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MOT SO BAI TOAN BAT PANG THUC ON
THI VAO LOP 10

Bai 1. Vi x 1a s6 thyc khéng am. Hay tim gia tri 16n nhat cua biéu thuc:

1 1
P=(/x+1 +
( )(\/x+3 \/3x+1J .
Huwoéng dan:
Ta co:

1 1 (x+1} 1( 1 x+1} \/ X \/1 2X 1(1 2X J
= . <= + , == S| =+ suy ra
V3x+1 (X+l) 3x+1 2\ x+1 3x+1 3x+1 23x+1 2\2 3x+1
J_+1 ( x+1) 1(1 2xj 1( 1 j
+ +—| =+ (™.
\/3x+1 2\ x+1 3x+1) 2\2 3x+1) 2 X+l 2
1 /1 2 ( J\/ \/ X+1 1( X x+1J
Tuong ty: +
\/x+3 2'x+3 212 x+3)'\x+3 Vx+1 x+3 2\ x+1 x+3

Suyra: ——— \/_H 1( LJ+1(L+X—+1) 1( X 3} (**). Tu (*),(**) ta suy ra:
JXx+3 212 x+3) 2\x+1 x+3) 2\ x+1 2

:(\/}H)( ! + ! JSE(L+EJ+1( X 3) 2. DAu ding thic xay ra tai

IX+3 3x+1) 2\x+1 2) 2{x+1 2

x=1.

Bai 2. Cho céac sb thuc duong X,y théa man: x*+y® =1 . Tim gié tri nho nhat cua P—1 X+y
+Xy

Huwoéng dan:

2
X+ X+ X"+
Taco P? = (x+y) =( y)( y) . Ta chirng minh: P2>g hay

(x2 +y? +xy)2 (x2 +y +xy)

9(x2 +2XYy + yz)(x2 + y2)28(x2 XY + yz)2 <:>(x2 + y2)2 +2xy(x2 + y2)28x2y2 &

(x*-y? )2 +2xy(x—y)” >0 .Bét ding thirc nay ludn dung, déu ding thirc xay ra khi va chi khi

X=Yy= .Va_‘lyGTNNcﬁaPla2 ZtaiX:y:

1
=

S
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Bai 3. V6i X,y la cac s6 thuc duong thoa mén diéu kién: x<y<3,x+y<5. Tim GTLN cua
biéu thue: P =x*(x+1)+y*(y+1).

Huwoéng dan:

Ta s& chang minh: x* +x* +y* +y* <2 +2° +3*+3° hay

F -y +3 -y 422 -x*+2°-x*>0 hay

& (y?+3y+9)(3-y)+(x" +2x+4)(2-x)+(3+y)(3-y)+(2+x)(2-x) 2 0. Sir dung cong
thirc khai trién Abel : ajb, +a,b, =(a,—a, )b +a, (b, +b,)

Ta viét lai vé trai bat ding thirc can chang minh thanh:

VT =(y* +3y—x* —2x+5)(3-y)+(X* +2x+4)(5-x—y)+(1+ y-x)(3=y) +(2+x)(5-x-y)
hay

VT =(y* —x* +3y—2x+5)(3-y)+(X* +2x+4)(5-x—y)+(1+ y-x)(3-y) +(2+x)(5-x-y)

Cha y rang vai diéu kién: 0<x<y<3,x+y<5 thi VT >0 nén bit dang thic duoc chiing
minh.
DAu ‘=" xay ra khi va chi khi x=2,y=3 .

Bai 3. Cho cé4c s6 thuc Xx>3,y>-3 thoamin x+y= 2(\/x—3+ y+3). Ching minh rang:
4(x*+y*)+15xy +83=0.
Huwéng din: Tir gia thiét ta co

X+Y=2(X=3+y+3) & (X+y)* =4(X+ ) +8VX =3,y +3 > 4(x+Y) c{

X+y=>4
X+y<0

Mat khéc x+y:2(m+m)£2m©x+y£8:>4£x+y£8

Xét biéu thuc P =4(x* +y?) +15xy = 4(x + y)? + 7xy . Tir diéu kién xac dinh ta c6
(x+3)(y+3)20=>xy>2-3(x+y)-9 . Dan dén

P=4(x*+y®)+15xy =4(x+Y)* + 7xy > 4(x+ y)2—21(x+y)—63.

Taco: 4(x+y) —21(x+y)-63=4(x+y—4) +11(x+y)-125>11.4-125= -83
Dau dang thuc xay khi va chikhi x+y=4 va (x+3)(y+3)=0 < x=7,y=-3.
Vay GTNN ctia P la-83tai x=7,y=-3.

Bai 4 . Cho cac s6 thuc x,y théa man: (x+\/3+ xz)(y+\/3+ yz):9.T‘|m GTNN cua

P=x*+Xxy+Yy’.
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Huwoéng dan:
Gia st (x; y) lacéc so thyuc thoa mén(x+\/3+ xz)(y+\/3+ y2)=9.
Taco \/XZ+3+X>\/X_2+X:|X|+X20,tu0ngtu JY?+3+y>0

2

.. a
Pat: a=x+Vx?+3 vdi a>0=> VX’ +3=a-x=>x*+3=a’-2ax+x* < x = . Tuong

2

. Tacé

tw voi b=y +.y* +3 taséthu duoc y =

X2+ Xy + y? :%(x+y)2 +%(x—y)2 2%(x+ y)2

A 3 2 / Z. 82—3 b2_3 , e 4o N - n
Nén Pzz(x+y) . Xét Q=x+y taco: Q= 5 + voi dieu kién a,b>0,ab=9. Ta
a
2 2
cé:Q:a 3+b 3:E+E—i—i:3+§2 E.E:ZSPZ&
2b 2 2 2a 2b 3 a 3 a
Déau = xay ra khi va chi khi a=3< x=y=1.

Bai 5: Cho céc sb thuc duong a,b,c thoa man: abc =1 . Tim gié tri nho nhat cua

a b3 c?
P=J +J +J .
1+bc 1l+ca 1+ab

Huwoéng dan:

3 2 2

a a a

= = . Ap dung bt dang thirc Cauchy- Schwarz ta co:
1+hbc \/a(l+ bc) Jl+a

Taco

2 2
. (a+b+c) (a+b+c) 23\/5
Vi+a++1+b ++/1+c Vi+a+Jl+b+1+c 2
2(a+b+c)’ 23\/5(\/1+a+\/1+b +\/1+c). Cha y rang:

hay

. Ta ching minh:

2V2\1+a=22(1+a)<2+1+a=a+3 dandén

3\/5(\/1+a +~/1+b +\/1+c)§3(a+b+c+9). Cudi cuing ta chi can chira

4(a+b+c) >3(a+b+c)+27 < (a+b+c—3)[4(a+b+c)+9]>0 nhung didu nay luén dung

do a+b+c>3%abc=3 .VayGTNNcua P la % taia=b=c=1.
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Bai 6. Cho 3 s6 thuc khong &m x, y, z. Ching minh réng:

X y : 3\f«/x +y?+7° <

X +3 \/y +3 \/z +3

Huwoéng dan:

Taco \/3(x2+y2+22)2x+ y+1z.

Nén VT <X y : 3(x+y+z) . Ta chirng minh:
X +3 \/y +3 \/z +3 8
X y z 3
X+Y+2Z
X +3 \/y +3 \/z +3 8( )< 8’
e L . : X 3x+1 I S LA , .
Mat khac ta chirng minh duoc: < (*) that vay bat dang thirc can ching minh tuong

Jx2+3
duong voi

© 64%° <(9X* +6x+1)(x* +3) < 3x* +2x° ~12X° +6x+12 0 < (x-1)"(3x* +8x+1) 2 0, bét
dang thac cudi cung dung vay (*) duoc chieng minh.

y <3y+1 z <32+1

Jy'+3 8 JrPiz

Twong ty ta ciing co: . Cong ba bt dang thuc cung chiéu ta cd

dpcm.
Déu ding thirc xay ra khi va chi khi x=y=z=1

Bai 7. Cho céac sb thuc a,b,c khong dong thai bing 0 va a+b+c=0. Biét
a
a+b+c’

a’ +b?+c? =2(ab+bc+ca). Tim gid tri I6n nhét,gid tri nhé nhat cua P =

Huwoéng dan:

Tir a®+b?+c?=2(ab+bc+ca) chia2 vé cho (a+b+c)’ ta thu duoc:

( a jz ( b jz ( c jz ab bc ca 5
+ —+ =2 2+ 2+ 2 dat
a+b+c a+b+c a+b+c (a+b+c)” (a+b+c)” (a+b+c)

a b c
X= Y= 2= suy ra
a+b+c a+b+c a+b+c
X+y+z=1 X+y+z=1 y+z=1-x
Snd =
X2+ y2+2° =2(xy+ yz+2X) x2+y2+22:%- y2+22:%—x2
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2(y2+22)2(y+z)2 @2(%—%}2(1—@2 < 3x*—2x<0 < x(3x—2) <0< 3x(3x-2)<0

3X > 2 2
Suyra =>0<x<—=-suyra0<P<—.
X—2< 3 3

Bai 8: Cho céc sb thuc x, y,z thoaméan: x* +y® +z? =8. Tim gié tri I6n nhit va nho nhét cua
P :‘x3 - y3‘+‘y3 —23‘+‘23 —xs‘.
Huwoéng dan:

x=y=1 26
, <:>x=y=z=J_rT.

Taco P >0 diu ding thirc xay ra khi va chi khi {
X’ +y°+2°=8

Do vai tro X, Y,z nhu nhau nén ta c6 thé gia sir x>y >z thé thi P=2(x*-2°) taco

3
o P? §4(x2+zz)3 ma (x2+zz)3§(x2+y2+zz)3 =8° nén P <324/2. D4u déng thirc xay ra
khi va chi khi x:2\/§,y:z:0 hoac x:y:O,z:—Z\/E.

3

2 2 2 2 2 2

X2 —2XZ+ 22+ X2+ X2+ 22+ X2+ X2 + 2
Pz:4(x2—2xz+zz)(x2+xz+zz)(x2+xz+22)£4.( j

Bai 9. Cho céc s6 thue duong a,b,c. Chirng minh:

a C

b <1.
\/Sa + b+c \/5b2 c+a \/50 + a+b)

Huwoéng dan:

a C

b
5a% + b+c 5b? + c+a 5¢% +(a+b
J " " Y

bat: P=

Str dung BPT Cauchy-Schwarz ta co:

2 2 2
Taco P?<3 a ~+ b -+ ¢ >
5a°+(b+c)” 5b*+(c+a)” 5¢*+(a+b)

, _— a’ b? c? 1
Ta chiing minh: Q = >+ >+ <.
5a°+(b+c)” 5b*+(c+a)” 5¢*+(a+b)” 3
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Cht y rang: —; Zaz = azz . .
5a“+b“+2bc+c” a“+b"+c“+2a°+bc+2a°+bc
Ta cling co:
a’ _ a’ <a_2( t 1 1 J
5a2 +b? + 2bc + ¢2 (a2+b2+cz)+(2a2+bc)+(2a2+bc)_9 a’+b?+c? 2a’+bc 2a’+hc
Tir d6 suy ra

1 a’ b? c? 2 a’ b? c? 1 2
Q<—- + + +— + + =—+-S.
9l a®+b’+c? a’+b?+c? a*+b*+c®) 9\ 2a°+bc 2b*+ca 2c*+ab) 9 9

.. a’ b? c? 1 be 1 ca 1 ab
Taco: S=—; +— +— =—|1-—; +—|1-— +—|1-—
2a8°+bc 2b°+ca 2c"+ab 2 2a°+bc) 2 2b“+ca) 2 2c” +ab
bc ca ab
+ +
2a’°+bc 2b*+ca 2c*+ab

hay S = >— 1T voi T =
2 2

bZCZ CZaZ aZbZ
2 2.2 + 2 2A2 + 2 2
2a‘bc+b°c® 2b°ca+ca 2cab+a‘b

Taviétlai T = ~. Tiép tuc sir dung BDT Cauchy-

Schwarz ta co:

b’c? c’a’ a’b’ (ab+bc+ca)’ (ab+bc +ca)’
=5.2 22 T o2 2.2 T 52 27 2 21n2 , 22, 2.2 2
2a’bc+b’c®  2b°ca+c’a® 2c’ab+a’h®  2abc(a+b+c)+a’h’+b’c’+c'a®  (ab+be+ca)

Vay S<1dindén Q s% nén P <1 dpcm. Dau dang thuc xay ratai a=b =c.

Bai 10. Cho cac s thuc duong a,b,c théa man: a +b? +c? = 3. Tim gié tri 16n nhét cua
ab bc ca
P= >+ >+ >
4-a° 4-b° 4-c

Huwoéng dan:

ab bc ca
2 2+ 2 2+ 2 2 —
1+b“+c° 1+c°+a” 1+a“+b

Ta ching minh: P <1 hay

Sir dung bét déng thirc Cauchy-Schwarz ta c6: (a+b+c)” <(a® +1+1)(1+b” +¢?) , tuong ty ta
c6 2 bat dang thirc nira va suy ra

ab bc ca a’b+b’c+c’a+2(ab+bc+ca)
1+b2+cz+l+cz+a2+1+a2+bZS (a+b+c)z

. Cudi cung ta s& chimng

. 2
minh: (a+b+c) 2a’h+b’c+c’a+2(ab+bc+ca) < a’+b’+c®2a’h+b’c+c’a
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Hay ching minh: (a* +b° +¢? )2 >3(ah+b’c +c’a)( Day la mot bat dang thirc ndi tiéng ).

St dung danh gia: (X+y+ z)2 > 3(Xy + Yz + 2X) VOi

x=a’+bc—ab,y=b’+ca-bc,z=c’+ab-ca taco:

(a® +b’ +cz)2 > 3[(a2 +bc—ab)(b® +ca—bc)+(b* +ca—bc)(c* +ab—ca)+(c’ +ab—ca)(a’ +bc—ab)}
Khai trién va thu gon vé phai ta dugc: (a’ +b’ +c2)2 >3(a*h+b’c+c’a) dpem.

Déu ding thirc xay ra khi va chi khi a=b=c =1.

Bai 11. Cho céc sb thuc khdng am a,b,c thoa man: a’+b”+c¢? =3 . Tim GTLN,GTNN cua
1 1 1

P= + + .
4-ab 4-vbc 4-+ca
Huwoéng dan:
Tacope—t 41, 1 21+1+£:§déudéngthl’rcxéyrakhivéchikhi

4-Jab 4-bc 4-Jea 4 4 4 4
(a,b,c) 1a hodn vi cua bg s6 (0;0;«/5) .
) 4—ab

2, 2-\ab_ (2_‘/_)( +Jab 1
s (e )

Cha y rang:

Do ab+bc+ca<a®+b?+c?=3=ab,bc,ca<3 dindén 4—ab >0 . Sir dung bit dang thirc

2
AM-GM ta co: (4—@)(2+@)g[4_@+2+@J ~ 9 nén

2
4—ab L 4-ab dn dén 2 <1_4—ab_§+a_b 1 .5 bm(yng
(4-ab)(2++/ab) 9 4-Jab~ 9 9 4—Jab 18 18
ty ta ciing c6 2 bat dang thic nira va cong lai thi thu duoc: P<E M E+i 1.
18 18 18 18

Déu ding thirc xay ra khi va chi khi a=b=c=1.

Bai 12. Cho céc sb thuc X, Y,z théaman: x,y,z>0;z2<1va X+y+z=3. Tim GTLN,GTNN
cia P=x>+y*+22%+2xyz .

Huwoéng dan:

GTLN.
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Tr z<1=>x+y=3-2>2 .Taco:
2 +2xyz —(2xy + 2yz + 22x) = 2(z—2x—2y)+2xy(z-1) <0 nénsuy ra
P=x?+y2+22% +2xyz < X2+ y? + 22 +2(xy + yz + 2x) = (x+ y+2)° =9. Déu ding thic xay ra

khi va chi khi x=3;y=z=0 hoac y=3,x=2=0 .
GTNN.

Ta co:
X+ y)2 3—2)2
2

P=(x+y) +22%+2xy(z-1)>(3-2) +22° +(z—1)( =(3-2)" +22° +(z—1)(

Hay P:%z(zz—z+3)+%2 . D4u dang thuc xay ra khi va chi khi z:O,x:y=g .

N | ©

Bai 13. Cho a,b la cac sb thuc duong thoa man: ab+a+b=3. Tim gia tri I6n nhat caa P
P— da + 3 + ab —(a2+b2).
b+1 a+1 a+b

Giai:
batt=a+b suyrat>0,tacé ab+t=3=ab=3-t nén t<3(do a,b>0).

Mt khéc ta c6: (a+b)” >4ab suyra t*>4(3-t) ot +4t-12>0 (t-2)(t+6)>0=>1> 2
vay 2<t<3

Dua P vé f(t). Taco:

3(a+b)2 +3(a+b)-6ab . ab

:3a(a+1)+3b(b+1)+ ab —(a+b)’ +2ab= —(a+b)" +2ab
(a+1)(b+1) a+b ab+a+b+1 a+b
Thay t=a+b,ab=3-t taco:
2 — — —
P= f(t)=3t +3-6(3 t)+3 t—t2+2(3—t):—1t2+£t+1+§.
4 t 4 4 2t

Ta ching minh: f (t) < f(2):—222+_2+_+_:_

Tuc la ching minh:
—%tz+£t+%+§£§c>—tz+t+2+%£6c>t3—t2+4t—1220<:>(t—2)(t2+t+6)20
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Bt ndy luon ding do t >2. Vay P max bang g tai a=b=1.

Bai 14. Cho cac sb thuc a,b,c théaman: a?+b’+c?=1. Tim GTLN,GTNN cua
P=a+b+c+ab+bc+ca.
Huwoéng dan:

Ta chirng minh dugc: 3(a2+b2+cz)2(a+b+c)2 :a+b+cg,/3(a2+b2+cz):\/§.

Ta chirng minh: ab+bc+ca<a’®+b*+c® =1.

Suy ra P<J3+1.Tai a:b:c:ith‘l P=4/3+1nénGTLN cia P 1a +/3+1.

V3

Céach khac:

(a+b+c)2—(a2+b2+c2)
2

(a+b+c) -1

P=a+b+c+ —a+b+c+ suyra 2P =t*>+2t—1.

Véit=a+b+c.
Taco (a+b+c)2£3(a2+b2+cz):3:>— 3<t<+/3.

Suyra 2P =(t+1)" ~2>-2= P> -1, ddu = xay ra khi va chi khi t=-1.....

ZPS(\/§+1)2—2:2+2\@:> P<v3+1..

Bai 15: Cho a,b,c la cac s thuc khong &m thoa man a+b+c=1. Tim GTLN,GTNN cua
1 1 1
= + + .
l-ab 1-bc 1-ca

Huwoéng dan:
A . . 27
Truadc hét ta ching minh: P < 5

Tu gia thiet a+b+c=1tasuyra abc< > .Bat dang thuc can chung minh twong duong véi

(1-ab)(1-bc)+(1-bc)(1-ca)+(1-ca)(1-ab) L2 hay
(1-ab)(1-bc)(1-ca) 8
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1-(ab+bc+ca)+abc(a+b+c)—a’h’c® 8

< 8[3-2(ab+bc+ca)+abc]<27[1-(ab+bc+ca)+abc - a’h’c’ |

3-2(ab+bc+ca)+abc(ath+c) 27

Hay
3-11(ab+bc+ca)+19abc - 27a’h’c’ > 0 < 4] 3+19abc — 27a’h’c’ | >11.4(ab+bc +ca)

Tur bat dang thic quen thuge (a+b—c)(b+c—a)(c+a—b)<abc suyra
(1-2a)(1-2b)(1-2c)<abc «<11.4(ab+bc+ca)<11(1+9abc).

Ta can chirng minh 4[3 +19abc - 27a2b2c2} >11(1+9abc).

That vay, bat dang thirc trén tuong duong véi (1—27abc)(1+4abc) > 0. Bat dang thirc cudi
cung dung do abc < % Vay bit ding thirc duoc chirng minh. Dang thire xay ra khi va chi khi
a:b:c=%.

Tiép theo ta ching minh: P > 3.

Taco 1-ab,1-bc,1-ca<1 nén P >3, du dang thic xay ra khi va chi khi (a;b;c) 1a hoan vi

ciia bo sb (0;0;1).

Bai 16. Cho a,b,c la c4c s thuc khdng am théa man a+b+c=1. Tim GTLN,GTNN cua
P = /a2 +abc ++/b? + abc ++/c? + abc +3/abc .

Huwoéng dan:

Taco a’+abc=a’(a+b+c)+abc=a(a+b)(a+c).

1
Do do ta dugc v/a? + abc =\/a(a+b)(a+c) < \/5(a+l;+a+c) _ */a(;” )

b(b+1 c(c+1
Chirng minh twong tu ta dugc : v/b® +abc < w; ¢’ +abc < #

\/a(a+l) \/B(b+1)+ \E(c+1)

Do d6 ta duoc: Ja? +abc ++/b? +abc ++/c? +abc < 5 + 5 5
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Mt khéc theo bét ding thie Cauchy ta lai c6

\/7(a+1)+\/£ \/—(a+l b;c}_ﬁ(%jzﬁ

1
Chirng minh tuong tyu ta dugc: I( ) ++/abc <+/b; I(C i ) ++/abc <+fc

Nhu viy ta co: P =+/a? +abc +v/b? +abc ++/c2 +abc +3+abe <+/a ++vb ++/c

Matacé va+b++/c < f3(a+b+c)=+3. Néntasuyra P<+/3.Ding thuc xdy ra khi va chi

khi a=b:C:1.
3

D& théy P >+/a? +vb? +/c? =a+b+c =1 déu déng thic xay ra khi (a,b,c) la hoan vi cua bo
s (1,0;0)

Bai 17. Cho céc sb thuc duong a,b,c thoa man: ab+bc+ca=3. Tim GTNN cua biéu thic
P=(a’-a+5)(b°-b°+5)(c’—c*+5) .

Huwoéng dan:

Nhan xét: V&i moi s6 thue dwong x thi x—1,x* —1;x* =1, x> —1 ludn cting bang 0 hoic cung
dau.

Taco: (a—1)(a’ 1) ~1)’(a+1)>0=a’-a’~a+1>0=a’-a+5>a’+4 .
(0® -1)(b° -1) =(b-1)° (b+1)(b* +b+1) 2 0= b* —b>+5>b*+4 , trong tir ta co
(c®-1)(c’ —1)20:>c —c°+5>c*+4

Dan dén P=(a’-a+5)(b°—b*+5)(c’—c®+5) 2 (a’ +4)(b* +4)(c* +4).

Truéc hét ta ching minh: (a’ +4)(b® +4)(c* +4) 2 5(a+b+c+2) (%)

Sir dung bat déng thirc Cauchy- Schwarz ta co:

<a+b+c+z>2{a{b*;ﬂz}zg(az+4){1+wl

2
Ta quy bai toan vé chiing minh: 5(a’ +4){1+@} <(a”+4)(b* +4)(c* +4)
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Hay

5[4+(b+c+2)2} <4(b®+4)(c? +4) < 40+5b% +5¢% +10bc +20(b+c) < 4(b%c? +4b* +4c? +16)
Hay

4b%c? ~10bc +11b% +11c? —20(b+¢) +24> 0 < (2bc—2)° +(b—c)’ +10(b-1)" +10(c 1) >0

Bat dang thirc cudi cung ludn dung (*) dwoc chieng minh.

Bay gio ta ¢6: (a+b+c)’ >3(ab+bc+ca)=9=a+b+c>3 dindén 5(a+b+c+2)° >125
vay P >125 diu ding thic xay ra khi va chi khi a=b=c=1.

Vay GTNN cia P 12 125tai a=b=c=1.

Bai 18.Vé6i X,y,z la céc sé thyc khong am thoa man: 5(x2 +y+ zz) =6(Xy+ yz+2x)
Ching minh: 2,/2(x+y+2)-2(y*+2°)<3.

Huwoéng dan:
St dung bét ding thuc: (A+B)” < 2(A*+B?) taco:
5x? +§(y+z)2 <5x? +5(y2 +zz)=6x(y+z)+6yz < 6x(y+z)+%(y+z)2

Suy ra 5x* —6x(y+2)+(y+2)’ <0« [5x—(y+2z)][x=(y+z)]|<0

+12
Y

Suy ra 2,/2(x+y+z)—2(y2Jrzz)§24/4(y+z)—(y+z)2 dat \/y+z =t>0. Ta ching minh:

4t-t* <3 t* - 4t+32 0 < (t-1)° (17 +2t+3) > 0 bt dang thire nay luon ding. Déu ‘=" xay

SXSYy+z=>X+y+2<2(y+12).

X=y+2 .
ra khi va chikhi <y =z c>x=Ly=z=E.
y+z=1

Bai 19. Cho céc sb thuc duong X, y,zsao cho xy +yz +zx =1. Tim gia tri 1on nhat cua biéu thic:

2 2 2
P=(x+y+z) —(X—+y—+z—j.
y z X

Huwoéng dan:
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2 2 2 2 2 2
Taco X—+y—+Z (X +y—+z—j(xy+yz+zx)
z X

S5
+X 2+ Y X+ Py + X+ YR+ 2
z X X oy
3 3 3 3
( j ( X, 2 yJ+[Z y+EJ22x2y+2yzz+222x.
z X X oy

Mat khéc ta co:

Suy ra: x7+y_+z 2 XY+ Y 2+ XX+ XA Y+ P 2 = (X y+2) (Y + 7).
z X
X2 yz 22 , .
Hay—+—+—2(x+y+z)[(x+y+z) —2] Dan den:
y z X

P<(x+ y+z)2—(x+y+z)[(x+y+z)2—2}.Dét t=x+y+ztaco P<—t*+t>+2t do
(x+y+z)223(xy+yz+zx)=3:>t2J§.

Ta ching minh:

—t‘°’+t2+2t£3—\/§©t3—t2—2t+3—\/§20<:>(t—\/§)[t2+(\/§—1)t+1—\/§}20. B4t ding
thirc cudi cung luén ding do t>+/3. Vay GTLN cia P 1a 3—+/3 tai x=y=z=1.

Bai 20. Cho céc sb thuc khdng am X, y, z thoéa man diéu kién: x+y+z=1. Tim GTLN,GTNN
cua

P=(x+ y)JH—z+(y+z)JH—x+(z+x)m.
Huwoéng dan:
Sir dung bt dang thic (Ax+By+Cz)’ <(A*+B*+C?)(x* +y*+12°)

Taco: P? :[(x+ y)V1+z+(y+ z)«/l+—x+(z+x)\/l+7y}2

<(x+y+y+z+z+x)[(x+y)(1+2)+(y+2) 1+ X)+(z2+X)(1+y) | =4(1+xy + yz + 2X)

LaicO 3(xy+yz+2x)<(x+y+2) =1= xy + yz+zx£% suy ra Ps%\@ ddu dang thirc xay ra

tai x:y:z:l
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Taciing co: P=(X+y)VI+Z+(y+2)VI+ X +(2+X)JI+y 2(X+Yy)+(y+2)+(z+x)=2 dau
dang thiec xay ra khi va chi khi (x;y;z) 1a hoan vi cua bo s (10;0).

Bai 21. Cho céc sb thyc duong X,y théa mén: 0<y <x<4,x+y<7 . Chirng minh:
X*+y?<25

Huwoéng dan:
Céach 1: Do x<4 suyra Xx(x-y)<4(x-y) (tao x* ). Taco y(x+y)<7y

Cong 2 bat dang thirc suy ra
X(X=Y)+y(Xx+Yy)<4(x-y)+7y < x*+y? <4x+3y =3(x+Yy)+Xx<3.7+4=25

Déu ding thirc xay ra khi va chi khi x=4,x+y=7<x=4,y=3 .

Cach 2: Ta chang minh: x* +y? <4*+3° < (4+x)(4-x)+(3+Yy)(3-y) =0 . S dung cong
thire khai trién Abel : ab, +a,b, =(a,—a, )b, +a, (b, +b,) .

Taco: (4+x)(4-x)+(3+y)(3-y)=(1+x—-y)(4-x)+(3+y)(7-x—y). Rd rang véi diéu
kién @€ bai thi (1+x—y)(4-x)+(3+Yy)(7—x-y)=0 ddpcm.

Bai 22. Cho a,b,c 1a cac sb thuc khOng amthoaman a+b+c=1. Tim GTLN cua

P= \/4a+ b— c \/4b+ a-— c \/4c+ a-— b)

Huwoéng dan:

Taco

P= \/4a+ b— c \/4b+ a— c \/4c+ a— b \/4a+ b+c \/4b+ a+c \/4c+ a+b)

Hay P<\/4a+(1-a) +/4b+(1-b) +/4c+(1—c)’ =a+1+b+1+c+1=4. Diuding thic xy
rakhi (a;b;c) 1ahoan vi ciia bo sé (1,0;0).

Bai 23. Cho céc s6 thuc x,y,z >0 thoaman: \/x+2y+1+vx+2z+1=4. Tim GTLN,GTNN
cua P=X+y+ZzZ+Xxy+yz+2zX.

Huwoéng dan:
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Tim GTNN.

Céch 1: Tur gia thiét ta suy ra

16:(\/x+2y+1+\/x+22+1)2£(1+1)(2x+2y+22+2):4(x+y+z+1) suyra x+y+z>3
Tacod P> x+y+z>3. Diu dang thirc xay ra khi va chi khi x=3,y=z=0.

Céach 2:

bat a+2= x+2y+120:>«/mz2—a do x,y,z>0 nén -1<a<l.

Taco: 2(x+y+z+1)=2(a’+4)=>x+y+z=a’+3 va y-z=4a.

Do a® >0 nén x+ y+z>3. Dau dang thirc xay ra khi va chi khi x=3,y=z=0.

Tim GTLN:

Chiyring: 4(x+y+2) =3(y-z)" =12(xy+yz +2x)+(2x—y -2z’ >12(xy + yz + 2X)

Suy ra xy+yz+zx£%(x+y+z)2—%(y—z)z.Déndén P§x+y+z+%(x+ erz)z—%(y—z)2

2

2 1, ;4 (az——S) el PR ;
hay P<a +3+§(a +3) 4a :T+6 < 6. Dau dang thirc xay ra khi va chi khi
X=y=z=1.
Bai 24. Cho a,b,c la 3 sb thuc duong thoa man: (a+c)(b+c)=4c®. Tim GTLN cua biéu thic:

a b ab
= + + .
b+3c a+3c bc+ca

Bing cach: a = xc,b = yc. Gia thiét tro thanh:
(xc+c)(yc+c)=4c® = (x+1)(y+1)=4 < x+ y+xy =3.

Biéu thic A trg thanh: A= X + ye + >§c.yc2= X + y + Xy
yc+3c xc+3c yc'+xc© y+3 X+3 X+y

x+y+xy.
y+3 X+3 Xx+Yy

Bai toan tré thanh: Cho x,y >0, x+y+xy=3. TimGTLN A=

Patt=x+y suyra xy=3-t do x,y>0=0<t<3 .Laico (x+y)224xy suy ra t* > 4(3-t)
hay t?+4t-12> 0« (t+2) 216 > t+2>4=t>2 Viy 2<t<3 .
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x2+3x+y2+3y+ Xy _(X+y)2—2xy+3(x+y)+ Xy _t2—2(3—t)+3t+3—t

Tacd A= = =
ace (x+3)(y+3) x+y Xy +3(X+y)+9 Xx+y 3t+(3-t)+9 t

2 _ _ 2 _ _
a_Uo26-0+3 3t _Cesto6. 3 ) (-1(t+6) 3, t 33,
A+(3-1)+9  t 2t+12  t 2(t+6) t 2 t 2

Ta chang minh: A< f (2)=1 hay

%+§—§Slc¢%+§—g£0¢3ﬁ+6—&£0¢30—2Xt—$£0lmmdmgd02£t<3

Diu biang xay ratai t=2< x=y=1<a=b=c.
Bai 25. Cho céc sé thuc a, b, ¢ thay dbi ludn thoaman: a+b+c=4 va a’>+b?+c* =6.

a. Tinh gié tri biéu thac M =ab+bc +ca
b. Tim gié tri nho nhat va gia trj 16n nhat cua biéu thuc P =a®+b* +c®.

Huwoéng dan:
a. Turgia thiét ta co:2(ab+bc+ca) =(a+b+c)2 —(a2 +b? +C2) =16-6=10

= ab+bc+ca=5.

, la+b+c=4 b+c=4-a . 2
b. Tacd {a2+b2+c2 6 suy ra {b2+c2 P ma 2(b2+c2)z(b+c) Vb,c suyra
3a-2>0
46—aﬂ2(4—@2¢>@a—2ﬂa—@SO:>@a—aC%f6)SOcr%:_6S0¢>§£a£2

Tuong tu ta ciing co %Sb,CSZ.

Sir dung dang thuc X° +y° =(x+ y)3 —3xy(x+y)Taco

P=a’+b*+c®=(a+b) ~3ab(a+b)+c®=(4-c) -3ab(4-c)+c’

=(4-c)’+c® ~12ab +3abc P =(4—c)’+¢® —12ab + 3abc = 64— 48¢ +12¢* —12ab + 3ahc
=-12c(4—-c)—12ab+3abc + 64
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Hay P =-12c(a+b)—12ab+3abc +64 =64—12(ab+bc+ca)+3abc = 3abc+4 Vi
(a-2)(b-2)(c-2)<0

Es a,b,c<2 suyra (a_gj(b_gJ(C_ngo
3 3 3 3

abc+4(a+b+c)-2(ab+hc+ca)-8<0

= 4 2 8 < —<abc<2 suyra %spslo.
abc+§(a+b+c)—§(ab+bc+ca)—§20 27 9

Khi a=2.b=1c=1thi P=10, a=§,b=c=g thi P:%.

Vay GTLN cua P 14 10, gia tri nho nhit cua P 1a 8—96.



