TONG HOP CAC CAU HOI NANG CAO CHO DPE THI TOAN VAO 10 KHONG CHUYEN

Cau 1. Tim gia tri 16n nhat, nhé nhat ca biéu thitc:
68z
a2+
Huéng dén gidi:

Ta co:

6-8
A= s A’ 4824+ A—6=0 (1)
¢+ 1

Dé ton tai gia tri 16n nhat va gia ti nhé nhat A thi (1) phai c6 nghigm. Do dé:

AN=16—AA-6)>0=>-2<A<8

MaxA =8 <=>z = 3
MinA = -2 <=> g2 =2
Cau 2. Chitng minh ring a® + b > ab(a + b) Va,b > 0

Ap dung két qua tren, ching minh ring:

1 1 1
<
PR A S R S T

Véi diéu kién: Va,b > 0,abc = 1
Huéng dan gidi:

* Chitng minh: a® + b3 > ab(a + b) Ya,b > 0
Ta co:
a® 4+ 0% —abla+b) = (a+b)(a—b)?>0=>a°+b>>ab(a +b) Ya,b >0

Ap dung ta co:

b b
a3+b3+12ab(a+b)+1%+1zw

<
ad+¥+1 " a+b+c
Ching minh tuong tuy, ta c6:

1 1 1 c b a
< =1
PPl P rA 1 BBl Satbte atbic atbie
Cau 3.
a) Cho a,b la céc s6 duong. Chiing minh ring: — < $(% + )

b) Cho cac sb6 duong z, y, z théa man ﬁ + yiz + ml_z = 6. Tim gi4 tri 16n nhat ctia biéu thic: P =

1 1
3z+3y+22 + 3zx+4+2y+3z +

1
2x+3y+3z

Huwéng dén gidi:



a) Ap dung bat ding thiic Co-si cho hai s6 a,b duong, ta co:

1 1 1
a+b>2vab;—+ - > 24/ —
a b ab
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o
|
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+
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Dau bang xay ra khi: a = b

b) Theo cau a), ta cé:

1 1

1 1 1( N
4 (x+2)+(y+2) 2x+y)

3x+3y+2: [(z+2)+(y+z2)+2@+y) =

)

1 1 1

)+

1 1 i n
16 z+2 y+z' 8xz+y)

1
TA(@t2)+(ytz) +8(x+y)

<
Hoan toan tuong tuy, ta co:

1 1 1 1 1
<

3x 42y + 3z _E(x+z+y+z)+8(x+z)

1 < 1( 1 n 1 )+ 1
20+3y+32z ~ 16 x+y z+z  8y+z)
Cong timg vé ba bat ding thiic, ta dugc:
1 1 1 1 1 1 1 1, 1 1 1
= + + <2.—/( + + )+ < ( +
3r+3y+2z 3x+2y+32 22x4+3y+3z 16" "z24+y 2x4+2 y+=z ' z+y z+z y+=z

Dau bing xdy ra khi: s =y =2 =1

Vay GTLN ctia biéu thic P la 2 khiz =y =z =

U=

Cau 4. Cho z,y, 2 1a ba s6 nguyén duong théa man z + y + z = 3. Chitng minh ring:

z

L Y
+ + <1
TH+V3r+yz y+Vy+zzx z4+3z+zy

Huwéng dén gidi:

T (z — /y2)* > 0 <=> 2% + yz > 2z/yz(*)

Dau bing xay ra khi 22 = yz

Ta co: 3z +yz = (x+y+2)z+yz=a>+yz+a(y+2) > z(y + 2)2z,/yz
Suy ra VI Y7 > \/a(y 1 2) + 2077 = VAV + ) (Ap dung (4))

x N
T+ +/3x+yz > V(v + +Vz)=> < 1
A Y VY z Vz
Tuong tir ta co: y+v3y+zz = NEENTESNES (2), z++/3z+zy < NEEN AN 3)
T (1), (2) va (3) ta co: pere §w+yz + y+\/§’y+zm + Z+\/§z+wy <1

Déu bing x4y ra khi: 2 =y = 2

Cau 5. V6i z > 0, tim gid tri nho nhat ctia bicu thitc: M = 42? — 3z + ﬁ + 2011

Huwéng dén gidi:



Ta co:

1 1 1 1
M:4x273:c+4f+2011:4x274x+1+x+4—+2010:(21:71)2+(;1:+1)+201020+2 z1+201o:2011
T X

DAu bing x4y ra khi: 2 = %

Vay gia tri nhé nhat ctia M 1a 2011 khi va chf khi = = £

Cau 6. Cho a, b, c 14 ba sb thyc théa man duong théa man diéu kién: a + b + ¢ = 1. Tim gia tri 16n nhat cia:

P—\/ ab +\/ be . ca
" Ve+ab a+ be b+ca’

Huéng dan gidi:

Ta co:

a+btc=1=>c=(a+b+c)c=actbc+c®=>c+ab=ac+bc+c*+ab=(c+a)lc+b)

/ 1 a b )
c—l—ab (c+a)( c+b 2 +a c+b

[ bc be <1( b n c )
a+bc  \(a+b)at+c) ~ 2a+b a+tc

ca ca <1( c + a )
b+ca \ (b+c)at+e)” 2'b+c a+b

P <

Tuong tu ta ching minh duge:

Cong vé theo vé, ta suy ra dugc:

N w

Dau bang xéy rakhi: a=b=c= 3
Vay gia tri nhé nhét cta P 1a % khi vachi khia=b=c= %
Cau 7. Cho x > 0,y > 0 v = +y > 6. Tim gia tri nhé nhat ctia biéu thic: P = 3z + 2y + g —l—%

Huéng dén gidi:
Ta co6:

6 8 3 3 3 .6,y 8 _3 /3x 6 y 8
P=3z+4+2y+—+-=(s0+= S S)+ (54 ) >6+2/ —+2/2—-=94+6+4=19
T+ y+x+y (52 +59) +( x+x)+(2+y)_2 oot 2y +6+

Dau bing xay ra khi: x = 2;y =4
Vay gia tri nhé nhét ctia P 14 19 khi va chi khi z = 2;y = 4 .

Cau 8. Cho a, b, c 13 do dai clia ba canh tam gidc. Chiing minh ring: A = b+Z—a + C+Z_b + a+(1; - =>3

Huéng dén gidi:
batr=b+c—a;y=c+a—-b;z=a+b—c

+ + +
:>a:y x;b:x z;C:z2y




Ta co:
+z T+ z x + x z
Yy + + y: Yy Z
T Y z Y T z Y z x

Dau bing xay ra khi: a = b =c

Vay gi4 tri nhé nhat ctia A 13 3 khi v chi choa=b=—¢

Cau 9. Tim gid tri nhé nhat cia A = (1 +z)(1 + %) +(14+y)(1+ 1) véiz >0,y >0 théa man 2? +y? = 1.
Huéng dan gidi:

Ta co:

1

1 1 1, o y, 1,1 1 \/T 1 Ty 2
A= (1+z)(1+-)+(14y)(1+-) = (D) F ()2 > 24— 42y Jy—+2, [ == = 4+3/2
() (1 )+ () (1) = (4 g+t )+ (4 D)+ 5 ()42 2 2 fo gt \/gjt VetV =12

DAu bing x4y ra khi: o =y = g
Vay gia tri nho nhat ciia A 13 4 + 3v/2 khi va chi khi z =y =

S

2
Cau 10. Cho hai s6 duong a,b théa man 1 + § = 2. Tim gia tri 16n nhat ctia bidu thic:

1 1
at + b2 + 2ab? + bt + a2 + 2ba?

Q=

Hudng dan gidi:

<

Véia > 0:b > 0 ta co: a* + b2 > 2a2b <=> a* + b2 + 2ab? > 2ab + 2ab? <=> a4+b21+2ab2 < 2ab(}1+b) (1)

Tuong ty ta ¢6: prrmrraazy < TR, (2) Tt (1) va (2) suy ra: Q < m
Vidtl=2<=>a+b=2ab

ma a +b > 2vab <=>ab > 1

Do dé: Q < ﬁ < %

Dau bang xdy ra khi: a =b =1

Vay gid tri 16n nhat ctia Q 1a 3 khi va chi khia = b =1

Cau 11. Cho céac sb thuc a;b; ¢ khac 0 théa méan: a + b+ ¢ = abe va a® = be. Chiing minh ring: a® > 3
Huéng dan gidi:
Tt gid thiét a + b+ c=abc va a®> =bc => b+c=a®—a
Do do6: b va ¢ 1a nghiém ctia phuong trinh sau
2? —(a® —a)r +a* =0
A = (a® —a)?® — 4a® = a*(a® + 1)(a® — 3)

Ma phuong trinh c¢6 nghiém nén A > 0
Do d6: a®> —3>0<=>a?>>3
Cau 12. Cho z,y la cdc s6 khong am théa man /z + /g > 1. Tim gia tri nh6 nhat cta biéu thic:

20 +8yx+17 3y+6yy+5
P = +
Vi +2 VY +1

Huwéng dén gidi:



Ta co:
P_2x+8\/3?+17+3y+6\/§+5_2(\/E+2)2+9+3(\/§+1)2+2
 Vz+2 Vit+tl o Vo 42 VI+1
PData=+\r+2;b=y+1(a>2;b>1
Khi d6: P = 20249 30542 — (4 4 b) 4 (a+ 2) + (2b+ 2 > (a+b) +2¢/a2 +2,/202 =4+ 6 +4 =14

DAu bing x4y ra khi: 2 = 1;4y = 0

Vay gia ti nho nhét ctia P 13 14 khi va chi khi x = 1;y = 0
Cau 13. Cho ba sb thyc duong z, ¥, z thda man z + y < z. Chiing minh ring:

Ta co:

1 1 1 2 YT x? 22 y? 22 1522 1 1
VT = —+5)=3+(5+%5 = — (=
@yt (gt ) =3+ (a+ @) T Gt )t (G T )t 45 ()

x? 22 y? 22 S54t +1+15 27
22 1622 2216y 2 x+y 2 2 2 2

Déu bang xay ra khi: o =y = 2

Vay gia tri nhé nhét clia biéu thic la 27 khi va chi khiz =y = £
Cau 14. Cho a, b, ¢ 1a cac s6 duong c6 tich bing 1. Tim gia tri nhé nhat ctia biéu thitc:

1 1 1

= 5070 T BerD T Eard)

Huwéng dén gidi:

Ta ¢6 bd dé sau:

2 2 2 2
A R G T
a b c a+b+c
(b6 dé trén dé& dang chitng minh duge bing phuong phap bién déi twong duong)
Ta c6:
o_ L v . 1
ad(b+c) Bc+1)  2(a+b)
b2c? a’c? a’b? (b +ca+ab)? _bc+ca+ab _ 1 3
= = > > —.33¢/(abc)? = =
>0 a(b+c)+b(c+a)+c(a+b)_2(ab+bc—|—ca)_ 2 2 (abe) 2

Déau bing xdy rakhi: a =b=c=1

Vay gid tri nho nhat cia Q 1a 2 khi va chi khia=b=c=1

Cau 15. Cho a, b, ¢ la cac s6 duong théa man a+b+c > 6. Tim gid tri nhd nhéat clia bidu thitc P = 2a-+4b+6¢+2 412420,
Huéng dan gidi:

Ta co:

4 12 20 4 12 20 [ 4 [ 12 [ 20
P =2a+4b+6¢c+— +b+— (a+b+c)+(&+E)+(3b+?)+(5c+?)22 ag—i—Q 3b?+2 50?264—4—1—124—20:42

DAu bing xdy ra khi: a =b=c=2
Vay gia ti nhé nhat ctia A 14 42 khi va chi khia=b=c=2

Cau 16. Cho cac sb thyc duong a, b, ¢ théa man a + b+ ¢ = 1. Chitng minh ring: +b + b+c

N

c+



Huwéng dén gidi:

Ap dung BDT Co-si cho céc s thue duong, ta co:

a? +aer
a
a+b 4 -
b2 b+ec
>b
b+c+ 4 -
2
c c+a>c
c+a 4 =
Suy ra: 2y g g 2 (a kb o) — (S b 4 che) = e = )
. 2 B2 2 1
VayaLM+b+c+cia2§

Cau 17. Cho hai s6 duong a, b c6 tong bing 2. Tim gia ti nhd nhat ciia biéu thite: S = (1 — %)(1 — &)
Huéng dan gidi:
Ta co:

ab

Ma ta lai c6: ab < %:1

Do dé: A>9

DAu bang xay ra khi vi chi khi: a =b=1

Vay gi4 tri nhé nhat ctia A 14 9 khi vA chikhia=b=1

Cau 18. Cho z,y, 2 thda mén 0 < z,y,z < 1 v & + y + z = 2. Tim gié tri nho nhat cia biéu thitc:

(=12 -1 (-1
z T Y

A:

Huéng dén gidi:

Ta co:

Do dé:

712 712 712 1
Y e S Ul Gl 23—§(:c+y+z)=3—§~2=*
z X Yy 4

A > 2 . ~ 2 . _ _ _ 2
Dau bang xdy ra khi va chi khi: z =y =2 =3
Vay gid tri nhé nhat ctia A la £ khi va chikhiz =y =2 =2
Cau 19. Cho z;y la hai s6 thyc duong théa man z 4+ y < 3. Tim gia tri nhé nhét ctia biéu thie: A =z +y+ 1 + .

Huwéng dén gidi:
Ta co:

A n +1+1 Lyt 4 ( Lyt 16 )+ 20 > 2, [( +> 16 +20 13
=X — — =X —_— =X x _— —_— = —
yT 3z y Y T+y Y 9z +y) Iz +y) — Y 4

Déau béng xdy ra khi va chi khi: 2 =y = 2



Vay gia tri nho nhat ciia A la 22 khi va chi khi z =y = 2
Cau 20. Cho a, b, ¢ 1 cac s6 16n hon 1. Chiing minh rang:
2 b2 2

c
b—1+c—1+a—1*

Huéng dén gidi:
Véi a, b, ¢ 1a cac s6 16n hon 1, 4p dung BDT Co-si ta cé:

CL2

b—1
2
c—1

02

+4(b—-1) >4a

+4(c—1)>4b

1+4(a—1)24c

a —




