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Mén thi chuyén: Todn
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Ngay thi: 12 thiang 6 nim 2022
(Dé thi gom 01 trang) Théi gian lam bai: 150 phit (Khong ké thoi gian phdt dé)

Bai 1: (1,0 diém)
Cho =,y 12 hai sé thyc théa man zy + /(1 + 2%)(1 + ¢?) = 1.

Tinh gié trj ciia bidu thirc M =(a:+ 1+ )(v+ 1+2)
Bai 2: (2,5 diém)
2) Gidi phuong trinh \'z +4 +z| = o — s — 4

T

= 20 —1
y+2z

b) Giai hé phuong trinh {—4— — 3y —1
z+zx
2

~:z:+:¢/

=b5z—-1

Bai 3: (1,5 diém)

Cho hinh vuéng ABCD. Trén cc canh BC va CD lan luot 1iy cac didém M va N sao
cho m = 45°. ’

a) Chimg minh MN tiép xuc véi dudng tron tdm A ban kinh AB.

b) Ké MPsong song vdi AN (P thudc doanAB) va ké N@Q song song v6i AM
(@ thudc doan AD ). Chimg minh AP = AQ.
Bai 4: (2,0 diém)

Cho ba s6 thuc duong a,b, ¢ thda a +b+c = 3.

a) Chirng minh rang ab + bc + ca < 3.

a b c

b) Tim gi4 trj nh6 nhat ctia biéu thic P = —— + —— + ,
b+l 41 a’+1

Bai 5: (2,0 diém)
Cho tam giac ABC nhon (AB < AC) c6 cac dudng cao AD, BE, CF cit nhau tai H .

Dudng thing EF cit dudng thing BC tai I. Dudng thing qua A vudng goc véi IH tai K va
cit BC tai M.

a) Chimg minh tir gidc IFKC ndi tiép va L2 -
BD CD
b) Chimg minh M 1a trung diém cia BC.
Bai 6: (1,0 diém)

S6 nguyén duong n duge goi 12 “s6 tot” néu n +1 va 8n + 1 déu 14 cac s6 chinh phuong.
a) Hay chi ra vi du ba “s6 tot” lan lugt c6 1, 2, 3 chir so.

b) Tim c4c sé nguyén k théa man |k| <10 va 4n +k 1a hop sb v6i moi n 12 “sb tbt”.
-HET -



LOI GIAI DE TOAN CHUYEN LGP 10/2022
SO GIAO DUC - DAO TAO TP HCM
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Duong Hong Son — Pham Duy Nguyén Lam

1. Dé thi

Bai 1 (1.0 diém). Cho x, y 12 hai s6 thuc théa man diéu kién xy + /(1 + x2)(1 + y2) = 1.
Tinh gia tri cta biéu thic

M:(x+ m)(y+\/l+x2).

Bai 2 (2.5 diém).

a) Giai phuong trinh

XA |X] =% — X —4

b) Giai hé phuong trinh

=2x—1,
y+z
¥
=3y —1,
<Z-+—x y
=5z —1.
X+y

Bai 3 (1.5 diém). Cho hinh vuéng A BCD. Trén cic canh BC va CD lan luot l4y céc diém
M va N saocho ZMAN = 45°.

a) Ching minh ring dudng thang M N tiép xiic véi dudng tron tim A ban kinh AB.

b) Ké duong thang M P song song vdi dudng thang AN (P thudc doan thiang A B) va ké
duong thang NQ song song véi dudng thang AM (Q thudc doan thang A D). Chiing
minh ring AP = AQ.

Bai 4 (2.0 diém). Cho ba s6 thuc duong a, b, ¢ thay d&i thbaman a + b + ¢ = 3.

a) Ching minh ring
ab + bc +ca < 3.

b) Tim gia tri nhé nhét cta biéu thic

_a n b n e
Tbh241 0 241 a’+1
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Bai 5 (2.0 diém). Cho tam gidc ABC nhon (AB < AC) c6 cic dudng cao AD, BE, CF
cat nhau tai diém H. Pudng thang EF cat dudng thang BC tai diém /. Duong thing qua diém
A vudng géc véi duong thang 1 H tai diém K va cat dudng thang BC tai diém M.

a) Chiing minh ring td gidc 7 FKC ndi tiép va 2L = &L,

b) Chiing minh ring M la trung diém ctia doan thang BC.

Bai 6 (1.0 diém). Sé nguyén duong n dudc goi 12 “s6 t6t” néu ca hai sb n + 1 va 8n + 1 déu
1a s6 chinh phuong.

a) Hay chi ra vi du ba “s6 t6t” 1an lugt c6 1, 2, 3 chii sb.

b) Tim tit ca cdc s6 nguyén k théa man |k| < 10 va 4n + k 1a hgp s6 v6i moi n 1a “s6 t6t”.

[ “

2. Lai giai va binh luan cac bai toan

Bai 1 (1.0 diém). Cho x, y 12 hai sb thuc théa man diéukién xy+ /(1 + x2)(1 + y2)=1.
Tinh gia tri cta biéu thic

M = (x+ Vi+y?) (y+ Vit22).

Loi giai. T gia thiét, tacé (14 x2)(14+y?) = (1—xy)% hay (x + y)> = 0. Suyra y = —x.
Twdo M = (x+ VT+27) (—x + VT+7) = L. 0

Bai 2 (2.5 diém).

a) Giai phuong trinh

/X Aot || = %2 =X —A4,

b) Giai hé phuong trinh

=2x -1,
Yot
3 L =3y-1,
ZH4X
z
=5z —1.
x4y

Loi giadi. a) Diéukién: x > —4. Dita = |x| va v/x + 4, khi d6 a+b =a’~b*= (a—b) (a+b).
Mit khac, chii y rang a, b khong thé cing bang Onén a + b > 0. Do d6a — b = 1, hay

x| —1=+x+ 4.

Xét cac trudng hop x > 0 va —4 < x < 0 rdi giai cdc phuong trinh tuong dng, ta tim dudc céc
3431 s o _ 143
2 2.

vax =

nghiém cua phuong trinh da cho la x =
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b) Diéu kién: (x + y)(y + z)(z + x) # 0. Hé phuong trinh da cho c6 thé dudc viét lai thanh
X+y+z

=%
¥ 2
<M=3y,
Z+Xx
Nty e
Xk

Néux+y+z=0thitacox=y=z=0,suyrax+y=y+4+z=z+x =0, miu
thudn. Do d6 x + y + z # 0, va nhu thé, tit hé phuong trinh, ta ciing c¢6 xyz # 0. Bay gid, ta
viét lai hé phuong trinh duéi dang

xX+y+z
x(y+2z2)= +
X+y+z
I
X+Yy+zZ
5
Trit tuong tng hai phuong trinh dau ctia hé trén, ta duge z(x — y) = *=+=. Két hop véi
phuong trinh thu ba cua hé, ta dugc :;“ = %, hay x = 11y.

Tru tuong tng hai phuong trinh thi hai va thu ba cia hé, ta dudc x(y —z) = % Két

hdp véi phuong trinh thit nhét ctia hé, ta duge 5 = %, hay z = %y.
Bay gid, thay x = 11y vaz = %y vao hé ban dau, ta thAy hé phuong trinh da cho c6 nghiém

p ~ (239 239 239
duy nhat (x, y, z) la (@, 25 W) . O

Bai 3 (1.5 diém). Cho hinh vudéng ABCD. Trén cic canh BC va CD lan ludt lay cic
di€m M va N saocho ZMAN = 45°.

a) Chiing minh ring dudng thang M N tiép xtic véi dudng tron tim A4 ban kinh AB.

b) Ké dudng thang M P song song v&i dudng thang AN (P thudc doan thang AB) va
ké dudng thang NQ song song véi dusng thing AM (Q thudc doan thang AD).
Chiing minh ring AP = AQ.

Lai gidi. a) Do ABCD la hinh vuéng nén ZABC = /BCD = /ZCDA=/ZDAB =90° va
AB = BC = CD = DA. Goi I la diém dbi xing véi diém B qua dudng thang A M. Khi do,
tac6 Al = AB, ZAIM = LZABM = 90° va LZMAI = ZMAB.

Do AB = AD nén AI = AD.Do ZMAN = 45° va ZDAB = 90° nén
ZDAN + /MAB = 45° = /MAN.
Ma LAMAI = ZMAB nén LNAI = ZNAD. Tudé AANI = AAND (c-g-c), suy ra
LAIN = ZADN = 90°.

Do ZAIN = ZAIM = 90° nén ba diém M, I, N thang hang va Al 1 MN.Cubi cung, do
AI L MN va AI = AB nén duong thaing M N tiép xic v6i dudng tron tim A ban kinh A B.
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b) Do MP | AN va MB || AD nén ZBMP = /DAN.Ma ZMBP = ZADN = 90° nén
AADN ~ AMBP (g-g). Suy ra 28 = 24 ‘hay DN - BM = BP - DA.

Chung minh tuong tu, taciing c6 DN - BM = BA-DQ.Ma DA = BAnén DQ = BP. Tu
d6 AP = AQ. Tacé diéu phai chiing minh. O
Bai 4 (2.0 diém). Cho ba sb thic duong a, b, ¢ thay déi théa mana + b + ¢ = 3.

a) Chiing minh ring
ab + bc + ca < 3.

b) Tim gi4 tri nhé nhét cta biéu thic

_a 2 b 2 c
Tbh24+1 241 at+1

L&i gidi. a) Taco (a + b +c)> —3(ab +be +ca) = 3[(a—b)*+ (b—c)* + (c —a)*] = 0,
tu do suy ra

|
ab + bc +ca§§(a+b+c)2=3.

Déu dang thiic xay ra khi vachikhia = b = ¢ = 1.
b) St dung bét dang thic AM-GM, ta c6

3—P=a+b4+c—P=|a a + (b b -+ ¢
N N b2 + 1 c2+1 ¢ a? + 1

B ab? + bc? N ca? <ab2+bc2+ca2_ab+bc+ca
Tbh24+1 241 a24+1~2b  2¢  2a 2 '

Miit khic, theo cdu a), ta c6 ab + bc + ca < 3.Dodé3— P < 3, hay P > 3. Miit khéc, v6i

a=b=c=1thi P =3 ViyminP = 3. O
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Bai 5 (2.0 dié;n). Cho tam giac ABC nhon (AB < AC) c6 cac duong cao AD, BE,CF

cat nhau tai diém H. Dudng thang EF cat dudng thang BC tai diém /. Pudng thang qua

diém A vuong géc v6i dudng thang I H tai diém K va cit dudng thang BC tai diém M.
a) Chiing minh riing t gide 7 FKC noi tiép va 2L = £L.

b) Chiing minh ring M 1a trung diém ctia doan thang BC.

Loi giai. a) Do AD, CF la cac dudng cao cua tam giac ABC va IK | AM nén
LAFC = LADC = LZAKH = 90°.
Suy ra céc ti gidc ACDF va AFHK noi tiép. Do d6, /FCD = /FAD = /FKH hay
/FCI = /FKI. Suy ra ti giac I FKC ndi tiép.
Qua diém C, ké dudng thing song song vdi dudng thang A B cat duong thang EF tai diém G.
Ap dung dinh ly Thales cho tam giac /CG véi BF || CG, taco
IB BF

=, 1

1€ €6 (1)
Ta thiy, hai tam gidc BAD va BCF dong dang (g-g). Suy ra

BD  AD

— = . (2)

BF CF

Tac6 CF L ABvaCG || AB,suyraCG L CF va Z/CGF = ZAFE.
Vi ZBEC = /BFC =90° nén tt gidc BCEF ndi tiép. Suyra /ZBCE =/AFE = /CGF.
Xét hai tam giac DAC vaCFG,c6 LZADC = LFCG = 90° va LZACD = ZCGF. Do do,
hai tam gidac DAC va CFG dong dang (g-g). Suy ra
AD DC
CF ~ CG’

\ , BD _ DC £+ BD _ BF _ IB i BE . €1
T (2) va (3), suy ra 3= = G5 Vithe 75 = 75 = 77 (do (1)). Vay 25 = &5-

3)
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b) Do tii gidc BCEF noi tiép nén /BFI = /AFE = /BCE. (4)
Do /ZAEH = /AFH = /AKH = 90° nén nam diém A, E, F, H, K cung thuoc dudng
tron duong kinh AH. Suyra ZAKE = ZAFE. (5)

Tir (4) va (5), suyra ZAKE = ZM CE. Do dé, tii gide M CEK ndi tiép. Suy ra
LMEC = /MKC. (6)

Ta c6 tid gidgc IFKC noditiép nén LIKC = ZIFC.Suyra ZBFI 4+ 90° = ZMKC + 90°.
Do d6, /BFI = ZMKC. (7)
Tu (4), (6) va(7),suyra ZMEC = ZMKC = ZMCE. Do dé, tam giac MEC can tai
dinh M. Suyra MC = ME.

Chu y rang tam giac BCE vudng tai E, ta c6
LMBE =90°— /MCE = 90°—- ZMEC = ZMEB.

Do d6, tam giac MBE can tai dinh M. Suyra MB = ME. Vay MB = ME = MC, hay ta
c6 M la trung diém ctia doan thang BC. O

Bai 6 (1.0 diém). S& nguyén duong n dudc goi 1a “sb t6t” néu ca hai sbn + 1 va8n + 1
déu 1a s6 chinh phuong.

a) Hay chi ra vi du ba “sd t6t” 1an lugt ¢6 1, 2, 3 chit s6.

b) Tim tit ca cdc s6 nguyén k thda man |k | < 10 va 4n+k 1a hop sb véi moi n 1a “sd tot”.

Loi giai. Xét mot “sd tot” n, ta thily néu n chia 3 du 1 thi n + 1 chia 3 du 2, mau thuén vi
n + 11a chinh phuong; con néu n chia 3 du 2 thi 87 + 1 ciing chia 3 du 2, mau thuin vi 81 + 1
1a s6 chinh phuong. Do d6 n 1a mot bdi cta 3.

a) Dua theo nhén xét trén, ta tim dugc vi du vé ba “sd tot” théa man yéu cau la 3, 15 va 120.

b) Déyring4.-3—-1=11,4-3-10=2,4-3-5=7,4-3-7=5,4-3-9=3,
4-341=13,4-34+5=17,4-3+7 = 19 déu la s6 nguyén t6 nén cic sb k thudc tap
{—1, =5, =7, =9, —10, 1, 5, 7} déu khong théa man yéu cau dé bai. Ta sé chiing minh cac
s6 con lai, tic 0, 2, £4, 46, £8, 10, &3, 9, déu théa min yéu cau bai toan. That vay, gia st
ton tai s6 k € {0, =2, 2, —4, 4, —6, 6, —8, 8, 10, —3, 3, 9} khong théa min yéu cau dé bai.

e V&i k chan: Ta thiy ton tai “s6 tot” n sao cho 4n + k khong 1a hgp s6. Do 4n + k chia
hétcho2vadn +k > 4-3—8 > 1nén4n + k phailasé nguyénté vadn +k = 2. Ma
n chia hét cho 3 nén k chia 12 du 2, tit d6 k = 2. Tuy nhién, diéu nay din dén n = 0,
mau thuidn. Nhu vy, tit ca cc sb k chan thudc tap {—2, —4, —6, —8, 2, 4, 6, 8, 10}
déu thda min yéu cau bai toan.

e VGi k |é: Ta thy ton tai “s6 tt” n sao cho 4n + k khong 1a hop s6. Do 4n + k chia hét
cho3vadn +k >4-3—3> 1nén4n + k phéi 1a s6 nguyén té va 4n + k = 3, mau
thuanvidn +k >4-3—-3=0.

Vay, tap hdp cac sO k théda man yéu cau la {0, —2,2, —4,4, —6, 6, -8, 8, 10, -3, 3,9}. O
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