TRUONG PAI HQC KHOA HQC TU NHIEN PE KIEM TRA KIEN THUC LOP 9
TRUONG THPT CHUYEN KHTN Mén Tozn (Vong 2 — Pot 1)
Ngay 29 thang 3 nam 2021
Thoi gian 120 phat (khong ké thoi gian phat de)

Ciu 1. (3,0 diém)

he oh N X4yt =2

1. Giai h€ phuong trinh: .

PRSI (1) 0t (1407) = 4

2. Chimg minh rang 7-5*" +12-6" chia hét cho 19 véi moi n nguyén duong.
Ciu 2. (3,0 diém)

1. Tim x, y, z nguyén duong théa man:

x+y+1l=xyz.

2.Véi x, y, z>0 théamin xy+ yz+zx =1, tim gia tri 16n nht cua biéu thirc

1-x> 1-y° 2
= + + .

1+ x? 1+y2 1+ 22
Cau 3. (3,0 diém)
Cho tam giac ABC c6 dudng tron ndi tiép (I ) tiép xuc voi cac canh BC, CA, AB lan luot tai cac diém D, E,F.
Cac duong thang IB, IC theo tht tu cit EF tai M, N.
1. Chimg minh rang tir gidc BCMN noi tiép.
2. Giao diém ctia hai duong thang DM, DN véi (1) 1a Q, P khac D. Chimg minh ring PQ|| BC.

3. Goi giao diém ciia CP va BQ 1a J. Goi K 1a hinh chiéu vudng goc ciia D trén EF. Chting minh rang D.J
va AK cat nhau trén duong tron ngoai tiép tam giac ABC.

CAu 4. (1,0 diém)

Cho day sb thuc x,, x,,..., x, thudc doan [—1;1]. Hay tim gié tri nho nhat ctia biéu thic:

S = z XX;.

1<i<j<n

HET




DPAP AN VA LOI GIAI CHI TIET

Ciu 1. (3,0 diém)

X +y' =2

1. Giai h¢ phuong trinh: {xs (1+x2)+y8 (1+y2) 4

2. Chimg minh rang 7-5*" +12-6" chia hét cho 19 véi moi n nguyén duong.

Loi giai

. . "y +yY
1.V('nm(_)1x,y>0véneN,tacé:x 2y 2(}62)})'

Vé6i n =1, bat dang thuc ding.

k k k
Gia str bat ding thie dung voi n =k, ta co: al -;y Z(x;yj .

k+1
xk+l+yk+1 >(x+yj

Ta can chirng minh bat dang thirc dung n = k +1, tirc 1a: 5

That vay, ta co:

x+y k+l_ x+y k x+y <xk+yk'x+y_Xk+1+yk+l+xy(xk_l+yk_l)
2 2 2 ) 2 2 4 '

xk+1+yk+l+xy(xk—l+yk—l) xk+1+yk+1

4 2
k-1 k=1Y _ Jk+ k+l N[ K1 k-2 k=2 k-1
:xy(x +y )(x +y ):_(x ) (x + Xy T4y )SO.
4
k+1 k+1 k+1
Tu day suy ra: (HTyj < %

Ap dung bét dang thirc trén voi n=4, n =5, ta cé:

2 2 \* 2 2\’
x8(1+x2)+y3(1+y2):x8+y8+x10+y1022()6 R j +2(x i j =4.

2 2
x=y=1
, x=y=-1
Ding thirc xay ra khi va chi khi x* =) =1 < g .
x=1y=-1
x=-1,y=1

Vay hé cho ¢ bdn nghiém: (x:»)=(L1), (-1-1), (-1), (-L1).




2.Taco 7-5 =7-25" =7-6" (mod 19).
Suyra: 7-5 +12-6" =7-6" +12-6" =19-6" =0 (mod 19).

Ta c6 diéu phai chig minh.

Cau 2. (3,0 diém)
1. Tim x, y, z nguyén duong théa man:
x+y+1l=xyz.
2.V6i x, y, z>0 thoaman xy+ yz+zx=1, tim gia tri 16n nhat cta biéu thirc

1-x* 1-y° 2
P:1+x2+ 7T

I+y 1+22.

Loi gidi
1. Do x, y c6 vai tro nhu nén khong mét tinh tong quat gia sir 1 < x < y.
Néu x=y thi 2y+1=y’z=2y+1:)%
Taco: 2y+1:y* =2y* +yiy = liy=y=1.
Voi y=1=x=1,z=3.

x=z=1
p . xz=1 x=2,y=3,z=1
Néu x<y thi 2y+1>x+y+l=xz=22y2xz22xz2 & Slx=2z=1

xz =2 x=1,y=22=2

x=1z=2
Tém lai phuong trinh da cho ¢6 ndm nghiém (x;y;z)=(L1;3), (2;3;1), (3;2:1), (1;2;2), (2:1;2).
2. Nhan xét: x* +1=xy+yz+zx=(x+y)(x+z), taco:

1—x2+1—y2_ 2(1—x2y2) _2(1—xy)(1+xy)_ 2(yz+zx)(1+xy)

1+x 1+)° _(1+x2)(1+y2)_ (1+x2)(1+y2) _(x+y)2(y+z)(z+x)

22(1+xy) 3 22(1+xy) 3 2Z(1+xy)

(x+y)(y+z)(z+x) \/(x+y)2(y+z)2 (Z+)c)2 \/(1+x2)(1+y2)(1+22)

1+xy _ ll+x-y S\/(1"‘)‘2)(1"‘)’2)
\/(1+x2)(1+y2) \/(l+x2)(1+y2) \/(1+x2)(1+y2)

2 1,2
Suyra:i x+1 Y < 2z

Mat khac =1.




2
Do ds: p<2+2) <2V2(1+Z ) -2\2.

- \/l-i-z2 - \/l—i-z2

Ding thirc xay ra khi va chi khi x=—, z=1.

L
y

Vay gié tri 16n nhat caa P 1a 24/2.

Cau 3. (3,0 diém)

Cho tam giac ABC c6 dudng tron ndi tiép (I ) tiép xuc voi cac canh BC, CA, AB lan luot tai cac diém D, E,F.
Céc duong thang IB, IC theo thi tu cit EF tai M, N.

1. Chimg minh rang tir gidc BCMN noi tiép.

2. Giao diém ctia hai duong thang DM, DN véi (1) 1a Q, P khac D. Chimg minh ring PQ|| BC.

3. Goi giao diém ctia CP va BQ 1a J. Goi K 14 hinh chiéu vudng goéc ctia D trén EF. Chimg minh ring DJ
va AK cat nhau trén duong tron ngoai tiép tam gidc ABC.

Loi giai




ZBAC

1. Taco £NIB=180"— ZBIC =90° — = /AFE = BINF i tiép.

Suy ra ZBNI = ZBFI =90°.

Tuwong tw ZCMI =90°.

Vay tt giac BCNM noi tiép.

2.Do D, E d6i xtimg qua IC va CI diquatam I cua dudng tron (I ) nén theo tinh chat dbi ximg ciia dudng
tron thi F va P d6i xtmg qua /C. Tir 46 DP = EF.

Chtng minh tuong tuy DQ = EF.

Suyra DP = DQ = ADPQ cantai D nén PQ 1 ID.

Ma ID 1 BC do d6 PQ|| BC.

3.Goi Y, Z l1a hinh chiéu cia B, C 1én EF. D& thiy hai tam giac vuéng BYF va CZE ddng dang, do do:

BY BF DB _KY
CZ CE DC KZ

Suy ra hai tam giac vuéng KYB va KZC dong dang. Do d6 /BKY = /CKZ.

Mat khac AAEF cantai A= ZBFK = CEK.

Suy ra hai tam giac KFB va KEC ddng dang.

Goi L giao diém cia 4K v6i dudng troan ngoai tiép tam giac (ABC ) khac 4. X 1atrung diém cua cung BC
chira 4 cua (ABC ) Do hai tam gidc KFB va KEC ddng dang nén

KF _BF DB
KE CE DC

Vay K va D chia FE va BC cung ty s6, ma hai tam giac cin AEF va XBC dong dang nén AAFK ~ AXBD.
Do d6 ZBXD = /FAK = Z/BAL = Z/BXL.

Hay X, D, L thing hang (1).

Lai c6 ADPQ cantai D, ma DP = EF = DQ, do do:

ZBAC ZBXC

=90° -

ZPQD = ZEDF =90° — = Z/XBC.

Mat khac PQ|| BC = £0DC = £ZPQOD = ZXBC = XB|| DQ.
Chung minh twong tu DP || XC.
Vay hai tam giac DPQ va XBC c6 cac canh tuong g song song nén XD, BQ, CP ddng quy tai J. (2)

T (1) va(Q)suyra L, D, J, X thang hang hay DJ va AK cét nhau trén duong tron ngoai tiép tam giac ABC.



Cau 4. (1,0 diém)

Cho day sb thuc x,, x,,..., x, thudc doan [—1;1]. Hay tim gié tri nho nhat ctia biéu thic:

S= Z X X;.

1<i<j<n

Loi giai
Xét S 1a ham s6 clia mot bién x, thi S 1a ham so bac nhét trén [-1;1].
Do d6 S dat gid tri nhé nhat khi x, =1 hodc x, =—1.

Gidsuco p giatri x, =1 va g giatri x, =—1 vo1 p+q=n.

-1 . -1 .
Suy ra co M cach chon mét cdp x,, x. bang 1 va co q(q ) cach chon mot cdp x,, x, bang —1.
2 c 2 v
-1 -1 .
Dodo S = p(p )+q(q2 )—pq doco p giatri x, =1 va g giatri x, =—1 néncd pg cap bang —1.

2
Hay S:(p—q) _pP*q, _pPrq__ 1
2 2 2 2

,n=2k

oS

*

Matkhac Se€eZ = min S = ,keN.

1

E},n:2k+1
2




