dé bai yéu cau.

Vi dy : Cho dwong tron (O) va dién P nam trong dwong tron( P khong tring véi O). Xdc
dinh vi tri ciia ddy di qua diém P sao cho ddy dé cé dg dai nhd nhat.

Hudng dan giai
+Cdch 1:

Goi AB la day vudng goc v6i OP tai P, va day CD la day bat ky di qua P va khong trung
voi AB (h.1).

KéeOH L CD.

AOHP vuong tai H = OH <OP = CD > AB M.

Nhu vay trong tat ca cac day di qua P, day vuong goc véi OP D
tai P c6 d0 dai nho nhat . h.1

+ Cach 2:
Xét day AB bat ky di qua P (h.2). Ké OH L AB

Theo lién hé gitta day va khoang cach dén tam: A
AB nho nhat < OH 16n nhat ,4
Ta lai c6 OH < OP >
B
OH=0OP«< H=P h.2
Do d6 maxOH = OP
Khi d6 day AB vuong goc véi OP tai P.
B. Cac kién thirc thudng dung giai bai toan cyc tri hinh hoc.
1. St dung quan hé giita dwong vudng goc, duong xién, hinh chiéu.
a-Kién thitc cin nho:
A
B /]_‘ A K a
L . ' b
C B H C
A hs ht i B
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a1) AABC vudng tai A (c6 thé suy bién thanh doan thang) = AB <BC .
Dédu “=" xayra< A=C.(h.3)

az) (h4)
+ AHla = AH<AB. D4u “=" xayra<>B=H.
+ AB<AC < HB <HC

as) (h.5)
AKea;B,Heb;a//b;HK La = HK<AB
Dau “=" xdyra<> A=KvaB=H.

b- Cac vi du:

Vi du 1: Trong cdc hinh binh hanh c6 hai dwong chéo bang 6 cm va 8 cm, hinh nao cé dién
tich l6n nhidt? Tinh dién tich lon nhat do.

Hudng dan giai

]

h.6 h

Xét hinh binh hanh ABCD c6 AC=8 cm; BD =6 cm ( 1.6)
Goi O la giao diém hai duong chéo. Ké BH L AC.

Ta c6 : Sascp= 2Sa8c = AC.BH

Ta c6 AC =8cm, BH <BO =3cm. Do do:

Sascp £ 8.3 =24 (cm?)

Sapcp =24 cm? < BH=BO < H=0 < BD LAC

Vay max Sascp = 24 cm? . Khi d6 hinh binh hanh ABCD 1a hinh thoi (h.7) c6 dién tich
24cm?2.
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Vi du 2: Cho hinh vuéng ABCD. Trén cdc canh AB, BC, CD, DA ta I3y theo thit tw cdc diém
E,F,G,H sao cho AE = BF = CG = DH . Xdc dinh vi tri ctia cdc diém E, F,G,H sao cho tir gidc
EFGH c6 chu vi nho nhit .

Gidi : A
AHAE = AEBF = AFCG = AGHD
= HE = EF =FG =GH

= EFGH la hinh thoi . H..
AHE = BEF b

— AHE + AEH =90° — BEF + AEH =90°
— HEF = 90"
= EFGH la hinh vuong

Goi O la giao diém ctia AC va EG . Tt giac AECG c¢6 AE = CG, AE //CG nén la hinh
binh hanh suy ra O la trung diém ctia AC va EG, do d6 O 1a tam ctia ca hai hinh vuong
ABCD va EFGH.

AHOE vuéng can : HE? = 20E2 = HE = OE+/2

Chu vi EFGH = 4HE = 4+/2 OE . Do d6 chu vi EFGH nhé nhat < OE nhé nhat
Ké OK LAB = OE >OK ( OK khéng déi)

OE=OK < E=K

Do @6 min OE = OK

Nhu vay, chu vi ti giac EFGH nho nhat khi va chi khi E,F,G,H 1a trung diém cta
AB, BC, CD, DA.
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Vi du 3: Cho dogn thing AB c6 dj dai 2a .Vé vé mot phia ctia AB cdc tia Ax va By vuéng
g6c v6i AB. Qua trung diém ciia M ciia AB c6 hai dwong thing thay doi luén vuéng goc véi
nhau va cit Ax, By theo thir tw tai C va D. Xdc dinh vi tri ciia cdc diéim C,D sao cho tam gidc
MCD cé dién tich nho nhit . Tinh dién tich tam gidc do.

Huéng dan giai

Goi K 14 giao diém cua CM va DB

MA=MB: A=B=90", AMC = BMK
— AMAC = AMBK = MC = MK
Mt khic DM 1CK

= ADCK can = IS] = IA)z
Ké MH L CD. K
AMHD = AMBD = MH = MB =a h.9

— Swc =% CD.MH > %AB.MH =% Da.a= a2

Smcp = a2 <> CD 1 Ax khi d6 AMC =45; BMD =45°.
Vay min Smcp = a2 . Cac diém C,D dwgc xac dinh trén Ax; By sao cho AC=BD =a.
Vi du 4: Cho tam gidc ABC c6 Bl goc tu, diém D di chuyén trén canh BC . Xdc dinh vi tri
ctia diéin D sao cho t6ng cdc khodng cich tir B va C dén dwong thing AD c6 gid tri lon nhit .
Huéng dan giai
Goi S la dién tich AABC Khi D di
chuyén trén canh BC ta c6 :

SaBD + Sacp =S

Ké BE LAD, CF L AD

h.10 F

:%AD.BE +% AD.CF=$

= BE +CF =§
AD

Do d6 BE + CF 16n nhédt <> AD nhé nhat <>hinh chiéu HD nho nhat
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Do HD > HB (do ABD >90°) va HD =HB < D =B

Vay Khi D = B thi tong cac khoang cach tir B va C dén AD c6 gia trj 16n nhat .
2. S&t dung quan hé giita duwong thang va duong gap khuc.

a. Kién thic cin nho:

V6iba diém A,B,Cbatky tacd: AC+CB= 4B

AC +CB = AB < C thudc doan th:fmg AB

b. Cac vi du:

Vi du 5: Cho gécx/O\y va diém A ndm trong goc dé. Xdc dinh diém B thudc tia Ox, diém C
thudc tia Oy sao cho OB = OC va tong AB +AC la nho nhit .

Hudéng dan giai
Ké tia Om nam ngoai géc xOy sao cho

y/OEl =xOA . Trén tia Om lay diém D sao

cho OD =0A . Cdc diém D va A c6 dinh .

OD =OA, OC = OB, COD = BOA
— ADOC = AAOB = CD = AB

Do d6 AC +AB = AC +CD

Ma AC+CD = AD

=AC+AB >AD

Xay ra dang thitc khi va chi khi C e AD

Vay min(AC+AB) =AD . Khi d¢6 C 1a giao diém caa AD va Oy, B thudc tia Ox sao
cho OB =0OC.
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Vi du 6: Cho hinh chir nhit ABCD va diém E thudc canh AD. Xdc dinh vi tri cic diém F
thugc canh AB, G thu¢c canh BC, H thugc canh CD sao cho tir gidc EFGH c6 chu vi nho nhat.

A

AAEF vudng tai A c6 Al 1a trung tuyén = A/ = %EF
ACGH vudng tai C ¢c6 CM 1a trung tuyén = CM = %GH
IK Ia dwong trung binh ctia AEFG = IK = %FG

KM Ia duong trung binh cia AEGH = KM = %EH

h.12

B

Hudng dan giai

h.13
Goil K, L theo thtt tu la trung diém cua EF, EG, EH (h.12).

Do d6: chu vi EFGH = EF +FG +GH +EH =2(AI + IK + KM + MC)

Talai co: AI+IK+KM+MC=>AC
Suy ra chu vi EFGH 2 2AC ( d¢ dai AC khong d6i )

Chu vi EFGH nhé nhat bang 2AC < A,LK,M,C thiang hang.

Khi d6 ta c6 EH//AC,FG//AC, AEI=EAI=ADB nén EF//DB, tuwong tu GH//DB .
Suy ra t& giac EFGH Ia hinh binh hanh c6 cac canh song song vdi cac duong chéo cua

hinh ch* nhat ABCD (h.13).
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3. St dung cac bat dang thitc trong duong tron.
a. Kién thiic cin nho:

C
C D
- \ A B D
: . 4 B
A 0O B C \ B
& A N
h.14 52 h.16 h17

a1) Trong cac day cua duong tron, day 16n nhat 1a dwong kinh.
AB la duong kinh, CD la day batky = CD < AB (h.14)

a2) Trong hai day ctia duong tron.

Day nao 16n hon thi day d6 gan tam hon

Day nao gan tam hon thi dau d6 16n hon
OH, OK la cac khoang cach t&r tam dén day AB va CD :
AB>CD < OH<OK (h.15)

a3) AB,CD la céc cung nhé ctia (O) : AB>CD < AOB>COD (h.16)

as) AB,CD la cac cung nho caa (O) : AB>CD < AB>CD (h.17)
b. Cac vi du:

Vi du 7: Cho hai dwong tron (O) va (O’) cat nhau
0 A va B, mgt cat tuyén chung bat ky CBD (B
nam giita C va D) cit cdc dieong tron (O) va (O')
tai C va D. Xdc dinh vi tri ctia cdt tuyén CBD dé
AACD ¢6 chu vi lon nhit.

Hudng dan giai

sd(A: =%sdAmB ; sd f) =%sdAnB

= s0 do cac goc AACD khong d6i (do A, B ¢d
dinh)




Chu dé 7: Cuc tri hinh hoc

= AACD c6 chu vi 16n nhat khi moOt canh ctia n6 16n nhat, chéng han AC la 16n nhat.

ACla day ctia dwong tron (O), do d6 AC 16n nhat khi AC la duong kinh cta duong
tron (O), khi d6 AD la duong kinh cta duong tron (O’). Cat tuyén CBD & vi tri C’'BD’
vuong goc voi day chung AB.

Vi du 8: Cho duwong tron (O) va mét diém P nam trong dwong tron. Xdc dinh ddy AB di
qua P sao cho OAB 6 Qid tri Ion nhat .

Hudng dan giai

Xét tam gidc can OAB, goc o day OAB 16n nhat néu

g6c & dinh AOB nho nhat .

—_ 1 —

AOB :ESdA

Géc AOB nho nhét < Cung AB nho nhit < day AB
nho nhdt < Khoang cach dén tam OH 16n nhat.

h.19

Ta c6 OH <OP
OH=0P < H=P nén max OH=0P < AB L OP

Suy ra day AB phai xac dinh la day A’B’ vuong goc véi OP tai P .

4. St dung bat dang thirc vé lity thira bac hai .
a. Kién thitc cin nhé:

Cac bat dang thirc vé lity thita bac hai dugc stt dung dudi dang :
A2>20 ; -A2<0
Do d6 véi m 1a hang s6, ta c6 :
f=A2+mz2m ;minf=mvéi A=0

f=—-A’+m<m ;maxf=mvoiA=0
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b. Cac vi du:
A x E 4-x B

Vi du 9: Cho hinh vuéng ABCD c6 canh bang 4cm . Trén
cic canh AB, BC,CD,DA, 14y theo thit ty cic diém E,F,G,H sao A
cho AE = BF = CG = DH . Tinh d6 dai AE sao cho tit gide EFGH F
6 chu vi nho nhit.

- H
Huwéng dan giai
AAHE = ABEF = ACFG = ADGH C
D G
— HE=EF=FG=GH , HEF = 90’ 1.20

= HEFG la hinh vuong nén chu vi EFGH nho nhat khi
HE nho nhat .

bat AE = x thi HA = EB =4-x

AHAE vuong tai A nén :

HE 2= AE?2+AE? =x?>+ (4 —x)? =2x>-8x+16 =2(x—-2)>+8=8
HE =8 =242 & x=2

Chu vi t¢ gidc EFGH nho nhat bang 8+/2 cm , khi d6 AE=2 cm .

Vi du 10: Cho tam gidc vuéng ABC c¢6 d¢ dai cdc canh géc vuéng AB = 6 cm, AC = 8cm.
M la diém di chuyén trén canh huyén BC. Goi D va E la chdn cdc dwong vudng goc ké tie M dén
ABva AC . Tinh dién tich I6n nhat cua tir gidc ADME.

Hudng dan giai
ADME la hinh chi* nhat .
bat AD = x thi ME = x

ME //AB— IM _CE _ x _CE _ p_4%,
AB CA 6 8 3
L AE=8-2x
3

Ta c6 : Sapme =AD.AE=X(8—§X)=8X—§X2=—§(X—3)2+12S12

SabMve =12 cm?2 & x =3
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Dién tich 16n nhat ctia tt giac ADME béang 12 cm? ,khi d6 D 1a trung diém ctia AB,
M 1a trung diém cua BC va E la trung diém caa AC.

5. St dung bat dang thitc Co-si .
a-Kién thiic cin nhg:

Bat dang thitc Co-si: Véix>0;y >0 tacd: x;y > \[xy
Dau “=" xay ra khi va chi khix =y
Bat dang thiic Co-si thuong duoc st dung dwdi cdc dang sau :

2
+Dang 1: x> +y° > (x+2y)

>2xy hay (x+y)’ £2(x2 +y2)

Dau “=" xay ra khi va chi khi x =y

2
+ Dang 2: (x+y) >4; zsl
Xy (x+y) 4
(x+) <2 X'+’ S 1
x2+y2 (_x—|—y)2 2

Dau “=" xay ra khi va chi khi x =y
+Dang 3: V6ix20;y20; x +y khong doi thi xy 16n nhat khi va chi khi x=y
+Dang 4: V6ix20;y 20 ; xy khong doi thi x+y nhd nhat khi va chikhi x=y
b. Cac vi du:

Vi du 11: Cho doan thang AB, diém M di chuyén trén doan thing &y . VE cdc duwong tron
c6 dwong kinh MA va MB . Xdc dinh vi tri cua diém M dé’tong dién tich ciia hai hinh tron co
Qid tri nho nhit .

Gidi :
bat MA =x, MB =y
Tacé:x+y=AB (0<x,y <AB)

Goi S va S’ theo thir ti la dién tich ctia hai hinh
tron c6 duwong kinh 1a MA va MB .
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x Y x4y
Ta co: S+5 = R(Ej —H{XJ =7t.—y

2 4
(x+y)
Ta c6 bat dang thitc : x* +y* > Ty nén :
2
X + 2
S+5' 2 n.( 8Y) =71:.A8B

D&u dang thiic xay ra khi va chi khix =y

AB’

Do d6 min (5+5') =m. . Khi d6 M la trung diém cua AB.

Vi du 12: Cho diéin M nam trén doan thing AB .Vé vé mot phia ctia AB cdc tia Ax va By
vudng géc véi AB . Qua M c6 hai dwong thing thay d6i ludn vudng goc véi nhau va cit Ax, By
theo thir tw tai C va D . Xdc dinh vi tri cua cic diém C,D sao cho tam gidc MCD co dién tich
nho nhat .

Hudéng dan giai y
1 D
Ta c6 : Smep = EMC.MD

batMA=a, MB=b

AMC=BDM =a

B
MC-—2_ MD=_"
({01104 SIno
1 ab

Smcp = — ——M
2 cosa.sinao

Do a,b 1a hang s6 nén Svco nho nhat <> 2sina.coso. 16n nhat .
Theo bat déang thitc 2xy <x2+y2 ta cd:

2sina.cosa < sina +cos?a =1 nén Swcp >ab

SMmcp = ab < sina = cosa < sina = sin(90%-a) < o = 90°—a < o = 450

<> AAMC va ABMD vuodng can.
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Vay min Smcp = ab. Khi d6 cac diém C,D duoc xac dinh trén tia Ax ; By sao cho AC
=AM, BD=BM.

Vi du 13: Cho AABC, diém M di dong trén canh BC . QuapM ké cic dwong thing song
song véi AC va vdi AB, chiing cit AB va AC theo thit tw 6 D va }
sao cho hinh binh hanh ADME c6 dién tich lon nhat.

c dinh vi tri ctia diem M
K

Hudng dan giai

) o S , -
SapMe 16n nhat < —22ME 16n nhat A
SABC X M

Ké BK L AC c&t MD 6 H.

Sapme = MD . HK

SaBC = %AC . BK

S _ oy MD HK
Sy  AC BK

Pt MB=x,MC=y,

MD BM x  HK MC y

MD//AC ta co: = = ; = -
AC BC x+y BK BC x+y

2xy 1

Theo b4t déng thire —=— S% = Saour _ <—.

(x+y) SABC (x+y)2 2

D&u dang thtic xay ra khi x =y
Vay max SADME=% Sasc khi d6 M la trung diém cua BC.

Vi du 14: Cho A ABC vudéng cin cé canh huyén BC = a . Goi D la trung diém ciia AB.
Diém E di chuyén trén canh AC. Goi H,K theo thit tw la chin cic dwong vudng goc ké tir D, E
dén BC . Tinh dién tich I6n nhit cua hinh thang DEKH . Khi d6 hinh thang tro thanh hinh gi ?

Hudéng dan giai
Tacod:
2Spexi = (DH +EK).HK = ( BH +KC ) .HK
Ma (BH + KC) +HK =BC = a khong d6i
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Nén (BH + KC) .HK I6n nhit <BH + KC) = HK =%
Do do:

laa a’
max SpEkH =—,—.— = —

222 8

Khi d6 duong cao HK = % suy ra:

KC=BC-BH-HK =a-~-2-2
2 2

I

~

@
I

Dod(’)DH=HB=%,EK

Hinh thang DEKH 1a hinh chit nhat, E la trung diém cta AC.

6. S dung ti s6 lwong giac.

a-Kién thitc cin nhg: B

He thttc gitra canh va goc trong tam giac vuong c 4

+b =a.sinB =a.cosC A 5 C
h.26

+b = c.tgB = c.cotgC

b-Cac vi du:

Vi du 15: Chirng minh rﬁng trong cdc tam gidc cdn c6 cung dién tich tam gidc co canh day
nho honla tam gidc cé goc 6 dinh nho hon.

Hudng dan giai

A
Xét cac tam giac ABC can tai A c6 cung dién
tich S. Ké duong cao AH . DBat BAC = o L
AAHC vudng tai H, ta co :
& B H C
HAC = % , h.27

AH=HC .Cotgg =lBC.cotgg
2 2 2
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Do dé: S = ~BC.AH = ~BC.LBC.cotg % =L BC2cotg 2
2 22 2 4 2

= BC= 4Sa :2\/S.tg%
cotg—
g2

Do S khong d6i nén :
BC nho nhét < tg% nho nhat < % nho nhit < o nho nhit < BAC nho nhit

Vi du 16: Cho hinh chit nhidt ABCD. Trén cdc canh BC,CD Iidn lwgt 1dy cic diéim KM sao
choBK:KC=4:1,CM: MD=4:1.Tim ti s6’ AB : BC dé¢’s6’do g6c KAM  16n nhit .

( Cho cong thike bigh dGi tan( x +y )= 22X T1NY

I —tanx.tany
Huéng dan giai

Dit BAK=x ,DAM=y (x+y<90°)

A B
KAM 16n nhat <> BAK + DAM nho nhat S
y
< x +ynho nhdt < tan (x + y) nhd nhat
K
Giast AB:BC =1:m (m>0) D v C
BK BK BC 4m h.28
tan x = = . =
AB BC AB 5
DM DM DC 1
tany = = =

tan( x +y = tanx + tany =(4m+ 1 j(l_é‘_ij:E(é‘—erLj
Y I-tanx.tany 5 5m) 5 5m) 21\ 5 5m

tan (x + y) nho nhat < -4 1 ko nhat
5 Sm

Theo bat dang thitc Co-si ta co:

4m 1 dm 1 4
—t+—2 2‘/—.— =—
5 S5m 5 5Sm 5
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. 4 1
D4au dang thiic xay ra < M__ om- 1
5 5m 2

Vay x +y nhé nhat khi va chi khi m =%

Do d6 KAM 16n nhat khi va chi khi AB:BC=2: 1
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C. Mot s6 bai toan 6n luyén c6 huéng dan

Bai 1. Cho ntta dwong tron duong kinh BC = 2R. Tt diém A trén nra duong tron vé
AH 1 BC Ntta duong tron duong kinh BH, CH lan lwgt c6 tam Os; O2 cit AB, AC tht
twe tai D va E.
a) Chitng minh t& giac ADHE 1a hinh ch@ nhat, ttr 6 tinh DE biét R =25 va BH = 10
b) Chiing minh tt giac BDEC noi ti€p duong tron.
c) Xac dinh vi tri diém A d€ dién tich t& gidc DEO,O, dat gia tri I6n nhat. Tinh gia tri d6.
Huéng dan giai

A

S

a) Ta c6 BAC =900 (vi goc ndi tiépchdn nira dueong tron)

Tuong ty 6 BDH = CEH = 90°

Xét tir gidc ADHE c6 A = ADH = AEH =90° => ADHE 14 hinh chit nhat.

T d6 DE=AH ma 4H? = BH.CH (Hé thtic lvgng trong tam giac vudng)
hay AH?=10.40 =400 (BH =10; CH = 2.25 - 10 = 40) => DE = 20 (don vi do dai)
b) Ta cé: BAH= C (gdc c6 canh trong ting vudng géc) ma DAH = ADE (1)

(Vi ADHE 13 hinh chit nhat) => C=ADE do C+BDE=180" nén ti gidc BDEC ndi tiép
duwong tron.

¢) Vi 0D = 0,8 =>AOBD céntai O, = B=BDO, (2)

Tt (1), (2) =>ADE + BDO, = B+ BAH =900=> O,D //O,E

Vay DEO,0, la hinh thang vudng tai D va E.

Tac6S= %(OID +0,E).DE = %Oloz.DE < %0103

(Vi OD+0,E=0H+0,H =0,0, va DE<0,0, )
1 BC® R*

smszolo;= P

Dau "=" xay ra khi va chi khi DE =00,
< DEO,0, 1a hinh chit nhat

2
< A la diém chinh gitta cung BC Khi d6 max$,,,, = R?
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Bai tap 2. Cho duong tron (O), duong kinh AB, d1, d2 1a cc cdc duong thang Ian luot
qua A, B va cling vuong goc véi duong thang AB. Ldy M, N 1a cac diém lan luot
thudc d1, d2 sao cho MON = 900.
1) Chiing minh duong thang MN 1a tiép tuyén ctia duong tron (O).

AB”

2) Chiing minh AM. BN =
3) Xac dinh vi tri cia M, N d€ dién tich tam giac MON dat gid tri nho nhat.

Huéng dan giai

1) Goi H 1a hinh chiéu ctia O trén duong thang MN. Xét tit giac OAMH
A+H=180" (do A =H=90°)
=>OAMH 1a t& giac ndi tiép duong tron.
Tu’ong tur tie glac OBNH ndi tiép dugc
=> A 1(/1\ B =N, (2 gbc ndi tiép chan 1 cung)
= A, +B, =M, +N, =90° => AHB = 90°. Hay H thudc (O) lai c6 OH L MN
=>MN la tiép tuyén cta (O)

2) Ta c6 AM = MH, BN = NH, theo hé thitc lugng trong tam vuong, ta co:

AM.BN = MH. NH = OH* =

3. SAMON =5

D4u “=" khi va chi khi MN = AB hay H la diém chinh gitta ctia cung AB
<M, N song song vdi AB & AM =BN = %

Vay S,y Nho nhat khi va chi khi AM =BN = %

L OH. MN > % OH. AB (Vi AMNB 14 hinh thang vuéng)
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Bai tap 3. ChoA ABC ¢6 3 gbc nhon, treec tam la H va ndi tiép duong tron (O). Vé
duwong kinh AK.
a) Chting minh t gidc BHCK la hinh hinh hanh.
b) Vé OM LBC (M e BC). Chttng minh H, M, K thang hang va AH = 2.0M.
c) Goi A’, B’, C’ la chan cac dwong cao thudc cac canh BC, CA, AB cuaa ABC Khi BC c6
dinh hay xac dinh vi tri diém A dé€tong S=A’B’ + B'C’ + C’A’ dat gia tri 16n nhat.

Hudng dan giai

A

a) Ta c6 ACK =90° (vi goc noi tiép chin nira duwong tron)

Nén CK 1 ACma BH 1 AC (vi H truc tam)

=> CK // BH tuong ty ¢6 CH // BK

=> T giac BHCK la hbh (dpcm)

b) OM 1 BC =>M trung diém ctia BC

(dinh ly duong kinh va day cung) => M la trung diém ctia HK (vi BHCK 1la hinh binh
hanh) => dpcm A AHK ¢6 OM la duong trung binh => AH =2.0M

¢) Ta c6 AC'C=BB'C = 900=> t&t gi4dc BC'B’C ndi tiép dudng tron => ACB' = ACBma
ACB=BAx (Ax la tiép tuyén tai A)=> Ax // B'C’

OA 1 Ax=>0A 1 B'C’. Do d6 SAB'OC’ = %R.B’C’

Tuong tu: SBA’OC’ = %R.A’C’; SCB'OA’ = %R.A’B’

Susc = 5 RAB +B'C'+ C'A)= ~ AA"BC < - (AO + OM).BC

— A’B’+B'C’ + C’A’, 16n nhat khi A, O, M théng hang
< Ala diém chinh gitta cung lén BC
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Bai tap 4. Cho duong tron (O), duong kinh AB 8 dinh, diém I nam gitta A va O sao cho
Al= % AO. Ké day MN vudng gbc véi AB tai |, goi C 1a diém tiy y thude cung 16n MN
sao cho C khong trung véi M, N va B. Noi AC c&t MN tai E.

1) Chting minh t& giac IECB ndi tiép.

2) Chttng minh hé thic: AM* = 4E.AC

3) Hay xac dinh vi tri cua diém C sao cho khoang cach tit N dén tam duong tron ngoai

tiép tam giac CME la nho nhat.

Huéng dan giai

1. Theo gia thiét MN LAB tai I
ACB =90° hay ECB = 90"
= EIB + ECB = 180
ma day la hai géc d6i cua tix gidc IECB nén t& giac IECB 1a t& giac ndi tiép.
2. Theo gia thiét MN LAB, suy ra A 1a diém chinh giita cia MN nén AMN = ACM (hai
g6c ndi tiép chin hai cung bing nhau) hay AME = ACM, lai ¢6 CAM 1a g6c chung do dé
AM AE

tam gidc AME dong dang voi tam gidac ACM = A AM? = AE.AC

C2: AM* = AI.AB = AE.AC

3. Theo trén AMN = ACM = AM Ia tiép tuyén ctia dwong tron ngoai tiép AECM. N&i
MB ta c6 AMB=90°, do d6 tam O1 cua duwong tron ngoai ti€p AECM phai nam trén BM.
Ta thdy NO, nhé nhat khi NO, la khoang cach tit N dén BM= NO, LBM. Goi O1 la chan
duong vudng goc ké tir N dén BM ta duoc O1 la tam duong tron ngoai ti€p A ECM c¢d
ban kinh la O1M.

Do d6 dé khoang cach tir N dén tam duong tron ngoai ti€p A ECM la nhé nhét thi C
phai la giao diém ctia duong tron (O1), ban kinh O1IM véi duong tron (O) trong d6 On
la hinh chiéu vudng goc cua N trén BM.
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Bai tap 5. Cho duong tron (O; R) va diém A nam ngoai duong tron sao cho 04 = R\2
. T A vé cac tiép tuyén AB, AC vé6i duong tron (B, C la cac tiép diém). Lay D thudc
AB; E thuoc AC sao cho chu vi ctia tam gidc ADE bang 2R.

a) Chitng minh t& gidc ABOC la hinh vuong.

b) Chttng minh DE 1a ti€p tuyén cua duong tron (O; R).

¢) Tim gia tri 16n nhét caa dién tich AADE.

Huéng dan giai

—

a) Ta co: ABO = ACO = 90’ (tinh chat tiép tuyén) (1)
AB=AC =yOA?— OB’ =R = 0B = OC (2).
Tt (1) va (2) suy ra ABOC Ia hinh vudng.
b) Theo bai ra ta c6: AD + DE + AE=2R (3).
Suy ra: DE = BD + CE (4).
V& OM L DE (MeDE) (5)
Trén tia d6i caa tia CA 14y diém F sao cho CF = BD; suy ra ABDO = ACOF (c-g-c)
= OD = OF,; lai ¢6 DE = FE nén AODE = AOFE (c-c-c)
=OM=0C=R (hai dwong cao twong ttng) (6).
Tt (5) va (6) suy ra DE la tiép tuyén cua duong tron (O;R).

) Dit: AD=x; AE=y =8,,, =%xy (x,y>0)

Ta cé: DE=+AD? + AE” = \/xz +y* (dinh li Pitago).
VIAD+DE+AE=2R=x+y+x’+y> =2R (6)

Ap dung BDT — Cési cho hai s8 khong am ta c6: x +y >2/xy va W > \[2xy (7).
D4au “=" xay ra khi va chi khi x = y.
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Tl (6) va (7) suy ra: 2y/xy +2xy <2R < /xy(2++2)<2R

c>\/7<( <i =SADE < : @SADE£(3-2J§)R2.

2+\/_) 34242 3+242
Vay max SADE = (3—2\/§)R2 < x =y < AADE can tai A

Bai tap 6. Cho duong trong (O, R) va duong thang d khdng qua O cat duodng tron tai hai
diém A, B Lay mot diém M trén tia d6i cua tia BA ké hai tiép tuyén MC, MD véi duong
tron (C, D la cac tiép diém). Goi H 1a trung diém cta AB
1) Chttng minh réng cacdiéem M, D, O, H cung nam trén mot dwong tron.
2) Doan OM cat duong tron tai I. Chiing minh rang I 1a tim duong tron ndi tiép tam
giac MCD
3) Duong thang qua O, vudng goc véi OM cat cac tia MC, MD thtt ty tai P va Q. Tim vj tri
cua diém M trén d sao cho dién tich tam giac MPQ bé nht.

Huéng dan giai

~r

~q

1) Vi H1a trung diém ctia AB nén OH 1 4B hay OHM =90°. Theo tinh chat ctia tiép tuyén
talai co OD L DM hay ODM =90° . Suy ra cac diém M, D, O, H cung nam trén mot duwong
tron.

2) Theo tinh chat tiép tuyén, ta c6 MC = MD = AMCD can tai M = MI la mt duong

phan giac cua CMD.
Mt khéc 112 diém chinh gitta cung nhé CD nén DCI = %sdﬁ = %sd CI = MCI

= CI 1 phan giac ctia MCD . Vay 112 tdm dudng tron ndi tiép tam giac MCD
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3) Ta c6 tam gidc MPQ can 6 M, c¢6 MO la dwong cao nén dién tich cua né dugc tinh:

S =280 = 2.%.OD.QM = R(MD + DQ). Tt d6 S nho nhat < MD + DQ nhé nhat. Mt khac,

theo hé thirc lugng trong tam giac vuong OMQ ta c6 DM .DQ = 0D’ = R* khong d6i nén
MD + DQ nhé nhat < DM = DQ = R. Khi 6 OM = Rv2 hay M 1 giao diém cua d véi
duwong tron tam O ban kinh RV2.

Bai tap 7. Cho hai duong tron (O) va(O’) cit nhau tai A va B Vé AC, AD thtt tu 1a
duong kinh cuia hai dwong tron (O) va (O').

a) Chiing minh ba diém C, B, D thang hang.

b) Duong thang AC cat duong tron (0" tai E; duong thang AD cat duong tron (O) tai F
(E, F khac A). Chting minh 4 diém C, D, E, F cung nam trén mot duong tron.

c) Mot dueong théng d thay d6i luon di qua A cit (O) va(0’) thir ty tai M va N. Xac dinh
vi tri cia d d€ CM + DN dat gia trji I6n nhat.

Huéng dan giai

a) Ta ¢4 ABC va ABD Ian luot 1a cac goc noi ti€p chan nita duong tron (O) va (O’)

= ABC = ABD = 90" CBA+ ABD = 180"

SuyraC,B,D théng hang.

b) Xét tit gidc CDEF co:

CFD = CFA =90° (g6c ndi tiép chan nita duong tron (O))
CED = AED =90° (g6c ndi tiép chan nira duong tron (O)
= CFD = CED =90° suy ra CDEF la t¢ gidc noi tiép.

c) Ta c6 CMA = DNA =90° (g6c noi tiép chan ntta dwong tron); suy ra CM // DN hay
CMND Ia hinh thang.

Goi I, K thit tw 1a trung di€ém ctia MN va CD Khi d6 IK la duong trung binh cta hinh
thang CMND Suy ra IK //CM // DN (1) va CM + DN = 2.IK (2)

Ttr (1) suy ra IK L MN = IK < KA (3) (KA la hang s& do A va K ¢6 dinh).
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Tt (2) va (3) suy ra: CM + DN < 2KA

Dau “ =" xay ra khi va chi khi IK = AK<d L AK tai A

Vay khi duong thang d vuong géc AK tai A thi (CM + DN) dat gid tri 16n nhat bang
2KA

Bai tap 8. Tt mot di€m A nam ngoai duwong tron (O;R) ta vé hai tiép tuyén AB, AC véi
duong tron (B, C la tiép diém). Trén cung nho BC ldy moét diém M, vé MI L AB, MK 1
AC (I ABKe AC)

a) Ching minh: AIMK 1a t& giac ndi tiép dwong tron.

b) V& MP 1 BC (PeBC). Chitng minh: MPK = MBC.

¢) Xac dinh vi tri cua diém M trén cung nho BC dé tich MI.MK.MP dat gia tri 16n nhat.

Huéng dan giai

a) Ta c6: AIM = AKM =90’ (gt), suy ra tt gidc AIMK nbi tiép duwong tron dwong kinh AM.
b) Tt gidc CPMK c6 MPC = MKC =90° (gt). Do d6 CPMK 1a tit gidc ndi tiép = MPK = MCK
(1). Vi KC 12 tiép tuyén ctia (O) nén ta c6: MCK = MBC (cting chin MC) (2). Ttz (1) va (2)
suy ra MPK = MBC (3)

c¢) Chitng minh twong tu cau b ta c6 BPMI 1a tt gidc noi tiép.

Suy ra: MIP = MBP (4). Tir (3) va (4) suy ra MPK = MIP .

Tuong tu ta chitng minh dugc MKP = MPI..

Suy ra: MPK~ AMIP= MP _ ML
MK MP

=MILMK =MP2 = MIL.MK.MP = MP3.
Do d6 MLMK.MP 16n nhat khi va chi khi MP 16n nhat (4)
- Goi H 1a hinh chiéu cta O trén BC, suy ra OH 1a hang s& (do BC c8 dinh).
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Lai c6: MP + OH < OM =R= MP < R - OH. Do d6 MP 16n nhat bang R — OH khi va
chi khi O, H, M thdng hang hay M nam chinh gi{ta cung nhé BC (5).

Ttt (4) va (5) suy ra max (MLMK.MP) = (R - OH )3 < M nam chinh gitta cung nhé BC
Bai tap 9. Cho ntra duong tron duwong kinh AB =2R. Ttr A va B ké hai tiép tuyén Ax, By.
Qua diém M thudc ntra duong tron ké tiép tuyén thit ba cat cac tiép tuyén Ax, By lan
lwot & C va D Céac duong thang AD va BC cat nhau tai N.

1) Chiing minh AC + BD = CD

2) Chitng minh COD =90° .

2
3) Chting minh AC.BD = Af .

4) Chiing minh OC // BM

5) Chiing minh AB la tiép tuyén ctia duong tron duong kinh CD

6) Chttng minh MN L AB

7) Xac dinh vi tri cia M d€ chu vi t& giac ACDB dat gia tri nho nhat.

Huéng dan giai

1. Theo tinh chat hai tiép tuyén cat nhau ta c6: CA = CM; DB = DM

=>AC+BD=CM+DM.

MaCM +DM=CD=>AC+BD=CD

2. Theo tinh chat hai tiép tuyén cat nhau ta cé: OC 1a tia phan giac ctia goc AOM; OD la

tia phan giac ctia goc BOM, ma ZAOM va ZBOM la hai goc ké bu => ZCOD = 900.

3. Theo trén COD =90°nén tam gidc COD vudng tai O ¢6 OM L CD ( OM la tiép tuyén ).

Ap dung hé thiic gitta canh va dwong cao trong tam gidc vuong ta c6 OM>=CM.DM ,
AB?

MaOM=R; CA=CM; DB=DM => AC.BD=R’> => AC.BD =

4. Theo trén COD =90"nén OC L OD(1)

Theo tinh chat hai tiép tuyén cat nhau ta c6: DB =DM,; lai c6 OM = OB =R =>OD la trung
triec cia BM =>BM L OD(2). Tte (1) Va (2) => OC // BM ( Vi cung vudng goc voi OD).

5. Goi I la trung diém caa CD ta c6 I 1a tam dwong tron ngoai ti€p tam giac COD duong
kinh CD c¢ 1O la ban kinh.
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Theo tinh chat tiép tuyén ta c6 AC L AB; BD L AB=> AC // BD => tt giac ACDB la
hinh thang. Lai ¢6 I 1a trung diém cua CD; O la trung diém ctia AB => IO la dwong

trung binh cua hinh thang ACDB

I0// AC,ma AC L AB=>10 L AB tai O => AB la tiép tuyén tai O ctia duwong tron

duwong kinh CD
CN AC

CN CM

6. Theo tréen AC//BD=> —="—,maCA=CM; DB=DMnénsuyra —=——
BN BD

=>MN //BD ma BD 1L AB=>MN 1 AB

BN DM

7. Ta c6 chu vi tit gidc ACDB = AB + AC + CD + BD ma AC + BD = CD nén suy ra chu
vi t giac ACDB = AB + 2CD ma AB khong d6i nén chu vi t& giac ACDB nho nhat khi

CD nho nhat, ma CD nho nhat khi CD la khoang cach

gitt Ax va By tiec 1a CD vudng

goc voi Ax va By. Khi d6 CD // AB => M phai la trung diém ctia cung AB.
Bai tap 10. Cho ntra duong tron tam O duong kinh 4B =2R. Diém M di chuyén trén
ntta duong tron (M khéc A va B). C 1a trung diém ctia day cung AM. Puong thang d

la tiép tuyén véi nira dreong tron tai B Tia AM cat d tai diém N. Puong thang OC cat d

tai E.

a) Chitng minh: t& gidc OCNB noi tiép.

b) Chitng minh: AC.AN = AO.AB

¢) Chirng minh: NO vudng goc véi AE.

d) Tim vi tri di€ém M sao cho (2.AM + AN) nho6 nhat.

Hudng dan giai

6.

E

a) Phan duong kinh OC di qua trung diém C ctia AM = OC 1. AM = OCN = 90°.

BN 1a tiép tuyén ctia (O) tai B= OB L BN = OBN = 90".
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Xét tir gidc OCNB c6 t8ng hai géc d6i: OCN + OBN = 90° + 90° = 180°
Do d6 t& gidc OCNB noi tiép.
b) Xét AACO va AABN c¢6: A, chung; ACO = ABN = 90°
= AACO ~ AABN (g.g)
AC AO
AB AN
Do d6 ACAN = AO.AB (dpcm).
c) Theo chitng minh trén, ta co:
OC L AM = EC 1L AN = EC la duong cao cua AANE (1)
OB L BN = AB 1 NE = AB la duong cao cuia AAME (2)
Tt (1) va (2) suy ra O 1a truc tam ctia AANE (vi O 1a giao diém cua AB va EC).
= NO la dwong cao thit ba cia AANE.
Do d6; NO L AE (dpcm).
d) Ta c6: 2.AM + AN =4AC + AN (vi C la trung diém cua AM).
4AC.AN =4A0.AB =4R.2R = 8R2
Ap dung bat ding thitc Co-si cho hai s6 dwong, ta co:
4AC + AN > 2J4ACAN =2y8R” = 4J2R
= T6ng 2.AM + AN nho nhét = 4/2R < 4AC = AN
< AN =2AM < M la trung diém ctaa AN.
AABN vuong tai B c6 BM la duwong trung tuyén nén AM = MB
— AM=BM = M la diém chinh giita nita duong tron duong kinh AB
Vay véi M la diém chinh gitta nira duong tron duwong kinh AB thi (2.AM + AN) nho
nhat = 4J2R.

Bai tap 11. Cho duwong tron (O) duwong kinh AB ¢d dinh va duong kinh CD thay do6i
khong trung v6i AB Tiép tuyén tai A cia duong tron (O) cat cac duong thang BC va
BD lan luot tai E va F. Goi P va Q Ian luot la trung diém cua cac doan théng AE va
AF.

1) Chiing minh ACBD la hinh chit nhat;

2) Goi H 1a tryee tam cta tam gidc BPQ. Chiing minh H la trung diém ctaa OA;

3) Xac dinh vi tri caa duwong kinh CD d€ tam gidc BPQ ¢6 dién tich nho nhat.

Hudng dan giai
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a) C6 ACB =CBD = ADB =90° ( Céc g6c ndi tiép chin niza
duwong tron)

=Tt gidc ACBD la hinh chi nhat ( Tt gidc ¢ ba gdc vuong)
b) Co6 PO la duong trung binh ctia tam gidc AEB = PO // EB
ma EB L BF= PO_LBF

Xét tam giac PBF c6 BA L PF; PO _LBF nén BA va PO la cac
duong cao ctia tam giac PBF ma BA va PO cdt nhau tai O nén

O la tryec tam cta tam gidc PBF = FO la duong cao thit ba cua
tam gidc PBF hay FO L PB (1).

Lai c6 H la trec tam ctia tam giac PBQ nén QH L PB (2)Tk
(1) va (2) = QH // FO. Xét tam giac AOF ¢6 Q la trung diém
cua AF; QH // FO nén H la trung diém cta AO

€) Sppp = %AB(AP +AQ) = %AB.(AE +AF) (3)

Ap dung bat dang thirc C6 si v6i hai s6 khong am
AE v AF ta c6: AE + AF > 2JAEAF (4)
(D&u “=” xay ra < AE =AF)

Tir (3) va (4) = Sypp %.AB.\/AE.AF )

Lai c6: Ap dung hé thiic trong tam gidc vudng EBF ta c6:
AB’

AE.AF = AB2 (6) Tix (5) va (6) ta c6 SBPQ>

Xay ra ddu bang khi AE = AF
= Tam giac EBF vuong can tai B
<> ACBD la hinh vuéng nén CD vuong goc AB
Vay: Khi duong kinh CD vuong goc voi duong kinh AB thi tam giac PBQ c6 dién tich
nho nhat
Bai tap 12. Trén doan thang AB cho diém C nam gitta A va B Trén cling mot ntra mat
phang c6 bo 1a AB ke hai tia Ax va By cting vudng gdc véi AB Trén tia Ax 18y diém I,
tia vuéng goc véi CI tai C cat tia By tai K. Puong tron dwong kinh IC cat IK tai P ( P
khac I)
a) Chttng minh t& giac CPKB noi ti€p mot duong tron, chi rd duong tron nay.
b) Chting minh CIP = PBK .
c) Gia st A, B, I 0 dinh. Hay xac dinh vi tri ctia diém C sao cho dién tich t¢ giac ABKI
16n nhat.
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Hudng dan giai

.
A C B

a) C6: CPK = CPI =90° (gbc ndi tiép chdn nira duong tron);

Do By L AB nén CBK =90°.

Suy ra: CPK +CBK =180" hay t& giac CPKB noi ti€p dwong tron duong kinh CK.

b) Ta c6: CIP = PCK (gdc ndi tiép va goc tao boi tia tiép tuyén va mot day ciing chin
mot cung); (1)

Mit khac tt gidc PCBK ndi tiép nén: PCK = PBK (2)

Tt (1) va (2) ta ¢6 diéu phai chitng minh.

c¢) Ttr gia thiét suy ra t& giac AIKB la hinh thang vuong, goi s la dién tich cua AIKB, khi
dotacod: s= %(AI + KB)AB . Dé thay s 16n nhat khi va chi khi KB 16n nhat (do A, B, I ¢

dinh).
Xét cac tam giac vuong AIC va BKC co: KC L CI va KB 1 CA suy ra: BKC = ACI (goc
c6 canh twong ting vuong goc) hay AACI dong dang v6i ABKC (g-g).

Suy ra: £ = ﬂ < BK = AC.BC
BK

, khi d6: BK 16n nhat < ACBC 16n nhat

, ddu “=" xay ra khi va chi khi C la

2 2
Theo BDT Cési ¢6: AC.CB < (AC +CB j _4B

2 4
trung diém ctia AB Vay dién tich t¢ gidc AIBK 16n nhat khi va chi khi C 1a trung diém
cua AB

Bai tap 13. Cho duong tron (O), dwong kinh AB ¢ dinh, diém I nam gitta A va O sao

2
cho Al = EAO. Ké day MN vudng goéc véi AB tai I. Goi C 1a diém tuy y thudc cung

l6n MN sao cho C khong trung véi M, N va. B N&i AC cat MN tai E.
a) Chiing minh t& gidc IECB ngi tiép dugc trong mot duong tron.
b) Chtrng minh AAME v AACM va AM2 = AE.AC
¢) Chtrng minh AE.AC - ALIB = AI2.
d) Hay xac dinh vi tri ctia diém C sao cho khoang cach tir N dén tam duong tron ngoai
tiép tam giac CME la nhé nhat.
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Hudng dan giai

N

a)* EIB=90" (gia thiét)
* ECB =90 (g6c noi tiép chan nira dwong tron)
* Két luan: Tt giac IECB la t gidc noi ti€p
b) Ta co:

*sd AM =sd AN

*AME = ACM

*Goc A chung, suyra AAME » AACM.

AC AM

*Dodd: ——=——<< AM? = AE.AC
AM AE

c) * Ml la duong cao ctia tam giadc vuong MAB nén MI2 = ALIB

* Trir ting v€ cua hé thitc 6 cau b) voi hé thirc trén
*Tacd: AE.AC— AIIB=AM*® —MI* = AI’.
d) * Tt cau b) suy ra AM 1a ti€p tuyén cua duong tron ngoai ti€p tam giac CME. Do d6
tam O1 ctia dudng tron ngoai ti€p tam giac CME nam trén BM. Ta thdy khoang cach
NO1 nho nhat khi va chi khi NO: L BM.)
* Dung hinh chiéu vuong gdc ctia N trén BM ta duoc O1. Biém C la giao cia dwong tron
da cho voi duong tron tam O1, ban kinh O1IM.
Bai tap 14. Cho hinh binh hanh ABCD ¢ dinh D nam trén duwong tron duong kinh AB
=2R. Ha BN va DM cung vudng goc véi dwong chéo AC
a) Chttng minh t& giac: CBMD ngi tiép duoc
b) Chttng minh rang: DBDC = DN.AC
c) Xac dinh vi tri cia diém D dé€ dién tich hinh binh hanh ABCD c6 dién tich 16n nhat
va tinh dién tich trong treong hop nay
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Hudng dan giai

D

a. ADB=90° (Goc ndi tiép chin nira dudng tron)

ma AD//BC (gt) => DBLBC

Xét tit gide DMBC c¢6 DMC = DBC =90° => Tt gidc noi tiép.
b. Ta c6 ADBN dong dang v6i ACAD

( DAC =DBN, BDN =BAN = DCA)

> g_]c\:[ . j_g => DB.DC = DN.AC

c. S, = DH.AB

Do AB khong d6i = 2R

=> S, Max <DH max < D nam chinh gitta cung AB

Bai tap 15. Cho duong tron (O), day AB khong di qua tam. Trén cung nho AB 1ay
diém M (M khong trung voi A, B). Ké day MN vuong goc voi AB tai H. Ké MK vuong
goc v6i AN (K e AN).

1) Chiing minh: Bon diém A, M, H, K thudc mot duong tron.

2) Ching minh: MN la phan giac cua goc BMK.

3) Khi M di chuyén trén cung nho AB Goi E 1a giao diém cua HK va BN.

Xac dinh vi tri cua diém M dé (MK.AN + ME.NB) c6 gia tri 16n nhat.

Huéng dan giai
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Chii y: K€ ca treong hop dédc biét khi MN di qua O
1) Tix gia thiét: AKM =90°, AHM = 90"
Bon diém A, K, H, M cung thudc mot duong tron

2) NAH = NMK = %sdf(—}\l (1)

NAH = NMB = %sdf\ﬁ @

Ti (1) va (2) = NMK = NMB
= MN la phan gidc ctia goc KMB

3)1@:@:%5&@;@:@:%501@

= ﬁﬁs = I\TKT{ = K,M,E,N cung thudéc mot duong tron

= MEN + MKN =180° = ME L NB
1 1 1

N EMK.AN; S g = EME.NB; S_ N = EMN.AB

= MK.AN + ME.BN = MN.AB

= (MK.NA + ME.NB) 16n nhat <> MN.AB 16n nhét

< MN 16n nhat (Vi AB= const ) = M 1a chinh gitta AB
Bai tap 16. Cho (O),day cung AB. Tt diém M bat ky trén cung AB sao cho MA> MB
(M=A va M#B), ké day cung MN vudng goc voi AB tai H. Goi MQ la dwong cao cuia tam
giac MAN.
1. C/m 4 diém A;M;H;Q cung nam trén mot duong tron.
2. C/m:NQ.NA=NH.NM
3. C/m MN la phan giac cua goc BMO .
4. Ha doan thang MP vudng gbéc véi BN;xac dinh vi tri cia M trén cung AB dé
MQ.AN+MP.BN c6 giac tri 16n nhat.
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Hudng dan giai

M
N
Q 0
N

1/ C/m:A,QHM cung nam trén mot dwong tron.
AOM = AHM = 90"
2/C/m: NQ.NA=NH.NM.
Xét hai Avuong NQM va ANAH dong dang. (g-g)
3/C/m MN la phan giac cia géc BMQ. C6 hai cach:
OMN = NAH (Cung phu véi gbc ANH)
NAH = NMB (Cung chin cung NB) = dpcm
4/ Xéac dinh vi tri cia M trén cung AB dé€ MQ.AN+MP.BN ¢6 gidc tri 16n nhat.
Ta co 2S,,,,, = MO.AN
2S,,sv = MP.BN.

25amaN + 25 vBN = MQ.AN+MP.BN

AB x MN —AB.MN

Ta lai cd: 25amaN + 25amBN =2(SaMAN + SAMBN)=2SAMBN=2.

Vay: MQ.AN+MP.BN=AB.MN
Ma AB khong d6i nén tich ABMN 16n nhat < MN 16n nhat<MN la duong kinh
<M la diém chinh gitta cung AB

Bai tap 17. Cho duong tron (O) duong kinh AB Goi I la trung diém ctia OA VEé duong
tron tam I di qua A, trén (I) 1y P bat ki, AP cat (O) tai Q.

1. Chitng minh rang cac duong tron (I) va (O) tiép xtic nhau tai A

2. Chttng minh IP // OQ.

3. Chitng minh rang AP = PQ.

4. Xac dinh vi tri ctia P d€ tam giac AQB c6 dién tich 16n nhat.

Hudng dan giai
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1. Ta ¢6 Ol = OA - IA ma OA va IA lan luot la cac ban kinh cua duong tron (O) va
dwong tron (I). Vay duong tron (O) va duwong tron (I) tiép xtc nhau tai A

2. AOAQ can tai O ( vi OA va OQ cung la ban kinh ) => ZA1 = ZQ1

AIAP can tai I (viIA va IP cung la ban kinh ) => ZA1 = ZP1

=> /P1=/Q1 ma day la hai géc dong vi nén suy ra IP // OQ.

<P

3. ZAPO =900 (ndi ti€p chan ntra dwdong tron ) =>OP L AQ => OP la dudng cao ctia
AOAQ ma AOAQ can tai O nén OP la duong trung tuyén => AP = PQ.

4. (HD) Ké QH L AB ta c6 SAQB = %ABQH. ma AB la duong kinh khong ddi nén

SAQB 16n nhat khi QH 16n nhat. QH 16n nhat khi Q trung véi trung diém ctia cung
AB Dé Q trung vdi trung diém cua cung AB thi P phai la trung diém ctia cung AO.
That vay P la trung diém ctia cung AO =>PI L AO ma theo trén PI// QO =>QO L AB
tai O => Q la trung diém cua cung AB va khi d6 H trung véi O; OQ 16n nhat nén QH

16n nhat.
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D. Bai tap tu luyén

Bai tap 1. Cho nita duong tron duong kinh AB va C 1a mot diém nam giita hai diém A
va B Trén ntta mat phang cé bo AB chita nira duong tron, vé hai tia Ax va By tiép xtic
v6i ntra duong tron da cho. Trén tia Ax 18y diém I (véi I khac A); duong thang vuong
gbc v6i Cl tai C cat tia By tai K. Duong tron duong kinh IC cat tia IK tai E.

1. Chting minh tt giac CEKB ndi tiép dugc duong tron.

2. Chttng minh A4/.BK = AC.CB

3. Chting minh diém E nam trén ntta duong tron duwong kinh AB

4. Cho cac diém A; B; I c6 dinh. Hay xac dinh vi tri diém C sao cho dién tich hinh thang
ABKI 16n nhat.

Bai tap 2. Cho tam giac ABC vudng can ¢ A, trén canh BC 1ay diém M. Goi (O) la
duong tron tam O1 qua M va tiép xtc v6i AB tai B, goi (O2) la duong tron tam Oz qua
M va tiép xtic véi AC tai C Puong tron (O1) va (O2) cat nhau tai D (D khong trung véi
A).

1) Chting minh rang tam gidc BCD la tam giac vuong.

2) Chiing minh O1D la ti€p tuyén caa (O2).

3) BO1 cit CO: tai E. Chiing minh 5 diém A, B, D, E, C cung nam trén mot dwong tron.
4) Xac dinh vi tri cia M dé 0102 ngén nhat.

Bai tap 3. Cho tam giac déu ABC, trén canh BC 14y diém E, qua E ké cac duong thang
song song véi AB va AC chiing cat AC tai P va cat AB tai Q.

1) Chttng minh BP = CQ.

2) Chirng minh t& giac ACEQ la t& giac noi tiép. Xac dinh vi tri cta E trén canh BC dé
doan PQ ngan nhat.

3) Goi H 1a mot diém nam trong tam giac ABC sao cho HB* = HA®> + HC? . Tinh géc AHC
Bai tap 4. Cho hinh vuong ABCD, M la m¢t diém trén duwong chéo BD, goi H, Iva K
lan luot 1a hinh chiéu vuong goc cia M trén AB, BC va AD

1) Chttng minh: A MIC = AHMK.

2) Ching minh CM vudng goc véi HK.

3) Xac dinh vi tri cia M d€ dién tich ctia tam gidc CHK dat gia tri nho nhat.

Bai tap 5. Cho ntta duong tron duwong kinh MN. Lay diém P tuy y trén ntra duong
tron (P # M, P # N). Dung hinh binh hanh MNQP. Ttt P ké PI vuong goc véi duong
thang MQ tai I va tir N ké NK vudng goc véi duong thang MQ tai K.

1) Chiing minh 4 diém P, Q, N, I nam trén mot duwong tron.

2) Chttng minh: MP. PK = NK. PQ.

3) Tim vi tri cta P trén nra duong tron sao cho NK.MQ 16n nhat.
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Bai tap 6. Cho diém A ¢ ngoai dwong tron tam O. Ké hai tiép tuyén AB, AC véi duong
tron (B, C la tiép diém). M la diém bat ki trén cung nho BC (M=B, M= C). Goi D, E, F
twong tng 1a hinh chiéu vudng gdc ctia M trén cac duong thang AB, AC, BC; H 1a giao
diém ctia MB va DF; K la giao diém ctia MC va EF.

1) Chiing minh:

a) MECF la t& giac ndi tiép.

b) MF vuong goc véoi HK.

2) Tim vi tri ctia diém M trén cung nho BC dé tich MDME 16n nhit.

Bai tap 7. Cho duong tron tam 0, dwong kinh AB = 2R, C la trung diém ctia OA, ké
day cung MN vuong géc véi OA tai C Lay diém K tuy y thudc cung BM nho. Goi H la
giao diém cua AK va MN.

a) Chiing minh tt gidc BCHK noi tiép

b) Tinh AH. AK theo R

¢) Xac dinh vi tri ctia diém K d€ tdng KM + KN + KB dat gid tri 16n nhat, tinh gid tri 16n
nhat do.

Bai tap 8. Cho tam giac déu ABC ndi tiép (O; R). M di dong trén AB N di dong trén tia
d6i cua tia CA sao cho BM = CN.

a) Puong tron ngoai tiép tam giac AMN cat (O) tai A va D Chting minh rang D ¢6 dinh.

b) Tinh géc MDN.

) MN cat BC tai K. Chttng minh DK vudng gdc véi MN.,

d) bat AM = x. Tinh x d€ dién tich tam giac AMN la 16n nhat.

Bai tap 9. Hai duong tron tdm O va tdm I cat nhau tai hai diém A va B DPuong thang d
di qua A cat cac duong tron (O) va (I) Ian luot tai P, Q. Goi C 1a giao diém ctia hai
duong thang PO va QL

a) Chting minh rang cac tt giac BCQP, OBCI ndi tiép.

b) Goi E, F Ian luot 1a trung diém cua AP, AQ, K 1a trung diém cta EF. Khi duong thang
d quay quanh A thi K chuyén dong trén duong nao?

c) Tim vi tri ctia d d€ tam giac PQB c¢6 chu vi 16n nhat.

Bai tap 10. Cho tam giac ABC nhon noi ti€p (O), H la truc tam cta tam giac ABC, M la
mot diém trén cung BC khong chita diém A

a. Xac dinh vi tri cia M d¢€ t& giac BHCM 1a hinh binh hanh.

b. Goi N va E Ian luot la cac diém d6i xtiing ctia M qua AB va AC Chitng minh ba diém
N. H, E thang hang.

c. Xac dinh vi tri cia M dé NE c¢6 d6 dai 1on nhat.
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Bai tap 11. Cho (O) va mot diém A nam ngoai (O). Tit A ké hai tiép tuyén AB, AC va
cat tuyén AMN véi (O). (B, C, M, N cung thudc (O); AM<AN). Goi E la trung diém cta
day MN, I 1a giao diém thit hai ciia duong thang CE véi (O).

a. Chting minh bon diém A, O, E, C cung nam trén mot dwong tron.

b. Chttng minh géc AOC=g6c BIC

c. Chttng minh BI//MN.

d. Xac dinh vi tri cat tuyén AMN dé dién tich tam gidc AIN 16n nhat.

Bai tap 12. Cho duong tron (O) duong kinh AB=2R va mot diém M di chuyén trén nira
dwong tron. Nguoi ta vé duong tron tam E ti€p xtc véi (O) tai M va tiép xtc véi AB
tai N. Buong tron nay cdt MA, MB [an lwot tai cac diém thi hai C, D

a. Chttng minh CD//AB

b. Chting minh MN 1a tia phan gidc cia géc AMB va duong thang MN di qua mot diém
K cd dinh.

c. Chting minh tich KM.KN c¢6 dinh.

d. Goi giao diém cuta cac tia CN, DN v6i KB, KA lan luot 1a C', D'. Tim vi tri caa M dé
chu vi tam giac NC'D' dat gia tri nhé nhét c6 thé dugc.

Bai tap 13. Cho duong tron (O) va di€m A ¢ ngoai duong tron. Ttr A vé 2 tiép tuyén
AB,AC vdi duong tron (O).

1. C/m OA vudng gdéc BC

2. Vé cat tuyén AMN cua (O).Goi E 1a trung diém MN.C/m A,O,E,C cung thudc 1 duong
tron va xac dinh tam K.

3. Tia CE cét (O) tai 1.C/m BI//MN

4. Tim vi tri cat tuyén AMN dé€ dién tich tam gidc AIN 16n nhat.

Bai tap 14. Cho duong tron (O; R), V6i cac ki hiéu ¢6 trén hinh hay chitng minh:

a)Ta giac CAIM, BDMI noi tiép.

b)Tam giac CID vudng.

C)EF // AB

d)Khi M ¢6 dinh I thay ddi trén AO, tim vi tri ctia I d€ ACBD 16n nhat.

e) Cho biét khi OI = § va AM = R. Hay tinh d¢ dai doan théng CD va dién tich tam

giac CID theo R.

Bai tap 15. Cho duong tron (O) va diém A ndm ngoai duong tron.Tlr A vé tiép tuyén
AB va cét tuyén ACD (ndm gitia A vaD)

1) Chiing minh AB2 = ACAD

2) Goi H la trung diém CD Chting minh tt gidc ABOE c¢6 bon diém cung thudc mot
duong tron.



Chu dé 7: Cuc tri hinh hoc

3) Vé tia Bx // CD cat (O) tai I, IE cat (O) tai K.Chitng minh AK I ti€p tuyén ctia (O).

4) Duong thang BH cat (O) tai F.Chiing minh KF // CD

5) Tim vi tri ctia cat tuyén ACD dé dién tich tam giac AID 16n nhat.

Bai tap 16. Cho duong tron (O,R ), duong thang d khdng qua O cat dwong tron tai hai
diém A va B Tir mot diém C trén d (C nam ngoai duong tron), ké hai tiép tuyén CM va
CN (M va N thudc (O) ). Goi H 1a trung diém AB,duong thang OH cat tia CN tai K.
Doan thang CO cat (O) tai I. Chitng minh:

1) C,O,H,N cung thu¢c mot duong tron.

2) KN.KC= KH.KO

3) I cach déu CM, CN, MN

4) Mot duong thang qua O song song MN cat tia CM va CN tai E va F.X4c dinh vj tri
C trén d dé dién tich tam giac CEF nho nhat.

Bai tap 17. Cho tam giac ABC vudng tai A c6 M 1a trung diém ctia BC C6 hai duong
théng ltu dong va vudng goc voi nhau tai M cit cac doan AB va AC Tan luot tai D va
E. Xac dinh cac vi tri caa D va E d€ dién tich tam giac DME dat gia tri nho nhat.

Bai tap 18. Cho ntra dwong tron tam O duwong kinh AB va mot diém C thudc doan AB,
M la mot diém trén nita duong tron. Puong thang qua M vudng géc MC cat cac tiép
tuyén qua A va B cia ntira dwong tron tai E va F.

1) Khi M ¢6 dinh,C di dong.Tim vi tri cia C d€ AE.BF 16n nhat.

2) Khi C ¢6 dinh,M di dong. Tim vi tri cia M d€ S, 16n nhat.

Bai tap 19. Cho ntra dwong tron tam O duwong kinh AB=2R,M 1a mot diém trén nira
duong tron(khac A va B).Tiép tuyén ctia (O) tai M cit cc tiép tuyén tai A va B clia nita
duong tron (O) tai C va D

1)Tim gid tri nho nhat cua:

a)bo dai doan théng CD va dién tich tam gidc COD

b) Dién tich va chu vi ti giac ACDB

c)Tong dién tich cta tam giac ACM va BDM

2) Tim gia tri 16n nhat cua:

a) Dién tich va chu vi tam gidc MAB

b) Tich MAMB

Bai tap 20. (Dé thi tuyén vao 16p 10, 95 - 96 Thanh phd H6 Chi Minh) Cho hinh vuong
ABCD c§ dinh canh a. Diém E di chuyén trén canh CD ( E= D ) Duong thang AE cat
duong thang BC tai F, duong thang vudng géc vé6i AE tai A cat duong thang CD tai K.
1) Chttng minh ABF = ADK,suy ra AKF vudng can
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2) Goi I 1a trung diém cua FK.Chting minh latdam duong tron qua A,C, F, K vaIdi chuyén
trén mot duong théng c6 dinh khi E di dong trén CD

3) Chiing minh t& giac ABFI ndi ti€p duoc.

4) Cho DE =x (0 < x < a).Tinh d6 dai cac canh cua AEK theo a va x.

5) Hay chi ra vi tri ctia E d& EK ngan nhat.

Bai tap 21. Cho hai duong tron (O; R ) va (O; R’) cat nhau tai A va B Mot duong thang
(d) quay quanh A cat (O) va (O’) tai C va D

1) Chting minh duong trung truc ctia doan thang CD luén di qua diém c8 dinh. Xac
dimh diém cd dinh ay.

2) Véi vi tri nao ctia duong thang (d) thi tam giac BCD c6 dién tich 16n nhat.

Bai tap 22. Cho tam giac ABC vuong tai A (AB < AC).Lay diém D thudc canh AC Vé
duong tron duong kinh CD cat BD 6 E va cat AE 6 F.

a) Chirng minh A, B, C, E cung thudéc mét duong tron.

b) Chting minh BCA = ACF.

c) Goi M, N Ian lwot la diém ddi xiing caa D qua AB va BC Ching minh t& giac
BNCM noi tiép.

d) Xac dinh vi tri di€ém D sao cho ban kinh duong tron (BNCM) dat gid tri nho nhat.




Chu dé 7: Cuc tri hinh hoc

E. Rén luyén tong hop
Bai 1 : Cho hinh vudng ABCD . Hay xac dinh dwong thang d di qua tam hinh vuong
sao cho tong cac khoang cach tir bdn dinh ctia hinh vudng dén duong thang d6 1a :

a) Lon nhat
b) Nho nhat

Huéng dan: )ﬁ\l
Xét truomg hop d cit hai canh d6i BC va AD (h.29) B C

Goi m la tong cic khodng cdch tir bon dinh hinh vuéng dén D.

m=2(AA’"+BB’)

Goi M, N lin lwot la trung diém ciia AB va A’B’

Suy ra:m=4MN do do:
m I6n nhit < MN Ion nhdt D’
m nho nhat < MN nho nhit

a) MN <MO = m Ién nhit & M=0 < d//AB

b)ké MH _L OB . Chitng minh MN >MH = MN nho nhit < N =H < d=BD hodc d =AC.

Bai 2: Cho AABC vudng can tai A cac diém D,E theo tht tw di chuyén trén cac canh AB
, AC sao cho BD = AE . Xac dinh vi tri cac diém D,E sao cho :

a) DE c6 d¢ dai nho nhat .
b) Tw gidc BDEC c6 dién tich 16n nhat .

Hudng dan: (h.30)

a)Goi M la trung diém cua BC .

ABDM = AAEM =BMD = AME

L — — e~ e~

—DME = DMA + AME = DMA + BMD = BMA = 90"

Goi I la trung diém cia DE .
DE = DIFIE =AI+IM > AM
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Min DE = AM < 1 la trung diém ciia AM
< D la trung diém ciia AB va E la trung diém ciia AC

b)Dat AE=x, AB=AC=athi AD=a —x , SapE = —x(a — )

Sepec nho nhit < Sape lon nhdt < x(a —x) l6n nhit
Do x +( a—x) = a khong d6i nén x(a —x) lon nhit @x=a —x <x=a/2
Khi d6 D la trung diém ctia AB va E la trung diém ciia AC

Bai 3 : Cho A ABC vuodng tai A ¢c6 BC=a, dién tich 1a S . Goi m 1a trung diém ctaa BC .
Hai dwong thang thay ddi qua M va vudng géc véi nhau cat cac canh AB, AC 6D ,E
Tim :

a) Gia tri nho nhat ctia doan thang DE .
b) Gid tri nho nhat ctia dién tich A MDE A

Hudng dan:

a) (h.31)Goi O la trung diém ciia DE

Taco OA=0D =0E=0M
—~DE=0OA+OM > AM = %

minDE = a/2 < O la trung diém ciia AM

< D la trung diém cua AB va E la trung diém ciia AC

b) (h.32)Ke MH L AB, MK L AC
ME > MK, MD = MH .

25vpE=MD.ME > MH.MK =

MinSMpE = %@DEH va E=K
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Bai 4: Cho diém m di chuyén trén doan thang AB .V& cac tam giac déuAMC va BMD
vé mot phia ctia AB . Xac dinh vi tri cia M dé tong dién tich hai tam giac déu tren la
nho nhat .

Hudng dan: (h.33)

Goi K la giao diém ciia AC va BD .

Cdc tam gidgc AMC ,BMD dong dang voi AAKB
Dit AM=x ,BM=vy,AB=a taco:

i_(ijz.i_(lf
S a)’ S a

2
:S1+S2:x2+y22(x+y) _d 1
S a’ 2a’ 2a° 2

2

Ddu ding thirc xay ra khi va chi khi x =y
1 2 ?
Do dé : min (S1 +52) =E < M la trung diém cua AB.
Bai 5: Cho tam gidc nhon ABC cd cac canh a,b,c twong ttng duong cao AH =H. Hay

dung hinh ch nhat MNPQ ndi ti€p trong tam giac ABC sao cho né cé dién tich 16n
nhat.BiétM €AB; N € AC; P,Q € BC.

Hudng dan: (h.34) A
Goi I la giao diém cuia AH va MIN h
-X
Pjt NP=x; MN=y;Al=h —x ML N
y
[9p]
AAMN  AABC
MN Al vy h-x h—x
2 — === = y=a. B C
BC AH a h h O H P
h.34

= SmNPQ = XY = %. x(h —x)

= Smnpg l0n nhiat < x(h —x)Ion nhat
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x +(h —x) = h khong d6i nén
x(h —x)lon nhit < x=h -x < x=h/2

Khi dé MN la dwong trung binh cua AABC

Bai 6 : Cho A ABC vudng tai A . Ttr mot diém I nam trong tam giac ta ké IM L BC, IN
1 AC,IK LAB. Tim vi tri cta I sao cho tong IM? +IN? +IK? nho nhit.

Hudng dan: (h.35)
Ké AH /BC, IE {AH

B

ANIK ,IMHE Ia cic hinh chir nhit. H
E M

IK?+ IN2=]K2+AK?2=AI?> AE?
IM=EH .- ]

A N C
nén IK?+ IN?2 + IM?2 = A?+EH? > AE>+EH?

h.35

(x+y) _AH’
2 2

DétAE=x,EH=ytacé:x2+y22

AH?
= IK2+ IN2 + M2 > PR

Diu “=" xay ra khi I la trung diém ctia dwong cao AH.

Bai 7 : Cho tam gidc nhon ABC .Ttr mot diém I nam trong tam gidc ta ké IM L BC, IN
1 AC,IKLAB.Dat AK=x;BM=y;CN=z.

Tim vi tri cua I sao cho tong x? +y? +z2 nhd nhat.

Hudng dan: (h.36)

Dadt BK=k,CM=m,AN=n,

BC=a,AC=b,AB=c.
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=(IA2 —1K? ) + (IB> —IM? ) + (IC? —IN?)
=(IA2 —IN? ) + (IB? —IK? ) + (IC? —IM? ) = n? + k? + m?
= 2(x2+y? +22 ) =x2 +y2 +z22 + n? + k2 + m?

= (R JH(y2 m? (24 )

2 2
X2+k22(x+k) :ABZZi y2+m22(y+m) :BCZ:a_Z
2 2 2 2 2 2
Z2+n2>(z+n)2_AC2—£
B 2 2
2 2 2
= x2+y2+222w.
4
2 2 2
min(x2+y2+zz)=$ < x=k,y=m, z=n.

<1 la giao diém cua cic dwong trung true ciia AABC.

Bai 8 : Cho ntta duong tron c6 dwong kinh AB =10 cm .Mot day CD c6 do dai 6cm cd
hai dau di chuyén trén nita duong tron . Goi E va F theo tht ty 1a hinh chiéu cua A va
B trén CD. Tinh dién tich 16n nhat cta t¢ giac ABFE.

F
~ D
Huong dan: (h.37)
E C
Ké OH _CD, ta tinh dwoc OH = 4cm
Sasre=1/2(AE + BF).EF A 5 B
=(OH.EF <OH. AB=4.10=40 h.37

max Saser =40 cm?

< EF// AB , khido OH L AB
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Bai 9 : Cho hinh vuéng ABCD canh a .Vé cung BD tam A béan kinh a (ndm trong hinh
vuodng ) .mot ti€p tuyén bat ky véi cung d6 cat BC }QD theo thit t 6 M vagN. Tinh do

dai nho nhat cia MN.
M
Huwong dan:(h.38)
H |m
Dat CM=m,CN=n, MN =x
m+n+x=2CD =2a vam?+n? = x? 5
D N n C
(m+n)2 h.38

Do do : x>= m? +n2 > p

:>2x2>(2a x)2:>x\/— > 20 —x

J’ =2a(\N2-1)

min MN =2a(x/§ - ]) < m=n. Khidé tiép tuyén MN // BD , AM la tia phin gidc cua BAC

= X2

, AN la phan gidc cua DAC

Bai 10 : Cho hai duong tron (O) va (O’) tiép xtc ngoai tai A .Qua A vé hai tia vuong
gbc voi nhau , chiing cat cac duong tron (O) , (O’) Ian luot tai B va C. Xac dinh vi tri
cta cac tia d6 dé€ A ABC ¢6 dién tich 16n nhat .

Hudng dan:(h.39)
Ké OD L AB; O’E L AC ta co:

Sasc = éAB.AC =é.2AD.2AE= 2.AD.AE

Dit OA=R; O’A=r; AOD = 0' AE = o,

AD =R sina ; AE=rcosa

h.39

= Sasc = Rr. 2sina .cosa

2sina .cosa < sin‘a+ costa =1
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= Sapc < Rr
Do do :

max Sasc = Rr < sina=cosa < sina=sin(90—-a) < a=90° —a < a=45.

Vay néu ta vé cic tin AB,AC lin lwot tgo véi cic tin AO, AO’ thanh cdc géc
OAB =0'AC = 45" thi A ABC c6 dién tich 16n nhat .

Bai 11 : Cho duong tron (O;R) dwong kinh BC, A la mét diém di ddng trén dwong tron
. V& tam gidc déu ABM c6 A va M nam ciing phia d&i véi BC . Goi H 1a chan duong
vuong goc ké tir C xudng MB. Goi D, E , F, G theo thtt tu la trung diém cua OC, CM,
MH, OH . Xac dinh vi tri caa diém A d€ dién tich t& giac DEFG dat gia tri 16n nhat.

Hudng dan: (h.40)

DEFG la hinh binh hanh. M 7
Ke OI LFH, ta c6 Ol la dwong trung binh cua A BHC
nen Ol =%2 HC = GD B 0 D C
MO la dwong trung triec cia AB nén IMO =30 = G
Ol=% OM = GD =% OM
H

MaED="%0OM =EG=GD h.40

= DEFG la hinh thoi

HFG = HMO = 30° = EFG = 60° =AEFG déu

— SperG =2SkrG = 2.

R>\3

2

EF’\3 _EF’\3 =(P2Cj2\/§
4

2 2 2 2

—H=B < MBC=90" < ABC=30"<=AC=R.

max S =
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Bai 12 : Cho AABC ndi tiép duong tron (O) D 1a diém bat ky thudc cung BC khong
chita A va khong trung véi B,C. Goi H,LK theo thit tw 1a chan cdc duong vuong goc ké
ttr D dén cac du(‘mgthéngBC, AC, AB.DatBC=a,AC=b,AB=c,DH=x,DI=y,
DK=z.

. . N b c a
a) Ching minhrang: —+—=—

y z X
PP o a boc o,
b) Tim vi tri cua diém D dé tong —+ —+— nho nhat .
X y z

Hudng dan: (h.41)

a) Lay E trén BC sao cho CDE = ADB
ACDE dong dang véi A ADB

DH CE x CE c CFE
S—e—— ==
DK AB z c z X

Twong tw ABDE dong dang véi A ADC D
DH BE

x BE b BE
DI  AC 'y b y X

b ¢ BE+CE a
e
y z X X
a b ¢ a a 2a , . a ., . , "
b) —+—+—=—+—=— Do do S nhonhit < — nho nhat < x lon nhat < D=M ( M
X Yy z X x X X

la diém chinh giita cuia cung BC khong chira A)

Bai 13 : Cho AABC nhon, diém M di chuyén trén canh A
BC .Goi P ,Q la hinh chiéu ciia M trén AB, AC . Xac
dinh vi tri cta diém M d€ PQ c6 dd dai nho nhat .

Hudng dan: (h.42)

T gidc APMQ la tir gidc ndi tiép . Goi O la tdm dwong tron
ngoai tiép tir gidc APMQ.

Ké OH £ PQ . Pt BAC =a thi POH = a
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PQ=2PH=2.0Psina=AM sina
Do « khong doi nén
PQ nho nhat < AM nho nhit < AM BC.

Bai 14 : Cho doan thang AB va mot diém C trén AB .Vé trén ciing mot ntra mit phang
bo AB cac ntra duong tron ¢6 duong kinh AB,AC,BC . Xac dinh vi tri cua diém C trén
doan AB dé€ dién tich phan gidi han béi ba ntta duwong tron dé dat gia tri 16n nhat.

Huéng dan: (h.43)
Goi (O111);(O272);(O3;3) la cdc dwong tron co dwong kinh la Ab,AC,BC
Dit AB=2a, AC=2x thi ri=a,r=x SuyraBC=2a-2xvari=a—-x

Goi S la dién tich gii han boi ba dwong tron

2 2 2 2 2 ﬂa—xz
Tacé:Szmﬁ] —(ﬂ; +ﬂ;3 j=ﬂj —7[; - ( 2 ) =7TX(a—X)
S I6n nhat < x(a —x) I6n nhat
Mt khdc x + (a —x) = a khong doi nén
x(a—=x)Ionnhit ©@x=a-x < x= % < C =01
A 0, Cc O O B

Liic d6 ta o6 § = =2 h.43

Bai 15 : Cho duwong tron (O;R) . Trong dwong tron (O) vé hai dwong tron (O1) va (O2)
ti€p xtic ngoai nhau va tiép xutc trong véi (O) trong d6 ban kinh dwong tron (O2) gap
do6i ban kinh dwong tron (O1). Tim gia tri nho nhat cua dién tich phan hinh tron (O)
nam ngoai cac hinh tron (O1) va(O2) .
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Hudng dan:

Goi x 14 bin kinh duong tron (O1) Khi dé 2x 1d bin kinh duong 'Q
tron (Oz) (h.44) />
>

Xét AOO102 taco: 0102 <0 O1+00:2 d

R
=23x<(R-x)+(R-2x) =6x<2R = x_<§

\ h.44
Goi S la phin dién tich hinh tron (O) nam ngoai cdc dwong tron
(O1)va (O2),taco:
S=7nR’ —nx’ —7m4x’ = 7Z'(R2 —5x2)
o o
Dox_<£ nén x2 < R = 52 7R ;
3 9 9
min S =47ZR2 SXx =£
3 h.45
R 2R

Khi @6 01,0,0: thang hang va béan kinh cdc dwong tron (O1) va (02)  la 3 vd 3

(h.45).
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